Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



i^fc. 




GAXSKVOORT- I.XNSING 
COLLEC^TIDN 

,/,\ ,.„ /,. ,1,^ .\;.w \:rk nMir Lii,^,^- 

' '/.lo,- Z,.„„.v „„,/ rM,„ K,„„,u,ii,„ 

BYVn;T(>n lliiGO Paltsits 
(Catherine Caxskvoort Lansino 

««,/».«/«»-,«'>/,.■ 



I 



V\'...--^\^ 



( 



/-" * 



GANSEVOORT • L.^^^\UO 
COLLECT VOTA 








' I 



^t^^ ^r s • 






CrMse m ^rit|metk : 



THBOUGH WHICH 

THE ENTIRE SCIENCE CAN BE MOST EXPEDITIOUSLY 

AND PERFECTLY LEARNED, 

WITHOUT THX AIX^ OF ▲ TXAOKXB. 



^t^gntb for V^t %u of Scl^ook mib |Pxitete Stnbtnts. 



By noble heath. 



I>mO QMBMRiqUM BVMASO. 



PHILADELPHIA: 
T. ELLWOOD CHAPMAN, No. 1 S. FIFTH ST. 

1856. 

TU 



TWE HEW Vt^'<^. T| 

I PUBLIC UBr.A*f 



N%-% 



•s 



.V 



Bnteitd aooQidliig to Aot of Oongren, In the year 1SS6»19 

NOBLB HEATH, 

in the Gerk*8 Oflloe of the District Oonrt of tlie United Ststai tsr the 

District of Penn^lrania. 



BmUBOTTPSD BT L. JOBHSOir AKD 00. 
PHILADILPSIA. 



■ . • - • 



• • 



^. 



~^^.,57 




PREFACE. 



He who has, during the last forty years, been acquainted with 
the state of the science of Arithmetic, not only in the schools of ^ 
this country, but in other parts, well knows that, at the com- 
mencement of that period, and for nearly half its duration, 
scarcely any thing better was found in the hands of the student 
than a miserable epitome or skeleton of the subject, presenting 
merely a few dogmas, followed by examples, without farther 
elucidation than the mechanical operation of one of these to serve 
as a model for the performance of all the others. 

Dirested almost entirely of soientifio principles, Arithmetic 
thus taught, in accordance with its title in the books then in use, 
9A the art of computing by numbers; and a very clumsy, uninte- 
resting, and wearisome art it was. Hence, the student^ as might 
be expected, having no clue to the intricacies of the subject but 
memory, after ciphering through his Assistant,-— as such a work 
was improperly caUed, — ^for the third, fourth, fifth, and even the 
sixth time, found himself almost as ignorant of the science as 
when he began. 

Deeply felt and widely spread seem to have been the dissatis- 
faction, discouragement, and regret resulting from such palpable 
and enormous waste of the time and labour of the youth ; for, 
during the last twenty years, new publications on this science, of 
much less exceptionable character, have, in the schools of Ger- 
many, France, England, and America, succeeded and superseded 
each other with surprising rapidity. 

It is interesting to trace in these works the extremely gradual, 
yet steady approach toward a full development of the science, 
which, apparently, no one has hitherto dared to attempt. 

The student who is early accustomed to investigation, in traA- 
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^^^ffect^to liieircanBe, Hie didtunen''of ml^ fih the jn-iDcipletf' 
on which iher are founded, the matnal dependence &nd conneo- 
tioD of principlee, aifQ ihey^lS^F arrangement and combination 
of elements, in order to produce a desired reaolt, tibereb j acquires 
ft readinees and justness of perception, a ooncisenesB in reason- 
ioig, a power of eamp^ibenBion, and a strength of jodgment nn- 
attainable by other means. 

JEiXperienoe hamig for a long time strong^j impressed the mind 
df the author of this work with the above yiews, he was induced, 
■UU9V jears ago, to impose on himself the ardnom, and to him, 
finuD Tarions caasee, extremelj protracted and difficolt task of 
pnpariziig, for schools and private stadents a oopioos yet oom- 
fmct treatise cf Arithmetic, containing, together with an ample 
mmiber of practical examples, a bold, connected, logical, and 
liKud developoment of the principles and roles of the entire 
Menoe. How &r, in the persent work, that ol{}eet is aooom- 
idiafaed, tiie intelligent reader most 



VCMMAXT or MMABOSM FOE UKDEKTAEnTO TSIS WOKK. 

L The almost total absence of erery thing like theory in many 
•rittmi fltifla, and the Teiy great imperfection and defieieDoy in 
4as respect in the best of those now in nse. 

2. The utter impoeBibility that a master, however capable, wlio 
fveeides over s munerons dass of pupils in Taiions stages of ad- 
TBnoement in the science, can find time to give to each s laoid 
vertial explanation to make op for the deficiency of his book. 

Z. The incAeieney of such Terbal explanation, even if it ooald 
be pTen, for want of suflicient reiteration: said reiteration irk- 
•ome in the extreme, and calculated to irritate the teacher to 
ifae to eo ura geaient of his popiL 

4L The inability of teachers to gire the reqoisits explanMion ; 
for, ul tf io ut any disparagement to that self<devoted dass of men, 
it is to be presumed that, taking the whole scope of the sdenoe, 
eomparatively few are, impromptu, equal to the task. 

BASIS OF THB WUtK. 

Whatever can be spoken can be written. Therefore, whateyer 
oould be said by the most enlightened teacher to his pupil, in ex- 
planation of every department of the science, the author has en* 
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deayoured to say in the book; and thus the scholar/ haying it. 
before him, can read it as often as he pleases, to his own edifica- 
tion and great relief of the teacher. 

SCHEMI. 

The snlijeot is diyided into six books, each of which exhibits a 
different department of the science. In each of the first four 
books, the cardinal operations are thoroughly discussed: in the 
first in Integers ; in the second in Vulgar Fractions ; in the third 
in Decimals; and in the fourth in Compound Numbers. The 
fifth book exhibits those rules which are not cardinal : yis., In- 
yolution, Eyolution, Proportion, Progression* &o. &o., including 
Logarithms. The sixth book is deyoted to mercantile science; 
in some departments of which, the author is greatly indebted to 
Kelly's Uniyersal Cambist. 

MSTHOD. 

For the sake of easy reference, as well as logical concatenation, 
the work is subdiyided into Sections and Articles, which are 
regularly numbered. Also, those passages which inyolye the 
most important principles, or leading points of the argument, 
particularly in the first four books, are italicized, the more peiv 
fectly to impress the mind of the pupil, and thus induce the 
habit of reflection. 

Questions may be put by the teacher, to elicit from the pupil 
the passages italicized, or answers in accordance with them, 
thus: — ^Teacher. What is quantity ? Scholar. A limited portion 
of any natural otn/ect. 

This may be continued by the teacher throughout the work, 
which will be a good test of the progress of his pupil. The 
pupil, and he or she who is self4aught, may also pursue the 
same method for self-examination. 

STYLE. 

In presenting to the young, for d^'^ly contemplation, a subject 
of primary importance, much depends on the language in which 
that subject is inyested. 

A style eleyated, rich, clear, and concise, being at once most 

1* 
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appropriate and attractiye, is best calculated to awaken and sus- 
tain a lively interest. 

Prolixity wearies, puerility disgusts; 1[>oth, therefore, as far 
as consistent with that most* essential attribute, perspicuity, 
have been studiously ayoided. * 

Breyity, wherever practicable, has been adopted, not only be- 
oause it economises time and expense, but because, by concentra- 
tion, it lends foroe, and hence greatly fiftoilitates comprehension. 

ORIGINALITT. 

The principle upon which this work is based, the plan upon 
which its greater divisions are arranged, and the method of con- 
ducting its details, both in calculation and language, combine to 
render it exceedingly unlike any of the popular works now 
in use. 

Much that is entirely new in calculation will be found in the 
work, especially in the first, fourth, and fifth books. The rule 
for finding the least oonmion multiple of several numbers, the 
author first gave in the year 1826, at which time he was em- 
ployed as teacher in the Senior Department of the High School 
of New York, 

800FB. 

To the many novel features already pnsented, we may add the 
explanation of the nature and use of Logarithms, accompanied by 
a Table of those numbers for practical application. This, then, 
is probably the only school treatise which embodiea the whole 
science, and hence the only one by means of which Had sdenci earn 
he perfectly leatiied unihout the aid of a ieachet. 

Having thus endeavoured, instead of a barren* unintereeting, 
mechanical abstract, or an unwieldy, incongruous compilation, to 
give the subject the fi>rm, consistent with its important nature, 
of a transcondently beautiful science, it is hoped that the work 
here presented will amply reward the industrious student ; and 
that, in its perusal, he will feel assured that he is, by a whole- 
some discipline, and consequent elevation of his mental power, 
preparing himself successfully to attempt the loftiest subjects to 
wliioh human genius c^n aspire. 

NOBLB HSATH. 



TABLE OF CONTENTS. 



BOOK I. 



PreUminary Ideas, Definitions, and Formation of Numbers... 11-16 

Numeration. 17-25 

Addition. 26-36 

Subtraction. 86-46 

Mnltiplioation 46-70 

Division.... ^, 70-87 

Multiplication by a Fraction — .....:.. 88 

BOOK n. 

Of tiie Square ^ 89 

Cube and Parallelopiped 90 

Powers of Numbers 91 

Prime Numbers 92-94 

Properties of Numbers.- 94-99 

Prime Factors 99-100 

Least Common Multiple 100-104 

Greatest Common Measure - 104-106 

Ratio 106-107 

Reduction of Whole and Mixed Numbers .• 108 

Lowest Terms of a Fraction 109-110 

Dissimilar Fractions reduced to their Least Com. Denom 110-112 

Addition of Vulgar Fractions. 112-118 

Addition of Mixed Numbers 118-114 

Subtraction of Fractions 114 

Subtraction of Mixed Numbers 115-116 

Multiplication of Fractions W^W^ 

1 



8 TABLX OP OONTUITS. 

HnltipUDBtion of BUxed HtunlMTS. 110-120 

IKntioQDf Fnetioiw 120-122 

KTiidiniof Mixed Nnmben. 128 

KtMoii bf FMton 128-126 

BOOKm. 

Pralimiuu; idcM 126-120 

Ifumenlioo of Deoimali 129-131 

Addition of Decimala _ 181-132 

gnbtnetioD of DecimalB 182-133 

Moltiplicatioa of Decimals 183-13S 

Knuon of DitcimulB 188-145 

DeoiDul Value of a Vdgar FmclioD 14S-14G 

Repeadng Becimuls 147 

Fim«tIona1 £qiiiTalent£ of Eepeating Beoioi&lB. 147-160 

Kniw and Infinite Decimal EquiT&lcats 160 

Limit of the Period 161-168 

BepeatiDg DeoimaJa uniler diSerent forme 168-164 

DiMimilar Bopeaters rendered Similar. 161-166 

Addition of Bepeating DeeimalB. ~ 166-16S 

Snbtnotion of Eepeating Deoinuils - 166-157 

Hnltiplioation of IlcpeatingSecimala , 16^183 

DiTJfion of Hepeating DectmalB 164 

HnltipliMtlon and Diviaion by 6 and its powers. 164-166 

BOOK IV. 

Honeyi, Wcdghta, and MeunrcB 166-178 

Of Tinw 178-182 

BegnUlJon of Clocks.- ~ 182-183 

Astronomical Heasan 183-lSS 

OeograpMoal MeaBore 186-189 

Reduction 189-199 

Addition of Componnd Numliers 200-202 

SobtractiOB of Componnd Hnmbera 202-208 

MultiplicaUon of Compnund Numbers 208-207 

DiTision of Componnd rtiunbora 208-212 

PrftMJM ■ 218-218 

Calcniation bj Compleroenta 218-222 



TABLE OF 00NTXNT8. 9 

PAOB 

Daodecimals 222-22% 

Board Measure 228-284 

French Metrical or Decimal System 296-288 

Table of Miscellanies 289 

BOOK V. 

Inyolniion r. ^ 240-242 

Eyolntion, or Extraction of Roots 248 

Extraction of the Square Boot 248-259 

Extraction of the Cube Boot 269-278 

Extraction of the Roots of all Powers 274-280 

Of an Equation y 281-288 

Geometrical Proportion, or Bule of Three 288-298 

Compound Proportion 298-800 

Position 801-802 

Double Position Absolute 802-804 

Double Position Approximate 804-808 

Alligation 808 

AUigation Medial 808-909 

Alligation Alternate 809-314 

Permutation 814-815 

Arrangement 815-817 

Combination 817-819 

Newton's Binomial Formula , 819-8^8 

Arithmetical Proportion 828-824 

Arithmetical Progression 825-881 

Geometrical Progression , 881-886 

Logaritiims 886-847 

Use of the Table of Logaritiuns 848-852 

BOOK VI. 

Stock 858-864 

Percentage 854-866 

Profit and Loss 857-858 

Commission and Brokerage 858 

Interest 859-862 

Partiia Payments 863-365 

Discount ^^^>-^^l 



10 XABLE OIP GONTBHTS. 

PAOl 

Insnruiee 867-368 

DatiM 868-369 

Tax ^ — .^ 369 

General Ayerage 869-370 

Equation of Payments 871 

ATerage of Sales 371-374 

Partnership 374-376 

Moneys 877 

Bednction of Currencies 877-379 

Exchange 380-382 

Chain Rule ^ 882-411 

Compound Interest 411-414 

Increase of Population. 414-417 

Annuities ^ 417-424 

Moneys of diiforent Countries 424-426 

Mensuration 427-440 

Table of Logarithms 440-456 



TREATISE ON ARITHMETIC, 



BOOK I. 

PRELIMINARY IDEAS — DEFINITIONS AND FORMATION OF 
NUMBERS — NUMERATION, ADDITION^ SUBTRAOTIONy MUIi- 
TIPUCATIONy AND DIVISION OF WHOUB NUMBERS. 



SECTION L 

Preliminary Idea»j Definition$j and Formation of Number 9. 

1. A limited portion of amy 'natural object; as of dme, 
spaoO; weight; heat, &o., or of any sabstanoe, fluid, solid, or 
aeriform, is called gtiantity, 

2. The object of all mathematioal science is to measure 
quantity. 

3. Quantity can only be measured by comparing it with 
some knoum quantity of the same hind (acknowledged as a 
standard. 

4. Standard Measures, to prevent error or variableness, are 
generaUy derived from nature. For example, measures of 
time, from the time of the revolution of the earth about its 
axis: of space, from the length of a barley-corn^ taken from 
the middle of a full-crown ear ) also, from the circumference 
of the earth: of weight, from the weight of a grain of wheat ^ 
taken as above; also, from the weight of a definite micmtity 
of distilled water: of heat, from &e temperature of boiling 
water^ &0. 

5. Quantity, mathematically considered, is only susceptible 
0/ increase and diminution; these are, therefore, called the 
attributes of quantity. 

6. A (quantity may be increased in two ways : either ^ 
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combining with it a quantity of the same kind, greater or less 
than itself, which is called Addition; or, by combining with it, 
or continuing to add to it, a quantity exactly equal to itself, 
called Multiplication : because^ in the latter case^ the quantity 
is repeated many times. 

7. A quantity may also be diminished in two ways, either 
by taking Jrom it a quantity not greater ^an itsdf, called 
Subtraction; or, by repeatedly taking from it a quantity less 
Oian itself, called Division: because, by this last operation, 
the quantity is evidently separated or divided into a number 
of equal parts. 

8. The two attributes of quantity, vi^., increase and dimi- 
nution, are then the two fundamental principles, upon which 
are based the four operations — Addition^ Subtraction^ MvUir 
plication, and Division, 

9. Now, as there is no other method whereby a quantity 
can be increased and diminished, these four operations are 
called the four cardinal or fundamental operations of Arith- 
metic : all others being dependent on and performed by them. 

10. Arithmetic, the science of numbers, then, is, in its most 
extended sense, neither more nor less than the knowledge of all 
the numerical operations based upon, a/nd arising out of, the 
tv)0 simple attrS>utes of quantity — increase and diminution, 

11. The four cardmal operations are represented by the 
following signs : 

4- PltM or more, the sign of Addition. 
— Minus or less, " Subtraction. 

X or • Into, *^ Multiplication. 

-^ By (divided by) " Division. 

12. That which we attempt to examine, discuss, determine, 
or prove, by one or more mathematical operations, is called 
the Proposition; commonly in Arithmetic, the Question, 

13. The truth or conolu»on arrived at is called the Result 
or Answer, 

14. The general process by which a proposition or question 
is determined is called the Solution, 

15. When, in solving a question, only one cardinal opera- 
ration is used, the answer has a distinctive name. 

In Addition, the answer is called the Sum, 

Subtraction, « « imfferenceox 

' ( Mematnder, 

Multiplication, " " Product, 

Division^ " " Quotient. 
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Thus : a plus h (a -^-li) Is a Sumy (a added to 5.) 

a minus h (a — 6) is a Difference, (b taken from a.) 
a into 6 (a X ^) is a I^oductj (a multiplied by 6.) 

a by 5 (a -5- 5) or r is a Quo^ieri^ (a divided by 6.) 

16. The quantity established as a Standard Measure is 
called a Unit, Thus, One Barley-corn is a Unit, Three 
barley-oomS; placed lengthwise in contact, make one inch; 
twelve inches, one foot; three feet, one yard, &c. The time 
of the revolution of the earth about its axis is called one day. 
The day is divided into twenty-four equal parts, each of which 
is ons hour. The hour is divided into sixty equal parts, each 
of which is one minute. The minute is divided into sixty 
equal parts, each of which is on^ second, 

17. The Unit is represented by the Figure 1, one ; which, 
in its general sense, signifies one thing of any kind; and serves 
as a Standard of Comparison for all things of the same kind. 
Hence the Figure 1 may represent 1 barley-corn, 1 inch, 1 foot, 
1 yard, 1 day, 1 hour, or any other known standard measure 
or thing. 

18. The figure 1 is stiU a unit, when not applied to any 
thing, in which sense it is called Abstract, (abstrakire, Lat., to 
separate,) When applied, it is called Concrete, (concretus, Lat., 
joined together,) 

19. The Combination or Addition of two or more Units 
forms what is called a Number, 

20. A sign made thus =, called Equal to or Equals, is 
placed between two quantities or expressions to show their 
equality; the whold forming what is called an Equation. 
Thus, the Equation 1 -f- 1^ = ^ is read, one plus one, equal 
to two; or, more commpnly and perhaps better, one plus 
one, equals two. Hence, (Art. 19,) 2 is the first or lowest 
number. 

A sign made thus > is called greater than; reversed thus <, 
less than. 

Observe that 1 + •'^ ^^ a Combination or Addition, in fact 
a Sum or Product; and this sum or product equals 2. It is 
erroneous to say 1 -|- ^^ ^^^ P^^^ ^^^i ^''^ equal to 2 ; or 1 and 
1 are equal to 2, because the plural word (are) implies their 
disunion. We must therefore say 1 and 1 is 2, or twice lis 2, 
ThBtiSyihe sum or product is 2. 

21. The next Combination, formed by adding another 

unit, is expressed by each of the Equations 1 -|- 1 -f- 1 = 3 ; 

2 
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2-f- l=3y or l-|-2 = 3; wbich we read 1 jhia 1 phis 1 
equals three; 2 plus 1 equab 3, or 1 plus 2 equals 3. 

22. Let the line ^ ^ ^ be 2 inches bng, and 

Uu. line • '—^ isinchclcM- ihen, 

the middle ofabc being at 5, and the middle oiah e dnig, 
half-way between b and e, it is plain that we can divide ab e 
evenly; that is, into 2 eqnal parts, withoat breaking either of 
its units. Also, that we cannot BO divide a 6 cc^; because the 
unit b c will be bndcen at g; and each half of the line abed 
will contain one inch and a half. 

23. A number consisting of whole units only is called an 
Integral or Whole Number j (integer, Lat., wholeJ) A number 
containing broken parts is called a Broken or Fractional 
Number J (froAAuM, Lit., broken.) Hence the numbers 2 and 3 
are vihoie numherg; but one and a half is a fractional number, 

24. A number whose half is intend is called an even 
number. And a number whose half is fractional is called an 
Odd Number. Hence 2 is an even number ; and 3, an odd 
number. 

25. Beginning with the Unit, (which, though in itself 
really not a number, is often, for the sake of form, called 
Number 1,) we progress regularly by adding a unit at a time, 
in forming what is called, the Scale of Natural Numbers : 
thus, 1 one, 2 two, 3 three, 4 four, 5 fve, 6 six, 7 seven, 
8 eight, 9 nine, &c. It is easy to see that, in this scale, the 
numbers are odd and even ad infinitum (ad infinitum or 
ad inf., Lat., to infinity or without enrf.) 

26. Thougli the Scale of Natural Numbers evidently pro- 
grenses ad inf., seeing that, however great a number m^iy be, 
we can still add a unit, the figures 1, 2, 3, 4, 5, 6, 7, 8, 9, 
are the only ones by which any number, whole or fractionaT, 
however great, is expressed ; from which it is easy to infer 
that each of these figures is made to assume new values, 
increasinfj ad inf. 

27. The next number in the scale, called ten, is expressed 
by the figure 1, which assumes this new value merely by a 
new position or place, and to show this the figure 0, Nought 
or Cipher, (which signifies nothing,) is placed on the right 
of it, thus : 10. Because has no value or signification, 
except merely empty place, the other figures are, by way 
of distinction, called JSigniJicant Figures ; sometimes Digits 
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(dtgituSf Lafc.; finger.^ The first idea of the method of express- 
ing numbers having been^ it is supposed, derived from the 
fingers. 

28. In the number 10, the nought is considered as oocupj- 
ing the place which the digits occupy when cdone ; and; there- 
fore; this first; or right-hand plaoO; is called the place of units. 
The unit being thus removed one place towards the left; has, 
merely Jrom itsplacCf assumed a new value equal to ten times 
its former value; and; hence; the place where it standS; or 
second placC; is called (he place of tens, 

29. The place of units being empty, we continue the regu- 
lar formation of numbers; by substituting; fcr the nought, the 
nine digits in succession : thus, beginning with ten, we have 
the numbers 10 ten, 11 eleven, 12 twelve, 13 thirteen, \^ four- 
teen, 15 fifteen, 16 sixteen, 17 seventeen, 18 eighteen, 19 nine- 
teen : the numbers 11; 12; &o. being ten and one, ten and tioo, 
ten and three, &c. to ten and nin^, inclusive. 

80. Continuing the formation; we add 1 to the 9 units of 
19; and transferring the ten, thus formed, to the second 
place; hy a unit, as before : we add this 1 to the 1 already 
there; which makes 2 tenS; ot 20; twenty, and the place of 
units again becomes vacant. TheU; repeating the digits in 
this placC; as before; we form the numbers 21 twenty-one, 
22 twenty^two, &c. to 29 twenty-nine. 

81. By adding 1 to the 9 units of 29; and transferring the 
teu; thus formed; to the second place; we have the number 
8 tens or 80 thirty. Continuing thuS; we form the tens in 
succession; which are 10 ten; 20 twenty ; 80 thirty; 40 forty ; 
50 fifty ; 60 sixty ; 70 seventy ; 80 eighty; 90 ninety. Again 
repeating the digits, we have 91 ninety-one, 92 ninety-two, 
&c. to 99 ninety-nine, which is the greatest number expressed 
by two figures, 

32. By addinff 1 to the 9 units of 99; and carrying the ten 
to the second place, by the figure 1, as usual ; this, together 
with the 9 already in this place; makes ten tens, which we 
express precisely in the same m^anner as we did ten units, 
namely, by the figure 1 carried to the next place towards the 
left; by which means the pla<)e of tens, as well as the place 
of unitS; becomes vacant, and we supply both accordingly 
with ciphers; thus : 100, and read one hundred. The third 
place is. therefore, called the place of hundreds. 

38. Thus we see that the use of the cipher is to hold the 
plaice of an order of units which becomes vacant. 
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34. Continuing tlie formation of numbers in the empty 
places, as at first, we have 101 one hundred and one; 
102 one htindred and twOy &c., to 199 one hundred and 
ninety-nine. Again, proceeding as in Art. 32, we form the 
number 200 two hundred ; and in like manner, as above, suc- 
cessively, the numbers 300 three hundred; 400 four hundred.; 
500 five hundred; 600 six hundred; 700 seven hundred; 
800 eight hundred} 900 nine hundred; as also the numbers 
901 nine hundred and one; 902 nine hundred and two^ 
&c., to 999 nine hundred and ninety-nine; which is the great- 
est number eocpressed hv three figures, 

35. In adding a unit to 999, to form the next number, we 
have first ten units, which we express by 1 in the second 
place; then ten tens, which we express by 1 in the third 
place ; and, lastly, ten hundreds, which we express by 1 in the 
fourth place ; thus, 1000, (the three vacant places being sup- 
plied with ciphers,) and read one thousand. It is easy to see 
that, proceeding as above, we should successively form the 
numbers, 2000, 3000, 4000, 5000, 6000, 7000, 8000, 9000; 
which are read two thousand, three thousand, &o. to nine 
thousand ; as well as the numbers 9001 nine thousand and 
one; 9002 nine thousand and two, &o., to 9999 nine thousand 
nine hundred and ninety-nine. 

36 Hence we see that the formation of new orders towards 
the left is without end, depending upon this universal law, 
namely — ths valvs of ten units of any order is expressed by 
one unit of the next order towards the left — according to 
which, the digits assume new values, increasing tow^ds the 
left ad inf. tenfold for each remove, and are, by this means, 
capable of expressing any number whatever. 

37. We have seen that the value of a unit in the second 
place is equal to 9 -f* ^ ; ^^ the third, to 99 -J- ^ ; ii^ the 
fourth, to 999 -{-1, &o., according to a general law : where- 
fore, the value of a unit, in any place towards the left, is 
equal to the number expressed by a horizontal row of nines 
equal, in number, to the number of places on the right of thai 
unit, plus 1 : and, hence, a unit in any place towards the left 
expresses a number greater than that expressed by aU the 
figures which can stand on the right of it. 
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SECTION n. 

NUM3BBATI0N. 

88. Numeration is the general method of reading and 
writing numbers, 

89. Afl there is no end to the formation of new orders on 
the lefty and as it wonld, even in ordinary numbers, be incon- 
venient to giye a new name to each new order, the figures of 
large numbers are separated into periods of three Jigures each. 
Thus, beginning at the right hand, and proceeding towards 
the left, we separate, by a comma, the first three figures, 
which constitute the first period. Then, proceeding towards 
the left, we separate three more, and so on, regularly, till the 
whole of the figures are thus separated. As the number may 
consist of any number of figures, it is evident that the left- 
hand period will often contain only one or two figures. 

40. The first, or right-hand period, is called Units; the 
next Thousands; the next MiUions; and so, in succession, 
Billions, Trillions, Quadrillions, QuintiUions, Sextillions, 
SeptUlums, Octillions, NonUlions, Decillions, Undecillions, 
Duodecillions, TredecUlions, Quatuordecillions, QuindecH- 
lions, SexdeciHions, SeptendeciUixms, OctodeciUions, Noven^ 
decillions, VtgintHlion^, Vigintv-unillions, Viginti-billions, &o, 

41. To facilitate the remembrance of the names of the 
periods, to show their import and relative position in the scale 
of numbers, as well as to extend them as fiir as required by 
any number within the scope of human thought or calculation, 
the following Table of Latin Numerals, from which they are 
nearly all derived, will be found very useful. 

From this Table we also derive the names of some months ; 
and there is this singularly coincident irregularity, viz., that 
as the Romans began their year in March, the month Septem- 
ber was, as its name denotes, in their Calendar, the Seventh ; 
whereas, in ours, — to which the name has been transferred, 
*and which begins two months earlier, — it is the Ninth : so, 
also, in the scale of the periods, as we have two names. Units 
and Humsands, which do not belong to the regular nomencla- 
ture, in which we may suppose that the name Millions has 
been substituted for Unillions; the period BiUions, which, 
firom the import of the word, should be the second, is the 
fourth, and, consequently, Septillions, which should be the 

ieventhf is the ninth period. 

2* 
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42. To correct this discrepance, therefore, we must, in 
applying the Table, add 2 to the number corresponding to the 
name of the period, (or month,) which vrill give its order; 
or subtract 2 from the number sTiovring its order, which will 
give the number corresponding to its name. Thus, for exam* 
pie, if I would know the order of the period Octillions or the 
month October ; as octo is eight, I add 2, which makes 10 ; 
I therefore say, that Octillions is the tenth period, and October, 
the tenth month, 

43. Agaii^: if I wish to know the name of the twelfth 
period, 1 subtract 2 from 12, and I have 10 ; which, in Latin, 
is decern : I therefore say, that the name of the twelfth period 
is Decilli^ms, 



1. Unus. 

2. d.uo,(bis,twice,) 

3. tres, or tria. 

4. quatuor. 

5. quinque. 
. 6. sex. 

7. septem. 

8. octo. 

9. novem. 
10. decem. 



Table, 

11. undecim. 

12. duodecim. 

13. tredecim. 

14. quatuordecim. 

15. quindecim. 

16. sedecim. 

17. septendecim 

18. octodecim. 

19. novendecim. 



21. viginti-unu8. 
30. triginta. 
40. quadraginta. 
50. quinquaginta. 
60 sexaginta. 
70. septuaginta. 
80. octoginta. 
90. nonaginta. 
99. nonaginta-noyem. 
100. centum. 



20. viginti. 

44. By means of the table we may continue the nomen- 
clature of periods, thus: viginti-trillions, &c. to viginti- 
no7iiUions; trigintillions ; trigintorunillions, trigintor-bUlions, 
&c. ', quadragentillions ; quadragintar-unillions, &c. ; quinqua^ 
gentillions; sexagentillions ; septu^entiUions ; octogentillions ; 
nonagentillions ; centilllons. 

45. The above Table, as well as the names of the periods in 
the Scale of Numbers, we could easily extend, but such exten- 
sion could, for our present purpose, be of no utility ; seeing 
that the number 1 centillion is far above the scope of human 
affairs or conception. For, if we suppose a hollow globe, ten 
millions of millions (10 trillions) of miles in diameter, to be 
filled with dust, so fine that there should be one thousand 
millions (1 billion) of particles in each cubic inch ; the whol 
number of particles in this mighty mass would be an incon- 
ceivably small part of a centillion. 

46. It is plain (see Art. 36) that, whatever may be the 
value of the units composing any figure in the scale, the next 
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figure on the left wUl he tens, with regard to that value, 
and the next hundreds. Wherefore, in each period, going 
from right to left, we say umtSy tens, hundreds: that is 
to B&y, with respect to the digits, any figure on the right 
is a number of units; in the middle, a number of tens, and 
on the left, a number of hundreds. Hence, we read the 
number, under any period, as if it stood alone, except merely 
at last pronouncing the name of the period. Thus, the 
number 243 is read two hundred and forty-three, under 
whatever period it may stand. For example, in the following 
number: 

M. Tb. u. 
243 243 243 
Beginning at the leflj, we say, two hundred and forty-three 
Millions ; two hundred and forty-three Thousand ; two hun- 
dred <md forty-three, 

47. Hence also, by its place, we easily determine the value 
of each figure in a number, without reference to the others. 
Thus, in the above, beginning at the left, the figure 2 is read, 
first, two hundred Millions; then, two hundred thousand; 
and, lastly, two hundred. The figure 4 is, first, forty Mil- 
iums ; then, forty Thousand ; and, lastly, forty. The figure 3 
is, firat, three Millions; then, three Thousand; and, lastly, 
three. 

48. Again : from the same universal law, it is evident that 
we can, in a large number, read a part, consisting of a num- 
ber of consecutive figures, taken at plea^sure, (the left-hand 
figure of such part b^g significant,) as a number of units of 
the order signified by the place of the right-hand figure of 
the part taken. Thus, in the number 

B. M. Th. XT. 

128 029 626 343 
One hundred and twenty-eight Billions; twenty-nine Mil- 
lions ; six hundred and twenty-five Thousand, three hundred 
and forty-three : taking the figures two and two in order, we 
read, twelve tens of Billions; eighty hundreds of Millions ; 
twenty-nine Millions ; sixty-two tens of Thousands ; fifty-three 
hundreds and forty-three : or, four and four, we read, one 
thousand two hundred and eighty hundreds of Millions ; two 
thousand nine hundred and sixty-two tens of Thousands ; 
five thousand three hundred and forty-three : or, taking the 
two middle figures, we read, ninety-six hundreds of thousands : 
or, taking eight figures, beginning with the figure 8, we read 
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eighty Millions, two hundred and ninety-six Thousand, two 
hundred and fifty-three hundredi, or any other part in the 
same manner, at pleasure. 

49. From the ahove, we easily perceive that any number j 
having a significant figure in the place of units, may he 
considered cu a binomial; (bis, twice, and nomen, name;) 
that is, as consisting of two names or parts, one of which is 
the number of tens eocpressed by aU the figures on the left of 
its unit figure; and l3ie other the number of units eocpressed 
by that figure. Thus, the above number, considered as a 
binomial, consists of twelve Billions, eight hundred and two 
Millions, nine hundred and sixty-two Thousand, five hundred 
and thirty-four tens and three units. This general binomial 
property will be fi)und important in some of our future 
details. 

50. When some of the intermediate orders or periods of a 
number contain ciphers only, v>e omit such orders or periods 
in reading, as also the na/me Units: because, all nv/mbers 
being composed ofwnits, that name is applicable to any order 
or period. Thus, the following number, 

B. M. Th. XT. 
1^000 009 022 
is read One Billion; nine Thousand and twenty-two. 
Let the following numbers be expressed in words : 



1. 101 

2. 110 
8. Ill 



4. 1001 

5. 1010 

6. 1100 

13. 5006030 

14. 40206017 

15. 95000070004 



10. 900090 

11. 300400 

12. 506011 



7. 10010 

8. 10002 

9. 10120 

16. 694032580795251 

17. 875875875875875 

18. 12000679800979040 

19. 111617125198423514891 

20. 83006500010110099580000428 

51. When familiar with the Table, and the names derived 
from it, we dispense with actually pointing the periods and 
writing their names. Thus, in the number 

65428075000095008 
beginning at the right hand and taking the figures three at a 
time, we count the number of periods, saying, 1, 2, 3, 4, 5, 6, 
and (42) subtracting 2, we have 4 for remainder, by the Table 
quatuor, and hence, quadrillions, for the name of the highest 
period. Wherefore, having in this the figures 65, we read 
nxty-five Quadrillions ; four hundred and twenty-eight Tril- 
lions; seventy-five Billions; ninety-five Thousand and eight. 
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To read this as a binomial, we begin with the tens in coun^ 
ing the periods ; and finding 6 only in the highest, we say, 
fix Quadrillions; five hundred and forty-two Trillions; 
eight hundred amd seven Billions; five hundred MUlians ; 
nine thousand five hundred tens, and eight UNITS. 

In like manner, let each of the following numbers be read 
as a Natural and as a Binominal Number : 

1. 2986400032504003 

2. 1000078540003205 

3. 98000043587020050076 , 

4. 6850l58gOOeS5000e850t)00686 

Let the following number be read in parts, taking the fibres 
consecutively two and two, four and four, and five and five, as 
in Art. 48 : 

64026402640264026402 

52. To express, in figures, a large number given in words, 
we first write the names of the periods, beginning with Units 
and ending with the highest or first name mentioned in the 
reading. Then, beginning with the left-hand period, we 
write its number underneath, as if it were to stand alone^ 
As we progress from left to right, the order of the places is, 
under each period, hundreds, tens, units; consequently, in 
writing its number, we first consider whether it contains hun^ 
dreds, and write a cipher or digit in the left-hand place 
accordingly. We next consider whether it contains tens; and 
write, accordingly, a cipher, or digit in the middle place. 
Lastly, in like manner we supply the place of units. 

If, in the reading, any period is wanting — that is, not men- 
tioned — we must, of course, write 000 under it. 

The cipher is of no use, when placed on the left of all the 
significant figures ; because, in this situation, it does not show 
their position towards the left. 

To express, in figures, the number Forty Quintillions ; ten 
Quadrillions; two Billions; ten Millions; eleven Thousand, 
four hundred and twelve; we first write, as above directed, 
the names of the periods, 
Qointillions Quadrillions Trillions Billions Millions Thousands Units. 

40 010 000 002 010 Oil 412 

Then, as the number first dictates Forty Quintillions, we 
write 40 under Quintillions, €M if it were to stand aUme, 
Next, for the ten Quadrillions, as this number contains no 
Hundreds, we first write in the place of hundreds ; then, as 
ten is expressed by a unit in the place of tens, we write 1 in 
that place. Lastly, as there no units, we write in the place 



22 NUMERATION. 

of units: thus^ we. have 010 (nongTu, one, nougM) under 
quadrillions. Next, as there are no Trillions mentioned in 
tne number, we write 000 (nought j nought, noughC) under 
Trillions. Then, for the two Billions, as this number contains 
neither hundreds nor tens, we first write in the place of 
hundreds ; then, in the place of tens ) and, lastly, 2 in the 
place of units : thus we have 002 (nought, nought, two') under 
Billions. We next write ten Millions, as we did ten Quad- 
riUions, namely, 010, (nought, one, nought,) under Millions. 
Then, for eleven Thousand, as this is ten and one, we first 
write in the placfi.of hundreds; then 1 in the place of tens; 
and, lastly, 1 in the place of units: thus, we have Oil 
(nought, one, one) under thousands. Lastly, we write four 
hundred and twelve, 412, (four, one, two,) under Units, as 
we should under any other period, namely, as if it were to 
stand ahne. 
Let the following Numbers be expressed in Figures : 

1. Eighty Thousand, six hundred and twenty, 

2. Eleven Millions; four hundred Thousand m^four, 

3. Fourteen Millions, nineteen Thousand and eleven, 

4. Five hundred cmdfour Millions ; on^ hundred Thousand 
and one, 

5. Nin>e hundred and nin>e Billions; thirty Thousand and 
ten. 

6. Two Trillions ; three hundred Billions ; forty Millions ; 
four Thousand. 

7. One hundred and ninety Quadrillions ; twelve Billions ; 
one Thousand. 

8. Fourteen Nonillions ; sixteen SeztiUions ; three hundred 
and twenty-six Quintillions ; fourteen Millions and six, 

9. Five hundred Decillions ; eight Octillions ; twenty Sep- 
tillions ; one hundred and one Quadrillions ; one hundred and 
eleven Trillions ; nine Billions ; fve hundred Thousand and 
forty-two, 

10. Ten Duodecillions ; one hundred and nineteen Nonil- 
lions ; fifteen Octillions ; thirty Septillions ; four Quintillions ; 
Jive Trillions ; ffty Billions ; ninety-one Millions ; one hun- 
dred and ten Thousand and thirteen. 

63. The Unit, which is repeated or multiplied in forming a 

number, we shall call the GenMc Unit, (genus, Lat., kind, 

.sort,) because it shows of what kind the number is. Hence 

the abstract unit, represented by the figure 1, is the generic 

unit of all natural whole numbers. Also, in general, the 



NUMEBATION. 28 

UDit from which a number derives its name is the generic unit 
of that number. 

54. We have seen (49) that a natural nnmber, haying its 
unit figure significant, may be considered hinomiaL This we 
shall call a Natural Binomicd, (Nat Bin.) But a number 
of consecutiTe figures, taken at pleasure, is (48 and 58) read 
CM a natural number , having j for its generic unit, a unit of 
the order of its right-hand f^ure : consequently, if this figure 
be significant, the number expressed by those figures may 
also be considered binomial, having for its units the number 
caressed by its right-hand figure, and, for its tens, the 
number escpressed by the figures contained in it on the left 
of that figure. This we shall call a Factitums Binomial, 
(Fac. Bin,) 

Wherefore, in the same number, though we can have but 
one Natural Binomial, we may constitute many Factitious 
ones, 

55. If, on the right of a Nat. Bin., we place a cipher, 
it ceases to be binomial, the whole being now (48) a number 
of tens.* It may, however, be considered a Fac, Bin,, which 
may be read as before, with this condition, that the generic 
unit of each of its parts is ten times as great as before: heoee, 
the number is multiplied by ten. 

Again : if another cipher be placed on the right, it is (48) 
read as a whole, a number of hundreds : and as a Fac. Bin, 
the generic unit of each part is 100 times as great as at first. 
Hence the number is multiplied by 100. 

Thus we see, that to multiply a number by 10, 100, 1000, 
&c., we have only to place 1, 2, 8, &c. ciphers on the right. 

56. Again : in a number having on the right, the part 
on the left of this 0, being a number of tens, is th^ quotient 
found in dividing the number ^^10; because it shovc/s how 
many times 10 can be subtracted. If there be two ciphers, 
the part on the left, being hundreds, shows how many times 
100 can be subtracted: and, hence, it is the quotient in 
dividing by 100. 

Wherefore, to cut off 1, 2, 8, &c., ciphers on the right of a 
number, is to divide that number by 10, 100, 1000, &o. 

57. When a unit or number is repeated two or more 
times, the sum foun4 by adding or combining the whole 
together is said io\>Q the product of two numbers multiplifl 

* A number having one name is Monomial, (monot, Greek, one,) 
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together or into each other, — one of wliich is the number 
repeated, or multiplicand, and the other, the number which 
thowi how m^ny time* it is repeated, or multiplier. 

Hence, any number is the product of its generic unit multi- 
plied by that number. Thus 1x2^ = 24. 

58. If, from a number which contains another a certain 
immber of times, we subtract that other until nothing remains, 
the number from which we subtract, or dividend, is said to bo 
divided by the number subtracted, or divisor : the number of 
times it is subtracted being the quotient. 

Hence, any number is the quotient, found in dividing that 

24 
number by its generic unit. Thus -5- = 24 

Wherefore a number multiplied or divided by its generio 
unit, remains the same. 

59. Of the two numbers forming a product, either may be 
the number repeated, or multiplicand; the other being the 
number of times it is repeated, or multiplier. For example, 
if we write separately the units of the figure 6, and repeat the 
number separated, 4 times, in rows under each other thus : 



we see, that for every unit in the row repeated, we have a 
column containing a number of units, which agrees with the 
number of times the row is repeated. Thus, K>r 2 rows, we 
have 6 columns of 2 units each, or 6 times 2. For 3 rows, 
6 times 3. For 4 rows, 6 times 4, as here exemplified, and 
80 on. Hence, we see that the product is formed by a repeti- 
tion of either the multiplicand or multiplier, wbich two num- 
bers are, therefore, called the two factors (makers, fach-e, 
Lat. to do ist make) of the product; because the produ^ct is 
the sum obtained by the addition of the series formed by 
repeating either factor as often as there is a unit in the other. 
Thus,6 + 6 + 6+'6 = 4 + 4 + 4 + 4 + 4+4 = 24; or, 
6x4=4x6 = 24; that is, 4 times 6 equals 6 times 4 : 
and it is the same with any two numbers multiplied. 

60. Again : either factor, in showing how often the other is 
contained in the product, shows how often that other could be 
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tuhtmctedj and is, oonsequcDtly, the quotient in diYiding 
the prodaot bj that other factor. Wherefore, if we divide 
the product of two numbers by either of them, the quotient 

24 24 

v)iU he (Ke other. Thus, "g" = 4 and -j- = 6. 

Hence^ also, a number multiplied and divided hi/ the same 

6X4 
n umher u ittU the sam^. Thus, — r — = 6 ; that is, multi- 
plication and division destroy the effect of ea^h other ; also, 
addition and subtraction destroy the effect of each other ; 
which properties are the natural result of the opposite attri- 
butes cf quantity. 
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61. Addition is the m^hod by which we dcusify and com* 
bine the orders of Several numhers soa^^ofthp wholes to form, 
but one number^ called the sum. 

Note. The word Sum should not be used for Question, 
By rendering the mind familiar with the combination of 
ea^ of ike digits with each of the others, as in the following 



Addition Table: 



2 + 2 
2 + 3 

2 + 4 
2 + 5 
2 + 6 
2 + 7 
2 + 8 
24-9 



4 
5 
6 
7 
8 
9 
10 
11 



9+9=»18 , 

the addition of 
expedition and 
and 5 is 18| we 



'3 + 3 

8 + 4 
8 + 5 
3 + 6 
3 + 7 
8 + 8 
8 + 9 



6 

7 

8 

9 

10 

11 

12 



8 



8 = 



16 
8-4-9=17 



4 + 4 
4 + 5 
4 + 6 
4 + 7 
4 + 8 
4 + 9 



8 
9 
10 
11 
12 
13 



7 + 7 
7 + 8 
7 + 9 



14 
15 
16 



5 + 5 
5 + 6 
5 + 7 
5 + 8 
5 + 9 



10 
11 
12 
13 
14 



6 + 6 

6 + 7 
6 + 8 
64-9 



12 
13 
14 
15 



the longest line of figures is performed with 

certainty. For example, if we know that 8 

shall easily perceive that 28 and 5 is 33 ; that 

8 
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88 and 5 is 48; that 48 and S in 53, &c., eeeiog that the 
iKnre 3 remains the same, and that it.is eaaj to keep accouat 
Of the additional unit in the place of tens. 

62. The oorrectDess of an addition is proved &y adding the 
figuret, a teamd time, in an inverK or contrary order: 
which second addition must, if the work be right, give the 
same sum as the first; conseqnentlj, when a different sum is 
fcnnd, t?ie work mutt b« Treated tilt vie find f&« tarns, f oi 
ezamrde, in the following addition, 

2-f-3 + 4 + l + 6 = 15 
be^nmug at tha left, we eaj, 2, 5, 9, 10, 15 : which last wr 
wnt« H the sum. We then begin at the right, and say, 
6, 6, 10, IS, 15 : which snm, being the same as beliae, Wb 
consider coireot. 

63, The following Attditions are (57) Mulliplicationt, ana 
should be remembered for future use. For praotioe in addi- 
tion, and to imprint them, b« multiplications, on the memory, 
the; may (iDeginning with 2 and proceeding regularly through- 
out) be repeated thus : 2 end 2 is 4 ; twice 2 is 4 ; 3 and 8 ts 
6 ; twice 3 is 6 ; and (59) invenely, 3 times 2 is 6 : and so on 
for the rest. Again : for the oombiiMtian of 3 figures, we say, 
8 and 3 is 6 and 3 is 0; 3 tiuMS 3 ia 9: 4 and 4 is 8 and 4 is 
12 ; 3 times 4 is 12 ; and inveisely 4 tim<w 3 u 12, &o. For 
4 figures : 4 and 4 is 8, and 4 is 12, and 4 is 10 : 4 times 4 
is 16 : 5 and 5 is 10, and 5 is 15, and 5 is SO ; 4 t^maa 5 ia 
20 : also, inversely, (which, thronchout the whole, should not 
be forgotl«D,) 5 times 4 is 20, £o. In the sama laa^f* 
repeat to 9 figures inclusive. 

2 + 2= 4 = 2 X2 

3 + 3= 6 = 2 X 3 

4 + 4= 8=2x4 
5+5 = 10 = 2x6 

6 + 6 = 12 = 2X6 

7 + 7 = 14 = 2X7 

8 + 8 = 16 = 2X8 

9 + 9 = 18 = 2X9 
4+4+4+4=16=4X4 
5+5+5+ 5=2U==4X5 
6+6+6+0=24=4X6 
7+7+7+7=28=4x7 
8+8+8+8=32=4X8 
9+9+9+9=^36=4x9 



3 + 8 + 3= 9 = 3 X 3 

4 + 4 + 4 = 12 = 3X4 

5 + 5 + 5 = 15 = 3x5 

6 + 6 + 6=18 = 3 X6 

7 + 7 + 7 = 21 = 3x7 

8 + 8 + 8 = 24 = 3X8 

9 + 9 + 9 = 27 = 3x9 

5+5+5+5+5=25=5x5 
6+6+6+6+6=30^5x6 
7+7+7+7+7=85=5 x7 
8+8+8+8+8=40=5x8 
9+9+9+9+9=45=5x9 



ADDITION. 



27 



6-1-6 + 6 + 6 + 6 + 6 = 86 = 6x6 

7 + 7 4- 7 4. 7 + 7 4- 7 = 42 = 6 X 7 

8 + 8 + 8 + 8 + 8 + 8=48 = 6 X 8 
94-9 + 9 + 9 + 9 + 9 = 54 = 6X9 



7 
8 
9 



7 
8 
9 



7+7+7+7 

8+8+8+8 
9+9+9+9 



7=49 = 7XT 

8 = 56 = 7X8 

9 = 63 = 7X9 



8 + 8 + 8 
94-9 + 9 



+ 8 + 8 + 8 + 8 + 8 = 64 = 8x8 
-9 + 9 + 9 + 9 + 9 = 72 = 8x9 



9 + 9 + 9 + 9 + 9 + 9 + 9 + 9 + 9 = 81 = 9x9 

In tliis last combinatioii, observe, that, as the number 9 re- 
quires but one unit to constitute 10, the unit figure of the 
number added to it is diminishsdy and that in the place of 
tens increased, each by a unit. Thus : in adding 9 to 9 we 
have 18 ; then, in adding 9 to 18, the 8 becomes 1 unit less, 
and the 1, one unit greater : hence, we have 27 : and so, in 
succession, we have 36 ; 45 3 54; 63; 72; 81. 

64. When, in adding, we meet with two digits, the sum of 
which is 10, we eomprehend both at once, in simply reading 
our la^st residtj as having one more unit in the place of tens. 
Thus, in the following addition, 

2 + 3 + 9 + 7 + 3 +.9 + 6 + 4 + 9 + 8 + 2 + 9 = 71 
banning at the left, we saj : 2 and 3 is 5 ; and 9 is 14 ; and 
10 (taking 7+3) is 24 ; and 9 is 33 ; and 10 (6+4) is 43 ; 
and 9 is 52; and 10 (8 + 2) is 62; and 9 is 71. 

Then, beginning at the right, we say : 9 and 10 is 19 ; and 
9 is 28; and 10 is 38; and 9 is 47; and 10 is 57; and 9 is 
66; and 3 is 69; and 2 is 71. 

Let the following exi^mples be proved bj adding both 
ways: 



1. 2 + 2 + 1= 5 

2. 1 + 2 + 3= 6 

3. 4 + 1 + 2= 7 

4. 2 + 2 + 4= 8 

5. 3 + 4 + 2= 9 

6. 3 + 5 + 2 = 10 

7. 4 + 5 + 8 = 11 

8. 6 + 4 + 2 = 12 

9. 8 + 2 + 3 = 13 
10. 8 4-34-3 = 14 



11. 7 + 3 + 5 = 15 

12. 6 + 5 + 5 = 16 

13. 8 + 4 + 5 = 17 

14. 9 4. 4 + 6 = 19 

15. 9 + 5 + 6 = 20 

16. 9 + 7 + 6 = 22 

17. 9 4. 7 4_ 8 = 24 

18. 9 + 8 + 8=25 

19. 9 + 9 + 8 = 26 

20. 9 + 9 + 9=27 



Let the results of the following be written and proved, aa 
in the foregoing: 



1. 5+4 + 4-1-3 = 

2. 5+6 + 5 + 6 = 
8. 7+4 + 3+8 = 

4. 8 + 5 + 8 + 6 = 

5. 8+fi — " 
11. - " 



-S+fl+S+fS 
-6+8 + 7 + 8 
-9 + 5+7 
-6+9 + 7 
-8 + 6 + 3 

16. 3+0 + 7 + 5 + i 

17. 5 ' 

18. 8 



15. 4 



6. 9+7+8 + 8 = 

7. 7 + 9 + 5 + 6 = 

8. 4 + 9 + 9 + 8 + 8 = 

9. 5 + 6 + 8 + 9 + 7 = 
10. 7+4 + 9+-8 + 8 = 



7 + 8 = 
5 + 6 = 

4-7 + 8 + 6 = 



-5 + 8 + 3+7 + 5 + 9 + 6 + 9 = 
-7 + 6+4+7 + 3 + 8+2+9 = 

19. 9 + 7 + 3+5 + 5 + 2 + 5 + 7 + 9 = 

20. 9 + 9 + 8 + 84-4-1-7 + 6 + 5 + 8 = 

65. All the units contdoed in Taanj given finite or limited 
nnmbers, however great, can hp ezpreaaed hy a single finite 
number. For, &b the Scale of ffatural N'ambera is (26) in- 
finite, progressing by a unit at a time, it is evident that in 
continniog its formation, we shall, at length, anive at a num- 
ber expressing all the nnitfi co&tmned in the given numbers. 

66. Some learners per&nu the addition of large numbers, 
by separating the units composing each figure in those num- 
bers and adding them one at a time, which slow enumeration 
very much retards their progress. The neoessity for this inju- 
rious practice may be obviated by a frequent repetition of the 
addition table. 

67. From the above, it is plain tbat the only difference 
between (he formation of the sum of aa addition and the 
regular formation of numbers, as in numeration, is, that in 
adding, initead of progreuing by a unit at a time, vie eompre- 
hend, at each step, all the wtiu contained in any digit which 
may present itself to out view. 

68. In forming the sum of large numbers, care must be 
taken to combine with each other only those Jtgurei which ex- 
press utiits of the same order. For, as it is by ten units of 
the same order that we form one unit of the next order to- 
wards the left, it is plain that, if we add units of different 
orders to each other, the sum, not being of any order, cannot 
he expretsed, neither can it form new orders. 
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69. Because it is ^ifh a unit that we begin to form num* 
hers, and proceed towards the hft, in adding large numbers, 
we must begin bj adding the unit figures^ then the tens^ and 
so on. 

70. Also, "because ten units of any order are expressed by 
one unit of the next order on the left, we carry one to the 
next order for every ten which we find in the sum of any order 
of units. 

71. When the sum of any order is an exact number of 
tens ; that is, when its unit figure is 0, this must be written 
underneath the order, and the tens — which (49) comprise all 
the other figures — must be carried to the next order. If we 
omit this cipher, the digits on the left will (56) be ten times 
less than they should be. 

JSxamples, 
1. 453 + 95 + 776 + 81 = 1405. 

We begin on the right, and first add the unit figures, saying : 
1 and 6 is 7, and 5 is 12 and 3 is 15. Then, taking room on 
the right of the sign = , as 15 is ten and 5, we write 5, and 
carrying 1, which is ten, to the place of tens, we add the 
figures in that place, saying : 1 and 8 is 9 ; and 7 is 16 ^ and 9 
is 25 ; and 5 is 30. Now, as this is 30 tens, or 3 hundredS| 
we place on the left of 5 ; and carrying 3, we add the hni> 
dreds, saying : 3 and 7 is 10, and 4 is 14 ; which we write on 
the left of 05, and have 1405 for the sum. The figure 1, 
which is ten hundreds, being, in accordance with the general 
law, in the units place of thousands. 

To prove the work, we begin on the left, and add thus : 
3 and 5 is 8; and 6 is 14; and 1 is 15. We write 5, saying 
5 and go 1 to 5 is 6; and 9 is 15; and 7 is 22 ; and 8 is 30; 
and go 3 to 4 is 7 ; and 7 is 14. 

Let the following numbers be added in the position in which 
they stand, and the work proved as above : 

2. 34 + 151 + 987 + 72 = 

3. 2064 + 15 + 876 + 47 = 

4. 51573 + 858 + 9256 + 19 = 

5. 92 + 1509 + 435'+ 79847 + 5840 = 

6. 317 + 25 + 8040 + 92273 + 38029 = 

72. When the numbers to be added are not only large, but 
numerous, it is usual, for the sake of convenience, to place 
them under each other, so that units of the same order may 
stand in the same column. This is easily done, in placing 

3» 
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t?ie unit figures under each other j and the other figures in 
regular order towards the left; whereby, as all ttle their 
value by the same general law, from their position, as they 
advance in this direction, each figure will be found in a co- 
lumn with figures of the same order of units — that is, if units 
he under unitSy ten& will he under tens, hundreds under hun- 
dreds, &o. We then begin with the units, and add as usual ; 
taking care, after writing the unit fisure of the sum of each 
column, to write also, underneath this figure, the tens which 
are to he carried to the next column. This is done /or the 
sake of reference, and is very useful in long additions ; for if, 
while adding, any thing should call off the attention, we are 
not obliged to resume the work from the beginning. 

In writing the numbers of the following examples, to facili- 
tate the work, we first write under each other those of the 
lowest order; then those of the next higher, and so on till all 
are written. 

Example, 

To add the numbers four hundred and ninety-six; three 
thousand seven hundred and forty-nine; nine hundred and 
thirty-seven; seventeen thousand and eighty-five; five millions 
nine hundred and eighty-eight thousand four hundred and 
seventy-three; we place them thus: 

M. Th. U. 

496 

937 

8749 

17085 

6988473 



6010740 
112233 



Then, beginning at the right-hand column, (for the sake of 
greater despatch, we omit all interniediate language,^ and say: 
three, eight, seventeen, twenty-four, thirty. We write under 
the column of units. Under this we also write the 3 tens, 
which we carry to the next column, and say : ten, eighteen, 
twenty-two, twenty-five, thirty-four. Now, as this is 34 tens, 
or 3 hundreds and 4 tens, we write 4 under tens, and under 
this 4 the 3 hundreds, which yre carry to the next column. 
In the same manner we proceed with the other columns till 
the operation is finished. 
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To prove tlie work, we heyin at the top of each column 
and add downwards, taking them in order from right to 
left. 

73. The scholar, having acquired some facility in adding, 
Bhonld entirely drop the use of intermediate language, except 
in carrying from one column to another, as in the following 
example : 

6935 
4872 
5888 
5975 ^ .• 

7978 " '' • "' ' 



/ 



81648 
432 



where we say simply, 8, 18, 23, 28; 8 and go 2 to 7 is 9, 16, 
24, 34; 4 and go 3 to 9 is 12, 21, 29, 37, 46; 6 and go 4 to 
7 is 11, 21, 31, which last we set down in fnll. 

8. Add together three hundred and thirty-six; ninety- 
seven; three thousand and seven ty-fonr; eight hundred and 
eighty-seven; and six hundred and forty-three thousand eight 
hundred and nine. 

Answer. Six hundred and forty-eight thousand two hun- 
dred and three. 

4. Required the sum of eighty-two; four hundred and 
seventeen; forty-nine; three thousand seven hundred and 
thirty-eight; abd eleven millions five hundred thousand and 
twenty-four. 

Ans. Eleven vdllions five hundred and four thousand three 
hundred and ten. 

5. Required the sum of seven thousand two hundred and 
nineteen; sixty-three; five hundred and sixty-four; fourteen 
millions seven hujidred and nine thousand and forty-five; 
twenty-seven thousand nine hundred and ninety; seventy- 
seven; nine thousand and ninety-seven; and ninety millions 
thirty-thi«e thousand six hundred. 

Ans. .One hundred and four millions seven hundred and 
eighty-seven thousand six hundred and fifty-five. 

6. Required the sum of two thousand three hundred and 
fifty-six; sixty-six; three hundred and nineteen; twelve mil- 
lions five hundred and seven thousand and twenty-six ; ninety- 
fisor; seven hundred thousand and fifty-nine; four thousand 
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six hundred and sevcntj-four ; and nine hundred and eight 
millions and six. 

Ans. Nine hdndred and twenty-one millions two hundred 
and fburteen thousand six hundred. 

7. Required the sum of thirty-seven; six hundred and 
fifty-five ; three thousand and seventy ; twenty millions ninety- 
four thousand and fifty-seven ; seventy-four thousand and forty- 
seven; six thousand and ninety-nine; three hundred and 
twenty-eight; fifty-seven tjiousand five hundred and six; and 
six hundred and six millions five hundred thousand seven 
hundred. 

Ans. Six hundred and twenty-six millions seven hundred 
and thirty-six thousand four hundred and ninety-nine. 

8. What is the sum of fifty-eight; three thousand and four; 
eighty-three; ten thousand four hundred and ninety; three 
hundred and fourteen; six millions six hundred and four 
thousand and seventy-five; two hundred and twenty-four; 
eleven thousand and fifty ; and five billions one hundred and 
four thousand and seventy-two. 

Ans. Five billions six millions seven hundred and thirty- 
Uuree thousand three hundred and seventy. 

Let the following examples be performed and proved, as 
above: 



123 


426 


627 


713 


316 


321 


832 


428 


713 


242 


415 


596 


332 


651 


352 


862 


244 


344 


486 


485 


352 


163 


379 


764 


614 


523 


861 


819 


221 


333 


943 


926 


542 


4732 


595- 


999999 


762 


3567 


667 


526483 


566 


4536 


649 


884625 


865 


2246 


887 


721983 


535 


7267 


556 


889127 


232 


4532 


856 


623915 


432 


5463 


997 


519326 


464 


7753 


878 


224179 


442 


8464 


884 


971422 
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7537 


8658 


9784 


8946 


4956 


9639 


3793 


8524 


7964 


9596 


9987 


9625 


6567 


6593 


8759 


8549 


8648 


8966 


2468 


6327 


9345 


8978 


8398 


9657 


8876 


7892 


3584 


6947 


5647 


4559 


6924 


7256 


8245 


4359 


4967 


8659 


8977 


7979 


3878 


7956 


84G9 


7776 


3614 


2572 


5842 


5728 


8688 


3757 


3245 


924^ 


2986 


6172 


3584 


5339 


8518 


5763 


9987 


2536 


2538 


2854 


4544 


9647 


6947 


6385 


3457 


5576 


4271 


7784 


9669 


6754 


3569 


7489 


3857 


4937 


8546 


1481 


7865 


7578 


7463 


8526 


6259 


5455 


3444 


0394 



38 



74. The unit figure of the sum of any column, being of the 
order of the column, is written underneath ; and as the other 
figures of this sum express (48) a number of tens with regard 
to that figure, they are carried, as that number, to the next 
column on the left; the figures of which, (36) in the same 
sense, are also tens. Therefore, when the sum of a column 
equdU or exceeds 100, the number to he carried will he 10 or 
more : when the sum equals or exceeds 200, the number to he 
carried will he 20 or more : when the sum equals or exceeds 
300, the number to he carried will 6c 30 or m>ore, &c. On reach- 
ing 100, the scholar may make a dash at the side of his work, and 
proceed with the surplus, as at first. 
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53^ 6827 7878 9247 

8423 5473 6945 8939 

9467 6227 9S43 4964 
8528 8294 8773 9789 
9786 8764 9685 2576 

9468 7758 7552 8437 
8597 7289 8788 5865 
4867 9936 9722 5895 ' 
64^ 5979 5896 7788 
2847 9374 6539 9927 
9993 8495 5789 8534 
5728 8739 8466 6782 
6958 5687 8837 9549 
7278 8547 4983 6989 
8576 9778 9956 2T74 
2398 9735 7454 4986 
7597 6849 8793 3927 
6385 7744 9749 7788 
6255 8392 6648 5947 
3446 9969 8658 9969 
89X6 9889 9776 2879 
6848 8897 9437 3729 
7555 5955 9586 9569 

Addition may be oonsidered the principal, and, in<]eed, the 
most laborious operation of the Counting-house. ' Th« pupil, 
therefore, should, by all nieaOB, endeavour to reai3er himself 
aa akilful as po.isible in this most important operation. The 
old adnge — "practice makes perfect" — is certainly applicable 
here, if anywhere ; and there can be little doubt that one of 
the very best methods to adopt is to repeat the same operation 
many times, writing the reanlt each time, by which the student 
will not only clearly perceive hU liability to err but also the 
profess he is hourly making towards perfection. He should 
a!sn frequently repeiit each operation by taking the figures in 
an inverted or contrary order 

The answers to these questions are omitted, because the in- 
sertaon of them might induce earelesauess in the scholar, and 
because the teacher, having nnce seen them, will, by a mere 
glance of the eye, determine whether the work offerud for in- 
-BpectioQ is correct or not j and the scholar should not present 
his work till he has found the same result by two consecutive 
additions performed in a contrary order. 
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9785 


73466 


89624 


62567 


8993 


68629 


57863 


89237 


6769 


47988 


85647 


45678 


2856 


53547 


92968 


92846 


6537 


88622 


83469 


56376 


4689 


33664 


27766 


28426 


3898 


82573 


88842 


88777 


7965 


77648 


27928 


33637' 


8796 


92595 


99424 


89976 


9365 


74929 


65277 


49638 


6597 


44972 


83922 


27946 


4468 


62833 


95986 


88577 


6Z57 


25297 


24664 


25842 


3889 


34669 


83766 


89764. 


7989 


87644 


77732 


55844 


6986 


55827 


88988 


97358- 


7397 


33947 


65689 


64643 


8836 


62362 


49786 


77396- 


9267 


86579 


32246 


99884 


2746 


23745 


86698 


59847 


3498 


87966 


97235 


32376 


9678 


26348 


44168 


99333 


6654 


85462 


52392 


48877 


4367 


92999 


84675 


55634 


6879 


55774 


39375 


84424 


7985 


86258 


47892 


58957 


8236 


23644 


36673 


89752 


9396 


37337 


43939 


25846 


9927 


24685 


66599 


39676 


7869 


94927 


99877 


88647 
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76. Thb word ^6h-«c(ton u deriyed from the Latin words 
*•*, oat or away, and traklre, to draw, to take ; and, therefore, 
l^i£es to draie out or take aioay. 

76. There can be no difference between two equals. Also, 
it the whole of a thing be taken away, there oan be no remain- 



a6 

ifit, 8aUnKtU)o, therefor e ^ ss aa «ritliinrt?cil openlioOy is 
l/?^ m^Akod of finding tke eHffirence htiweem tmo umeqmal »«■»- 
ff^n^ hy arranging their ordert »o qm to dimmuk tke greaier 
hy a$ many units cu art etmtained tm tke lag. The lemjiiUBg 
port of the greater number is, coMegpenlly, eaUed rewtainder 
or difffirenee. 

11, Tbe greater ntimber, then, is eonB|M30edq^<iefvmatW^* 
an// ^A« /««# number; consequent! j, to prore soblraetioii, ire add 
the rematpufer and leu number together^ the som of which eqnak 
the ^eater^ when the w<vk is right. 

78, If we take either of two nnmbers firom their sum, the 
remainder will be the other. Wherefine, when the work is 
right, if we subtract the remainder firom the greater nmnber, 
we shall obtain the leu. 

79, Of two nneqnal nnmbers, let 19 be the greater and 10 
the less. From 19, to subtract 10, we take away the unit 1, 
which is ten, and the remainder is 9. If to this remainder 9 
we a^ld the less number 10, we haive the greater number 19 : 
and this is done bj repkciug the unit on the left of 9. 
Again : if from 19 we take the remainder 9; we have the less 
number 10. 

Hence, we see that to subtract 10 from any of the numbers 
11, 12, 18, &c., 19, is merely to take away the unit in the place 
of tens. Also, to add 10 to any of the digits 1, 2, 3^ &c., 9, 
is merely to place a unit on the left of it. 

80. As the sign minus — represents a simple subtraction, 
so the siffn -f- represents a continual subtraction, which divides 
the number from which we subtract, into equal parts. In 
both cases — that is,, when either of these signs is placed 
between two numbers — it is always the number on the right 
of the sign ^hich is to be subtracted from that on the lefh 
ThuS| 9 — 8 = 6. Here, we s4y : 3 from 9, six ; and, in- 
versely, (78,) 6 from' 9, three. Again : 9-1-3 or - == 

— 8 — 8, &o., as often as we can. Thus, 9 — 3 = 6; 
— 8 = 8, and 8 — 3 = 0. Where, having made three 
subtractions and arrived at 0, we say that 9 contains 3 just 3 
times ; that is, when 9 is divided into equal parts of 3 units 
each, the three subtractions show there are 3 of those parts ; 
and this number 8 is thence called the quotient, (^uotihs, Lat., 
ho^o often f) 

81. The frequent repetition or oonning of the following 
Table will greatly facilitate the progress of the learner. In 



SUBTRACTION. 



37 



each equation, where the remainder and less number are not 
alike, first subtract the less number and afterwards the re- 
mainder. Thus, 2 from 5, three ; 3 from 5, two ; 2 from 6, 
four; 4 from 6, two; 2 from 7, five; 5 from 7, two, &c., 
throughout. This will make the Table, as a preparatory 
exercise, more complete. 



4 — 2 — 2 


6 — 3 = 3 


5 2—3 


7 — 3=4 


6 2—4 


8 — 3 — 5 


7 — 2 — 5 


9 3 — 6 


8 2 — 6 


10 — 3 = 7 


9 — 2 = 7 


ll-_3— 8 


10 2—8 


12 — 3—9 


11 2—9 






■ 


16 8 — 8 




18 9=9 


17 — 8=9 



Subtraction Table, 

8 — 4 = 4 
9.-4 = 5 
10 — 4 = 6 
11—4 = 7 
12 — 4 = 8 
13—4 = 9 



14 — 7 

15 — 7 

16 — 7 



10 
11 
12 
13 
14 



5 = 5 
5 = 6 

5 = 7 
5 = 8 
5 = 9 



7 
8 
9 1 15 



12 
13 
14 



6 = 6 
6 = 7 
6 = 8 
6 = 9 



82. Of the two unequal numbers, whose difference is re- 
quired, the less may be any number in the natural scale, from 
1, to the greater minus 1. Now, if the numbers consist of 
several orders, and we require the subtraction of a unit of any 
order towards the left, — as the value of this (37) is greater 
than that of all the figures which could stand on the right of 
it, and (46) ten times less than the unit of the lowest order 
on the left, the svhtraction of it would be impossible in any 
order, other than that to which it belongs. Hence the neces- 
sity, in arranging the numbers, for placing units under unitSf 
tens under tens, &c., which is done, as in Addition, by placing 
the units under units, and the other figures in regular order 
towards the left. 

83. The numbers 10, 100, 1000, &c., being (37) greater 
than 9, 99, 999, &c. &o., it is evident that in arranging, as 
we do, the less number under the greater, so that units may 
be under units, tens under tens, &c., all the figures of the less 
number m,ay be greater than the corresponding figures of the 
greater. Also that all the orders of the greater, from which 
we are required to subtract, m,ay be wanting. But, m either 
case, the greater number must have, at least, one unit of an 
order on the left of tlie highest order of the less number; and, 
as this (37) is greater than all the figures which can stand on 
the right of it, — and, consequently, than the whole of the less 

4 
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number, — we carij from the value of this unit, form all the 
orders which are wanting in the greater nwriber^ and subtract 
those of the less number from them, 

84. If, to each of two unequal numbers, we add the same 
number, this addition hxis no effect upon their difference. 
Because, it is evident that, by adding to the greater number, 
we increase the difference; and by adding to the less, we 
diminish it. Wherefore, as these two opposites (60) destroy 
the effect of each other, the difference is still the sam>e, 

85. When the lower figure is greater than the one above it, 
and, consequently, its subtraction impossible, we add ten to 
the upper figure; that is, (79,) we read it as if it had a unit 
on the left. From this we subtract the lower figure, and write 
the remainder underneath. Then, proceeding towards the 
left, we add a unit to the next lower figure ; or, rather, we 
read it one unit greater than it is, an.d subtract as before. 
By this process, the sam£ number is added to each of the 
given numbers; because (36) the ten which we add to the 
upper figure, is equal to the unit which we add to the next 
lower one; consequently, the difference (84) is not affected. 

Examples, 

1, 4520376 — 831497 = 3688879 
4520376 Greater. 
831497 Less. 

368887 9 Remainder. 

Proof by Addition, 4520376 Gr. (sum of Rem. and Less.) 

In this example, the lower figures being all greater than 
those above them, we add ten to each of the upper figures, 
except 4. We, therefore, read them in succession, beginning 
at the right, 16, 17, 13, 10, 12, 15. Also, in consequence, 
we add one to each of the lower figures 9, 4, 1, 3, 8, which 
we read successively, always going from right to left, 10, 
6, 2, 4, 9. 

The enunciation, then, is: 7 from 16, nine; 10 from 17, 
Sxiven; 5 from 13, eight; 2 from 10, eight ; 4 from 12, eight; 
9 from 15, six; lastly, as there is no figure under 4, 1 from 
4, three. 

86. When some of the lower figures are greater than those 
above them, and some less, we must not add a unit to the next 
lowest figure, when we have not added ten to the preceding 
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upper one. The following example will assist the learner in 
guarding against this error : 

2. 820571086 — 109720158 = 210850928 

820571086 Greater. 
109720158 Less. 

210850928 Remainder. 

Proof hy Addition, 320571086 Greater. 

Proof by Subtraction, 109720158 Less. 

Here, we say : 8 from 16, eigJit; 6 from 8, two; 1 from 10, 
nine; 1 from 1, nought; 2 from 7, five; 7 from 15, eight; 
10 from 10, nought ; 1 from 2, one; 1 from 8, two. , 

Observe, that it i« of little consequence whether the less 
number is placed under the greater, or tbe greater under the 
less. For, having proved the above example by addition, in 
order to prove it by subtraction, toe perform the operation 
downwards: that is, we subtract tbe remainder from the 
number below it, saying, 8 from 16, eight ; 3 from 8, Jive ; 
9 from 10, one; 1 from 1, nought; 5 from 7, two; 8 from 
15, seven; 1 from 10, nine; 2 from 2, nought; 2 from 
8, one. 

Let all the subsequent examples in subtraction be proved 
both by addition and subtraction. Also, let the numbers be 
written in^ the form of those in the foregoing example. 

3. From four hundred thousand and sixty-two, take ninety 
thousand eight hundred and seven. 

4. From eight millions, three hundred and seventy thou- 
sand and sixty, take five millions, nine hundred and forty-three 
thousand and seven. 

5. From nine millions, five hundred and ten thousand five 
hundred and eighty -seven, take six millions, eight hundred 
thousand seven hundred and sixty-nine. 

6. From one hundred millions, one hundred and eight 
thousand and fifty-eight, take ninety-nine millions, seventeen 
thousand three hundred and forty-nine. 

7. From eighty-three millions, four hundred and one thou- 
sand two hundred and sixty-three, take four millions, three 
hundred and one thousand eight hundred and twenty-four. 

8. From sixteen millions j one hundred and thirty-nine 
thousand seven hundred and twenty-four, take seven millions, 
two hundred and nine thousand eight hundred and fifteen. 

9. From forty-three millions^ one hundred and ten thou* 
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sand eight hundred and thirty-two, take eight millions; four 
hundred thousand eight hundred and fifty-three. 

10. From ten millions^ take ninety thousand and seven. 

11. From three hundred and two millions, one hundred 
and eighty-seven thousand two hundred and ninety-one, take 
nine millions, ninety-six thousand three hundred and ninety- 
two. 

12. From one hiljion and forty-nine, take nine millions, 
ninety thousand and ninety-nine. 

13. 9990003814 — 9890004905 = 

14. 30201150839 — 9101240095 = 

15. 64501100123 — 64401100124 = 

16. 2000003984565 — 1999304859739 = 

17. 1000009017834 — 9809908769 = 

18. 7893011053241 — 1795050072937 = 

19. 600001238497 — 21858788 = 

20. 1000001799112 -^999999998107 = 

87. A unit followed hy ciphers we shall call an alt unit, 
(alius y Lat., high.) Thus, 10 is the Jirst alt, (1 alt;) 100, 
(2 alt;) 1000, (3 alt,) &c. The number which precedes the 
word alt shows the number of ciphers on the right of the unit. 

The first, second, third, fourth, &c. alt, we shall call the alt 
of any number consisting o/* 1, 2, 3, 4, &c. figures respect- 
ively. But (37) these alts are expressed by the binomials 
9 _|- 1 . 99 + 1 ; 999 -f 1 ; 9999 + 1, &c. ; that is, the 
number of nines in the bin. value of an alt, corresponds with 
tJhe number of figures in the number of which it is the alt. 

88. !nie difference between a number and its alt is called 
its arithmetical complement, (ar, comp.) Therefore, when 
the sum of two numbers is an alt unit ; each number is the 
ar, cornp, of the other, 

89. To find the ar. comp. of a number, (87,) tee begin at 
the lefty and subtract each of its figures, successively, from 9; 
taJcing care to subtract the right-hand figure from lO, which, 
being 9 -f- 1, completes the bin. value of the alt. Thus : 
to find the ar. comp. of 23564, beginning with 2, we say : 
7, 6, 4, 3, 6 : consequently, the complement is 76436. 

The numbers 23564 and 76436, which make the 5 alt, are 
the ar. complements of each other. 

This is so easy, that the scholar will, by dividing any ordi- 
nary number into periods, see its ar. comp., as it were, intui- 
tively, and read it with nearly the same facility as the numbei 
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itself. Thus, if w£ have the number 26543257, dividing it, 
by the eye merely, we read at once its ar. comp., which is, 
seventy-three millions; /our hundred and fifty-six thousand, 
%even. hundred and forty-lhree, 

90. K to a number A, we add the ar. comp. of a less 
number B, — as this .ar. comp. (88) is the alt of B — B, we 
evidently increase A by this alt and diminish it by B. If, 
then, from the result, we subtract the alt, we have the differ- 
ence between A and B. Thus, to find A — B, 

Let A = 92245812 and B f= 73456743 
Then, A = 92245812 
ar. comp. B = 26543257 = 100 millions — B or 8 alt — B. 

jL 18789069 Sum or A + 8 alt — B. 

Here, suppressing the -|- ^ ^^j (100 millions,) by which the 
result is too great, we have A — B = 18789069 

Proof. From 92245812 subtract 73456743 

92245812 Gr. 
73456743 Less. 

18789069 Rem. 

Wherefore, to find the difference between two unequal 
numbers, we have the following rule : To the greater add the 
ar. comp. of the less, and, from the result, subtract a unit of 
the order of the alt of the less. 

91. In finding by the ar. comp. the diff. between A and B, 
or (A — B,) when the alt of B is within the compass of A, — 
that is, when A has more figures than B, — ^we may, in writing 
A, diminish it by a unit of the order of this alt ; which is the 
same as to diminish the result, and more convenient. Should 
this order, or two, three, &c. consecutive orders, as we proceed 
to the left, be wanting in A, write 9 in each va>cant order, 
and diminish the next digit towards the left by a unit. 
Thus: 

Let A = 56000902346 and B = 9903077 
A — 7 alt = 55980902346 
ar. comp. B = 96923 

55990999269 diff. or (A— B). 

Here, as the alt of B is the 7 alt, or 10 millions, and, as 
this order and the next on the left are both wanting in A, we 
write 9 in each of these two places, and diminish the next 
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figure 6 on the left by a unit ; by which means (48) we have 
599 units of this order instead of 600. 

Proof. A = 56000902346 
B =: 9903077 

55990999269 (A — B) as before. 

Let the following examples be performed and proved in like 



manner : 



1. 997325 — 987406 = 

2. 520463 — 229074 = 



3. 1192076 — 999249 = 

4. 90000724 — 999637 = 



5. 10000085060 — 9988204 



92. When B is a series of nines, — as the ar. com p. is, in 
this case always 1, — toe have only to dimmish A % the alt 
and add 1 to its unit figure, 

1. 4250484 — 999999 = 3250485 

Here, as the alt is 6 alt, we merely subtract 1 from the 4 on 
the left and add 1 to that on the right. 

2. 80524631 — 9999999 = 

3. 53072058—99999 = 

4. 7000092406 — 9999999 = 

93. A series of nines is the alt minus 1. Therefore, to add 
a series of nines to a number, is to increase it by the aU and 
diminish it by a single unit. Thus : 

1. 7854 4- 999 = 8853 

2. 7854 + 9999 = 17853 

3. 7854 + 99999 = 107853 

4. 7854 + 999999 = 1007853 

5. 9997854/+ 99999 = 10097853 

94. The signs + and — , symbols of the opposite attributes 
of quantity, are further distinguished by the following appel- 
latives : The sign +, which shows the increase of quantity, 
— the operation by which it is numerically formed, and, hence, 
may be said to affirm its positive or real existence, — is called 
the affirmative or positive sign : and the sign — , the symbol 
of the operation by which it is diminished and ultimately 
destroyed, and which may, therefore, be said to deny it 
existence, is called the negative sign, 

95. A number, having + on the left of it, is called a posi- 
tive nvmhrr, (real number.) A number, having — on the 



SUBTRACTION. 48 

left; is cBWed a negative number ^ (ima^nary number;) be- 
cause, of itself, it expresses a want of the number of units, to 
render it equal to 0, which as a real number it would express. 
Thus, — 5-^5 = 0. Hence, the positive and negative value 
of the same quantity destroy each other. Numbers without 
sign are, of course, positive, 

Not^, The expression on the left of the sign = is called 
iJie first member, and that on the right, the second mem^ber of 
the equation. 

96. Let a be the positive, and — a the negative value of 
any quantity or number : also, let d = the difference between 
the two values. Then, if to each value we add a, this (84) 
will not affect d. Wherefore d is the difference between 
a -{-a and a — a : but a — a = 0, (95 ;) therefore, d is the 
diff. between a-^-a or 2a and 0; consequently, d = 2a', 
that is, the difference between the positive and negative value 
of a quantity is twice its positive value, or the double of that 

' quantity. 

Hence, to subtract the negative value of a quantity is the 
same as to add its positive value, 

97. This has sometimes been familiarly illustrated thus: 
There are two persons, A and B, one of whom. A, has five 
dollars, (-|- 5 ;) the other, B, has no money, and is in debt 
five dollars, ( — 5.) Now, to discharge his debt — that is, to 
render him even with the world, or having nothing, (0,) B 
would require five dollars, and, to be on a par with A, five 
more : therefore, A is 10 dollars better off than B : that is, 
the diff. between -f- 6 and — 5 is 10. Also, as the cancelling 
or taking away of the debt of B is the same as to give B five 
dollars, we say, that to subtract — 5 is the same as to add 
-^ 6. Therefore, when several negative quantities are to be 
subtracted, they must be added as positive quantities — that is, 
afl their signs must be changed from m/inus to plus, 

98. The scholar must not confound the idea of the subtrac- 
tion of negative quantities with that of their addition. Thus, 
a — a is the addition of the negative value of a to its positive 
value; or, which is the same thing, the subtraction from a of 
its positive value. The expression of the subtraction of its 
negative value, without changing its sign, would stand thus : 
a — ( — a,) which looks awkward, and is much better writ- 
ten a -\^ a. 

Wherefore, (as negatives, or quantity destroyers,) the 
writing of negative quantities, in any expression, with their 



44 SUBTBACTION. 

appropriate sign — , implies their addition; with a contrary 
sign, their subtraction, 

99. To find the value of an expression in which there are seve- 
ral positive and several negative numhers, add all the positive 
numbers together: then add all the negative numbers together, 
the difference between the two sums, preceded by the sign of 
the greater, is the valine of the expression. 

1. 569 + 19 — 84 + 17 — 413 — 9 = 149 

569 — 34 

19 413 

17 9 

605 Sum of positive. — 456 Sum of negative. 

Then 605 — 456 = 149. The greater sum heing positive, 
the remainder 149, which is the value of the expression, is 
positive, and is placed on the right of the sign =. 

Or, as it is of no consequence in what order the numhers 
arc placed^ we ms^y proceed thus : 

669+19-34+17—413—9=569+19+17-^34—413—9 

=605—456=149 

In this case the work may be performed without placing 
the numbers under each other. 

2. 999— 2014 + 164 — 13— 79+40=— 903 

999 — 2014 

164 13 — 2106 Sum of neg. num. 
40 79 1203 Sum of pos. num. 

1203 — 2106 — 903 diff. or required val. 

In this example, the sum of the negative numbers being the 
greater, the value of the expression is negative, 

3. 254 + 649 — 46 — 75 + 843 — 997 = 

4. 327 + 542 — 39 + 89 — 903 — 14 = 

5. 1050 — 5198 + 23 — 14 + 7 — 120 = 

6. 303 — 27 + 124 + 500 — 809 — 99 = 

IVO. The ar. comp. may here be of great use. Ascertain 
by the eye whether the result is likely to be positive or nega- 
tive, writing the ar. comps. of the numbers of contrary sign 
instead of the number : also taking caro (90) to diminish by 
the alt unit for every complement used. 
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1. 5846 + 2359 — 426851—4567= —423213 

— 406851 

4567 

4154 ar. comp. of 5846 

7641 ar. comp. of 2359 

— 423213 

Here, as we easily see that the result will be negativey we 
write the ar. comps. of the two positive numbers, the alts of 
which being 4th alt, we diminish the largest negative number 
by 2 units of this order. 

The scholar may prove the work by pursuing the ordinary 
method : ' 

2. 532946 — 171 — 3436 + 546 — 27 = 529858 

521846 

829 ar. comp. of 171 
6564 ar. comp. of 3436 
546 
73 ar. comp. of 27 

529858 

The result . being evidently positive, we take the ar. comp. 
uf the three negative numbers : and, as the alts are 2d, 3d, 
and 4th, we diminish the largest positive number by 1 unit of 
each of these orders. 

The scholar may prove as before. 

3. 54927 — 9999 + 99 — 9 = 

4. 483216 — 45— 259 + 354 = 

5. 5436729 — 29346 + 9999 = 

6. 64837 — 99 + 999 — 7254 = 

7. 999 + 58476 — 356742 — 187 = 

8. 9473 — 9999 — 549 + 64 + 999 = 

9. 624 — 569 + 1940 — 2835 + 943 = 

10. 854327 — 3745 + 9254 — 473 — 49 = 

11. 747599 — 274 + 9999 + 999 — 8451 = 
747597 + 726 + 1549 = 749872 (90 and 93) 

12 - 43560 — 999 — 99999 + 547 + 57 + 9999 = 
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SECTION V. 



MVLTIPIJCATION. 



101. The word multiplicatioii ia deriyed firom two Latiii 
words — mvltusy manji and jdiearey to fold. 

As an operation^ it is the method of finding j with greater 
facility than by either Numeration or Addition^ the sum pro- 
duced by the combination of all the units expressed by writing 
a number two or more times, (See Art. 50.) 

102. The multiplication of nnmbers^ however great, requires 
nothing more than the multiplication of a single figure by a 
single figure. Hence, the following Table, wluch contains all 
the products arising from the multiplication of any two of the 
figures 2, 3, 4, 5, 6, 7, 8, 9, will prepare the scholar to per- 
form any mul^plication whatever. To make the exercise 
complete, he must perform each multiplication, where the 
factors are not alike, both ways. Thus, for the expression 
2 X ^ = ^9 ^6 must say, twice 3 u 6 ; three times 2 is 6. 
For the expression 2X^ = 8, he must say, twice 4 u 8 ; 
four times 2 u 8, and so on. 



Multiplication Table, 



2X2 
2X3 
X4 
X6 
X6 
X7 
X8 



: 4 
: 6 
: 8 
:10 
:12 
14 
16 

2 X 9 == 18 



2 
2 
2 
2 
2 



9 X 9 = 81 



3X3= 9 
3x4 = 12 
3X5 = 15 
3X6 = 18 
3x7 = 21 
3X8 = 24 
3 X 9 = 27 



8X8=64 
8 X9=72 



4X4 = 16 
4X5 = 20 
4x6 = 24 
4X7 = 28 
4X8 = 32 
4x9 = 36 



7X7 = 49 
7X8 = 56 
7X9 = 63 



5X5 
5X6 
5X7 
5X8 
5X9 



25 
30 
35 

40 
45 



6X6 
6X7 
6X8 
6X9 



36 
42 
48 
54 



103. The numbers produced by the continual addition of 
each of the digits form the following Table, which is attri- 
buted to Pythagoras. The first line is formed by addiihg 1 
to itself and continuing the addition till we have 9 times 1. 
The second line, by adding 2 in the same manner. The third, 
by adding 3, and so on for the others. 
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Fj/lhagorean Table. 



1 


2 


3| 4 


5 


C 


14 


8 
10 


9 

18 


2 


^ 


6 


8 


10 


12 


3 


6 


X 


12 


15 

20 


18 


21 


24 


27 


4 


8 


IS 


is 


2y 


32 


36 


5 


10 


15 


20 


H 


30 


36 


40 


45 


e 


12 


18 


34 


30 


'^ 


42 


48 


34 
63 


1 


14 


21 


2t, 


35 


42 


«t 


50 


8 


16 


24 


S2 


40 


48 


50 


«A 


72 


S 


18 


27 


DO 


45 


54 


63 


72 


'»! 



Wlien tvo straight lines out each 
other, so as to make the fonr angles at the 
point of interseotioa all equal, the linea 
ftre said to he perpendicular to each other, 
and the angles are called right angleit. 
Thos, the four angles, nhich the straight 
lines N 8 and W K make at the point g, 
being equal, are right angles, and the lines 
are perpendicular to each other. 



S 



104. The BQrf&ce or outaide of any thing is callod H» svper- 
jieies, which is considered as having only length and brcai/lh. 
A plane is that supcrficiea in which, if any two polnla be 
tftken, the ttraight line between, them lie* wholly in that iupcr- 

105. A geometrical figure is the spaoe enclosed by one or 
more boundaries. The quantity of space enclosed is called 
the area of the figurt. Figures enclosed by straight lines are 
called rectilineal _figuTe» : if by three straight lines, trilateral 
figuret or triangles : if by four, quadrilateral : if by many, 
nvUilaienUJigurtt or jwlygom. 
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106. A square is a quadrilateral figure, having all its sides 
equal and all its angles right angles. 

A right-angled parallelogram, which is also called a rect- 
angle, is a quadrilateral figure, having all its angles right 
angles, hut only its opposite sides equal. 

107. The Pythagorean Table, which has all its sides equal, 
and all its angles right angles, is a square. As the divisions 
of its sides are also equal, suppose each to be 1 inch long : 
then, as the small spaces in which the numbers are placed are 
formed by straight lines, one inch apart, which cut each other 
at right angles, they are all square inches. Now, as each row 
contains 9 square inches, the figure 9 in the upper row, on the 
right, shows the area of the rectangle formed hy that row : 
and it is plain, that as we descend in the right-hand column, 
we shall have as many times 9 as there are units in the num- 
ber in the left-hand column, (59 ;) that is, the number on the 
right expresses the area of a parallelogram, consisting of qa 
many rows of ^ square inches as there are units in the left- 
hand figure; which figure is the breadth of the parallelogram. 
Wherefore, to find the area of any parallelogram, we multiply 
its length hy its breadth, referring both dimensions to the same 
generic unit. 

108. Hence it is obvious, that the product of any two inte- 
gral numbers represents the area of a parallelogram — one 
number being its length and the other its breadth. Also, 
when the two numbers are alike, their product is tlie area of a 
square, and is, therefore, called a square number. Therefore 
any quantity multiplied into itself is the square of that quan- 
tity. Thus, a X a is the square of a, usually written a a or 
a*. The quantity itself, or length of one side, is called the 
square root. The small figure 2 on the right is called the 
indexy and shows how many times a i^ factor. 

109. The oblique line a 6, which joins two opposite angles 
of the Table, is thence called diagonal : sometimes it is called 
diameter^ because it metes or divides the square into two equal 
parts. This diameter passes through all the square numbers 
in the Table, which, taken from a to b, succeed each other, 
thus : ^ 

Squares - 1« 4 9 16 25 36 49 64 81 
Square Roots 1 23456789 

At the top of the column, and on the left in the row it 
which any square number is found, we find its root, which ia 
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the length of Oie side of the square, tlie area of which the 
square number represents ; that is, in each square, the square 
root or lengtih of the side, is seen in either of tlie opposite 
anffle$j through which the diameter does not pass. 

Note. Glie figure 1, as a root, is the side of the square or 
length of 1 inch. As a square it is the area or square inch ; 
the generic unit by which the whole surface of the Table or 
that of any parallelogram or square in it is measured. 

110. The unit, to which we compare, and by which we measure, 
any surface, is always a square* Thus the surface of the globe 
we inhabit, or of any country, kingdom, state, township, &o., 
is generally measured by the square mile. Most kinds of arti- 
ficers' work, such as bricklaying, flooring, plastering, painting, 
glazing, &c. is measured by the square foot or square yard. 
Also the work, in all the branches, is generally in the form 
of a parallelogram. So that, in multiplying any two 
numbers, the scholar may suppose that he is finding the con^ 
tent or area of a piece of artificer's work in the form of a 
parallelogram; flie product being a number of square 
feet or square yards^ according to the measure used in taking 
its length and breadth. Suppose the above Table to repre- 
sent a square township, each side of which is 9 miles : then, 
it is plain that the township contains 81 square miles. Again, 
suppose the Table a window, each side of which is 9 feet long; 
then, the glaring work contains 81 square feet. Again, sup- 
pose it a court-yard, the side of which is 9 yards long ; then 
the paying work consists of 81 square yards. 

111. Though the Pythagorean Table is sufficient for the 
multiplication of all numbers, an acquaintance with the follow- 
ing extension of it will, in many cases, be found advantageous. 
The student may, however, make use of it or not, as he pleases. 
We shall only remark that arithmeticians always multiply by 
11 or 12, as by a single figure. 

As the multiplication of a number by 10, consists in merely 
placing on the right, this number, in the Table, is omitted 
as unnecessary. 

To multiply by 11 any number expressed by two figures, 
the sum of which does not exceed 9, we have only to separate 
the figures and place their sum in the middle. Thus, to mul- 
tiply 23 by 11, we separate the figures 2 and 3, and placing 
their sum 5 in the middle, we have 253 for the product. Also 

82X11 = 862. 

5 



i 
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rt l/rte Mu/l.-iJi'-ati. 



V i ,: 
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f,j .;"f 


^ 


■ 


11 


12 


13 


14 


16 


16 17 


^M] 


"i~ 


a 


^n. 


77 


(Uf 


m 


l4lJ 


1S2 


143 


1G4 


166 


176 187 


'» 


^ 


l^'i'l 


IB 


48 

&a 

IM 
i;h 
7u 
ii 


lift 


7:: 


W^ 'JU 


108 


132 


1^ 


IM 


168 


180 


192 2W1 


III 


3 


,»,.,,.,„ 


78 


I'l IWJIIT 


148 


166 


M 


182 


196 


208 221 


m 


^ 


" 


.-:« 


TO 


Hi 


98 


112 


12. 


IM 


168 


182 


■^ 


210 


224 238 


KIj»/«, 1 


111 

IN 
111 


;:; 

HH 
II 




7& 


SO 


106 


ISO 


IBS 


1G5 


180 


195 


210 


Si^|266|27B 




M 


112 


128 


144 


176 


IV'i 


zoe 


224 


240 


Z6(l^|2Si 


IH 


l<ri 


lit 
]:!a 


13G 


15.1 


1B7 
l'.lB 


204 
216 


221 
284 


288 
252 


266 

270 


272 §9? 

aeiioe 




m 


id:; 




UQ 


IN 


lUU 


ir.L! 


171 


aM) 


228 


247 


2G6 


286 


304 32( 


S4 


g 


« 


100 


12U 


140 


IGU 


ISO 


220 


240 


200 


280 


800 


320 siojao 



112. Whim a imtiiW subtraotecl from snotlier namber u 
utiA-n iiH posMblo ItiavcB no rem b in do r, it is called a meatun 
'•/ Ih-it iiiliiT n ruiifcfr. Also tlio number which contains an*- 
Ui'T II i-urtnin uumbcr of liniefl is called iVs multiple. "Omt, 
a M » ui.)ft»ura ..f 24, nnd 24 » multiple of 6. 

A iiuiiibur which luoaBui-ca each of several numbers is eaUW 
Ihrif nmmua mimure. Also a number which oan be ii"o»- 
wirud by (!iii:b <if auveral uuiubcni is <iiillcd their common*. ««(■ 
('/''<:. 'riiiw, 2 is a amtm/m nrntmure of all even mlJnlief' 
-I ''i ''i '**) 10, 12, ius. Also 24 is n common multiple of 
2, :i, 4, Ii, «, and 12 : hcuce, those numbers are all fnctore 
r~M ^""' '*" f'fi "' '1"'S0 bo assumed as one of two fiMJttm 
of 24, /Ac ..//«•*• ,V arbifr.,r,,. \>w\^ the number which showa 
,,.?*' "?""'? '™®« ""' >«Bsuiiicd number oan be rablraoted. 
IhuH if wu iiiuiQiuo 12, tho other factor is 2 : if we assume 8, 
tlio other in ;t. 

Hit. Til fucilitate the uwiuieition of the abore Table, as well 
M to acquamt the scholar with souio useful properties of num- 
bers, let UH obstrve : '^ ^ 

1. Ihat any number multipled by 2 or any other even num- 
ber IS ait ctitn iiumUr, aud, consequently, terminates with 2, 
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4, 6, 8 or 0. Hence, in the Table, the numbers in all the 
columns; except the last, under the even numbertj, terminate 
with these figures, which succeed each other in some regular 
order. 

2. That, as every alt unit is composed of nines and a unttf 
mnd, (as 9 is divisible by 8,) also, of threes aiid a unity it is 
evident that an alt unit divided by 3 or by 9 will always 
leave a unit for remainder. Wherefore, each unit being oon- 
sidered a remainder, if the sum of the figures, in any number, 
be divisible by 3, ihe number also is divisible by 3 : if the 
sum be divisible by 9, the number is divisible by 9 ; conpe- 
quently, when any number is multiplied by 3 or by 9, the sum 
of the figures of the product Ha multiple ofZ orof^ respect- 
ively. Hence, the sum of the figures of any number in the 
column under 3, is a multiple of 3 : under 9, the sum is 9 or 
its multiple. As we descend in this column, the unit's figure 
is diminished, and the tens figure increased by a unit at a 
time, (63.) Under 19, the unit figure diminishes in like 
manner, and the tens figure (on account of the ten on the left 
of 9) increases by 2 units at a time. 

3. That, as 5 X 2 = 10, five times any even number is a 
number of tens, and terminates with 0. Also 5 times any odd 
number must terminate with 5; because, 5 times its even part 
is a number of tens, and 5 times the unit which renders it odd 
is 5. Hence the numbers under 5 and 15 terminate with 5 
and alternately. 

4. That, under 11, the unit figure of each number agrees 
with the unit figure of the number multiplied by 11. That 
the tens figure is one unit greater, and that the left-hand 
figure is 1, except in the two lower numbers. 

5. That, under 7 and 17, the unit figure, excepting 0, 1, 
and 2, diminishes by 3 units at a time, (because with the 
additional 7, this constitutes 10,) and under 13 increases 
by 3. 

The oblique line a b passes through the square numbers, 
which, omitting 9, are 

Squares - 121 144 169 196 225 256 289 824 361 400 
Square Roots 11 12 13 14 15 16 17 18 19 20 

114. When the multiplicand consists of several figures, and 
the multiplier of a single figure, we place the multiplier under 
tho unit figure of the multiplicand; and, having drawn a line 
underneath, we multiply, successively, all the figures of the 
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mnltiplicand by the mnitiplier, bogioDing with tbc units. The 
unit figure of each product we write under the figure which 
gave it, and the tens we retain, as in addition, to add to the 
next product. Having multiplied the last or left-hand figure 
of the multiplicand, we write the whole product underneath, 
which completes the operation, the number under the line 
being the product of the two factors — ^that is, the <i«fh which 
would arise from the addition of either as ojften as the other 
contains a unit, 

1. To multiply 6342 by 6, we write the number thus : 

6342 multiplicand. 
6 multiplier. 

88052 product. 
221 

and, beginning with the units, we say: 6 times 2 is 12. 
Here, as in ordinary addition, we write 2 and carry 1 : we 
then say, 6 times 4 is 24, and 1 is 25 ; we write 5 and carry 
2 : then, 6 times 3 is 18, tmd 2 is 20 ; we write and carry 2 : 
lastly, 6 times 6 is 36, and 2 is 38, the whole of which we 
write underneath, and have 38052 for the product. 
If we write the number 6342 six timeS; thus, 

6342 
6342 
6342 
^ 6342 
6342 
6342 

38052 
221 

and perform the addition, we have the same result. 

Hence, it is evident that multiplication is a ^ecies of addi- 
tion ; consequently, we begin with the units, proceed towards 
the left, carry one for every ten, &c., as in ordinary addition^ 
and for the same reasons. 

Also, that if we add two or more unequal numbers, the 
operation is an ordinary or common addition. But if we add 
a number which is repeated any number of times, the opera- 
tion is properly a multiplication^ and in this consists the only 
essential difference in the nature of the operations. 

115. If any number be multiplied by 0, nought, the product 
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will be fumght; because it is evident that nought added to 
itself ever so many times can never produce any thing. 
Therefore, whenever, in multiplying, we meet with in the 
multiplicand, and have nothing to carry from the product of 
the preceding figure, we write in the product. Also, in 
multiplying the %urd which precedes 0, if its product consist 
of two figures, we write it at we shxyidd that of the last fi/gure 
of ike multiplicand, K its product consist of three figures, 
we carry only the left-hand fgurcy after we have wriUen the 
two others underneath. 

2. 860142 X 5 = 4300710 
860142 
5 

4300710 

Here, we say, 5 times 2 is 10 ; and go 1 ; five times 4 
is 20, and 1 is 21 ; 1 and go 2 ; 5 times 1 is 5, and 2 is 7 ; 
the next figure being 0, we write ; then, 5 times 6 is 30 ; 
and go 3 ; 5 times 8 is 40, and 3 is 43. 



3. 6753 X 2 = 13606 

4. 8492 X 3 = 
6. 6467 X 4 = 
6. 890836 X 5 = 



7. 48706 X 6 

8. 87966 X 7 

9. 76009 X 8 
10. 93584 X 9 



11. Multiply 5384679 by each of the numbers 2, 3, 4, 5, 
6, 7, 8, 9, and find the sum of the several products. 

Answer. Two hundred and thirty-six millions, nipe hundred 
aud twenty-five thousand eight hundred and seventy-six. 

12. Multiply 93678864 by each of the numbers 2, 3, 4, 6, 
6, 7, 8, 9, and find the difference between the sum of the pro- 
ducts and one trillion. 

Answer. Nine hundred and ninety-five billions, eight hun- 
dred and eighty-two millions, five hundred and twenty-nine 
thousand nine hundred and eighty-four. 

116. When the multiplier, as well as the multiplicand, 
consists of several figures, having placed the multiplier under 
the multiplicand and drawn a line underneath, first multiply 
all the figures of the multiplicand by the unit figure of the 
multiplier, as above. Then multiply by the tens in the same 
manner, placing the product under the first product, so that 
its unit figure may stand under the tens of the first product. 
Continue to multiply successively by the figures of the multi- 
plier, always placing the first figure of each product undar that 

6* 
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figure of the first product which stands in the same place of 
figures as the figure hy which you multiply. Having multi- 
plied by all the figures of the multiplier, add the several 
products, and the sum is the total product. 

117. The reason why the products must be placed as above 
directed, is as follows : the multiplicand is multiplied by the 
several figures of the multiplier as though each of these 
expressed no more than simple units. But any figure towards 
the left is 10, 100, 1000, &c. times greater than if it expressed 
only simple units, according to i^s place ; consequently^ the 
product found in multiplying by it, as though it were simple 
units, should be made 10, 100, 1000, &c. times greater, which 
is done by removing this product one, two, three, &c. places 
towards the left. Hence, the first figure of each product must 
stand as far towards the left as the figure which gave it. 

To find the product of 6574 X 432, we place the numbers 
thus: 

6574 
432 

13148 twice the multiplicand. 
19722 ten times 3 times, or 30 times. 
26296 100 times 4 times, or 400 times. 

2839968 product, 432 times 6574, 

and, having multiplied by the unit figure 2, as usual, we mul- 
tiply by the 3 tens in like manner, writing the first figure of 
this second product in the place of tens — that is, under the 
tens of the first product ; lastly, we multiply by the 4 hundreds, 
writing the first figure of this product under the place of hun- 
dreds in the first product. 

As any significant figure is ten times greater when removed 
one place towards the lefb, the second product, as it now stands, 
is ten times greater than if it had stood directly under the 
first f it is, therefore, 10 times 3 times, or 30 times the mul- 
tiplicand. Again, the third product, which is 4 times, being 
removed two places, is 100 times as great as if it had stood 
directly under the first ; it is, therefore, 100 times 4 times, or 
400 times the multiplicand. Wherefore, as 400 + 80 -f 2 
= 432, the sum found by adding the three products just as 
they stand, is 432 times 6574, as was required. 

118. When several numbers have the sign X ii^to, between 
them, we first mtUtiply any two of them : we then multiply 
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the product ly anoti^eVy and this product again by another^ 
and 80 on, till aM are involved. 

1. 7X4X2X6 = 336, which is found by multiplying 
from left to right, thus : 7 X 4 == 28 ; then, 28 X 2 == 56; 
and, lastly, 56 X 6 = 336. Or, from right to left, thus : 
6 X 2 = 12; 12 X4 = 48, and 48 X 7 = 336, as before. 
It iSf therefore, of no consie^^uenccy as to the result, in what 
order the numbers are multiplied. Also, either operation 
serves as proof to the other. 

Let the numbers in the following examples be multiplied 
from right to left and irom left to right. If the product be 
the same both ways, the work can scarcely be wrong. 

2. 46 X 34 X 87 = 136068 

46 87 

34 34 



136068 

3. 26 X 53 X 47 X 9 = 

4. 57 X 73 X 64 X 4 = 

5. 384 X 68 X 97 X 7 = 

_ ^^ .A. ^^KMBB^ « mm 



184 
188 


S48 
261 


1564 

87 


2958 
46 


10948 
12512 


17748 
11832 



136068 

6. 876 X 239 X 547 = 

7. 4376 X 534 X 6892 = 

8. 8394 X 2537 X 957 = 



119. When there are ciphers between the figures of the 
multiplier, we omit them and proceed as usual, 

1. 596843 X 50009 = 29847521587 
596843 
50069 

5371587 nine times. 
2984215 50000 times. 

29847521587 sum 50(^09 times. 

Haying multiplied by 9, we proceed at once, without re- 
garding the ciphers, to multiply by 5, which is 50000, or 
5 X 10000. We, therefore, place the unit figure of the pro- 
duct under the tens of thousands in the first product, by which 
means this product becomes 50000 times the multiplicand. 
Wlierefofe the sum of both products is 50009 times 596843. 
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Let the following bo multiplied both ways, as in Art. 118 : 

2. 908 X 4805 X 709 = 3093324460 

3. 69008 X 2009 X 4007 = 

4. 70063 X 908 X 70005 == 

5. 60007 X 4072 X 9905 = 

6. 87006 X 800097 X 580067 = 

120. If either or both of the fiictors terminate with oipbers, 
we cut off these ciphers and multiply the numbers totthout 
them : after which we place as many ciphers on the right of 
the product as there were cut off from both factors. 

The reason for thus proceeding is obvious, if we oonsider 
that, for every cipher omitted on the right of either factor, 
that factor is (56) ten times less. Hence, the other factor is 
repeated a number of times which is ten times less than it 
should be \ consequently, the product, which is ten times too 
small, must be multiplied by ten — ^that is, (55,) it must have 
the cipher which was omitted placed on the right. 

1. 59400 X 290 = 17226000 

594 
29 

5346 
1188_ 

17226 

Having found the product of 594 X 29 = 17226, we 
reason thus : 

59400 = 594 X 100 ) .... 
and 290 = 29 X 10 J ^^^^ 
consequently, 59400 X 290 = 594 X 100 X 29 X 1<>, or 
594 X 29 X 100 X 10, or 594 X 29 X 1000 ; wherefore, 
the product 17226 must be multiplied by 1000; that is, (55,) 
we must place 3 ciphers on the right, which is the number of 
ciphers omitted on the right of the two factors. The true 
product, therefore, is 17226000. 

Let the following multiplications be performed botb ways : 

2. 320x600x780=32x6x78x10000=149760000 

3. 50900x25000x890= 

4. 5903000X5080X6400= 

5. 1976000X400070X70500= 

6. 8900X305007000X30300= 

121. A unit followed by ciphers is evidently less than wiy 
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other number containing the same number of figures, and ^37) 
greater than any number containing one figure less. Now, 
LP we multiply a number by a unit followed by ciphers, which 
is merely to place the ciphers following the unit on the right 
of the given number, the number of figures in the product 
will, in this case, be one less than the number in both factors. 
But the number of figures in the two factors can never exceed 
the number in the product by more than one figure ; for, if it 
could, then might a number greater than a unit followed by 
ciphers give a less product, which is impossible. 

Again, if we place as many ciphers on the right of the mul- 
tiplicand as there are figures in the multiplier, we shall have 
just as many figures in the number thus formed, as there are 
in both factors. But this number is the product of the 
multiplicand multiplied (37) by a greater number than the 
multiplier, and is, therefore, greater than the true product. 
Wherefore, the product of two numbers cannot contain more 
figures than are contained in both factors; for, if it could, 
then might a less multiplier give a greater product, which is 
impossible. 

From the above, therefore, we infer that the proditct of two 
numbers contains as many figures as are contained in bothf 
or one figure less. 

To predetermine whether there will be as many or one less, 
which is often useful, multiply the left-hand figure o/one/ao- 
tor hy that of the other : if the product exceeds 9, there will he 
as many: if, with what may be to carry from preceding figures, 
it cannot exceed 9, there will he one less, 

122. We have seen (113) that when the sum of the figures 
of a number is a multiple of 3 or of 9, the number itself is a 
multiple of the same number. Now, it is evident that when 
either of two fectors is a multiple of 3 or of 9, their product 
vjiU also he a multiple of the same number. Wherefore, 
having found that one of the factors is a multiple of 3 or of 9, 
if we find that the product is not a multiple of the same num- 
ber, this is a prooi that there is an error in the work which 
must be corrected. If we find that the product is also a mul- 
tiple, though this is not absolute, it is presumptive evidence 
that the work is right. The fallible cases are when the error 
is the number by which we are proving, or its multiple; or, 
when errors balance each other ^ neither of which cases is very 
probable. 

123. If we multiply the binomial value of an alt unit (37) 
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by any figure less than 9, we shall have the binomial valae 
of that figure as an alt figure of the same order as the alt 
unit. But, in multipljring the nines of the alt unit, we still 
have a multiple of 9, and in multiplying the unit, we have 
the figure by which we multiply, considered as single unite. 
Wherefore, if all the nines be taikeu out of the value of an alt 
figure less than. 9, the remainder will alwajfs he the figure 
itself. If, then, we add all the figures of a number together, 
and take the nines out of the sum, we shall have the remainder 
Huii would restdt in stibtracting 9 from the number a« o/i^n 
cu possible. This is called casting out the nines ; in peforming 
which we omit 9 or the sum of any tico figures which make 9. 
To cast the niues out of 74^985, we omit 9, also the figures 
6 and 3, 5 and 4 ; we then say, 7 and 8 is 15, from which we 
oast 9, by saying, 1 and 5 is 6.. Hence, 6 is the remainder 
that woiUd result in subtracting 9 as often as possible from 
7468935, which is the same as to divide by 9. 

Proof. 7468935—6=7468929, which is a multiple of 9. 

124. When neither factor is a multiple of 3 or 9. To prove 
the work of a multiplication, we cast the nines out of both 
factors, and place the two remainders in the opposite angles of 
a cross in the form of the sign «u/o. We then multiply the 
two remainders as the sign indicates, cast the nines out of 
their product, and place the remainder in the upper angle. 
Lastly, we cast the nines out of the total product, and plaoe 
the remainder in the lower angle. If the number in the 
lower angle agrees with that in the upper, the work is sup- 
posed to be right. 



Proof. 



6988543 
58 

55908344 
34942715 

405335494 




We first cast the nines out of 6988543, and 7 remains : we 
then cast the nines out of 58, and 4 remains. These two 
remainders, 7 and 4, we place in the side angles of the cross. 
We then multiply them together, and cast the nines out of 
their product 28, saying : 2 and 8 is 10 ; 1 and is 1, which 
we place in the upper angle. Lastly, we cast the nine& out 
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of the prodaot 405335494, and as the remainder 1 agrees 
with the 1 in the npper angle, we suppose the work to 
he right. ' 

Let a; = all the nines contained in 6988543 ; that is, let 
X = 6988536, which is a multiple of 9. Then the hinomial 
value of 6988543 is a; -4- 7. Again : let y = 54, the number 
consisting of all the nines in 58. Then the birnqnial value of 
68 is y -|~ ^* ^0^ ^^f instead of the factors, we multiply 
their binomial valuiBs^ we shall have an expression consisting 
of 4 parts, which show how the true product 405335494 
could be formed by substituting, for x and ^, their nume- 
rical values. 

x + 7 

y + ^ 

^if + ^i/ + 4a; (4 X 7) 

In this product x^ represents the nines of the two factors 
multiplied together : 7y, the nines of the pultiplier multiplied 
by 7 : 4a;, the nines of the multiplicand multiplied by 4 ; and, 
hitly, 4^7, the product of the two parts not composed 
of nines. That is, a-y + 7y + 4x + (4 X 7) = 6988586 X 
54 + 7X54 + 4X 6988536 + (4 X 7) = 405335494. 
Wherefore, as a;y -f- 7y + 4x is a number of nines, the only 
part of the product 405335494, which is not composed of 
nines, is the product of 4x7; wherefore, the remainder 
found in casting the nines out of the product will always be 
the same as the remainder found in casting the nines out of 
the product of the numbers placed in the side angles of the 
cross. This proof, as has been shown, (122,) is not in&llihie, 
but, as the cases of its failure are extremely rare, it is prac- 
tised by all mathematicians, and considered a valuable veri- 
fication. 

Convenient Contractions. 

125. To multiply a number by 9, or by any number oi 
nines, multiply the given number by the alt unit of the mul- 
tiplier, and from the product subtract the given number; 
that is, place as many ciphers on the right of the given nnm- 
her as there are nines to multiply hy, and from, the number 
thus formed subtract the.^ven number. The alt unit being 
just one unit greater than the multiplier, it is evident, that in 
placing the ciphers on the right, we lepeat the number once 



60 MULTIPUO/LTIOir. 

too often; therefore, in sabincting it^ we have the fcrue 
result 

1. 7854 X 9 = 78540 — 7854= 70686 

78540 ten timeB. 

7854 



70686 the differenee is 9 times. 

Bat, w we here observe that the first figore is under 0, and 
each of the other figures under its right-hand figure; abo that 
the left-hand figure is projected one place towards the left^ we 
ma J plaee the numbeis as usual thus : 

7854 
9 

706S6 
and say, 4 from 10, fix: thai, subtncting each figure from 
the figure on the right, and taking care, when there is <me to 
oanj, to read the left-hand figure one greater, we say, 6 from 
14, ri^hf; 9 from 15, six; 8 from 8, tunyilki; and, lastly, as 
the left-hand figure is projected one place towards the left, we 
write it down, saying, arty«. When there is one to cany, 
ire smUrad ^ from ike l^^fi-kand J^re^ and mnite we 
ffrwMimder, IVove., as directed Art. 122. 

2, 412587 X 9 =S71S2SS 
4125S7 
9 

$71S2S3. Prore the worik as above. 

Here we say, 7 f^>m 10, tkrft: 9 frxw 17, eigJki; 6 from 
8« IM^; 2 fr>citt 5, rAfw; 1 frvan 2, one; 4 from 11, seven; 
1 fktflin4^ tJ^ivA 

S. 7S54 \ 99 = TS5400 — 7S54 = 777546 

7S54 
99 

7TT*V46 

Hm« w« har^ twv^ <^phoi9 <>n the ri^t, and, consequently, 
iw« l^ra }VK\)o<ot«f*d n>waid$ th^ Wt : ihei^ooe, under 54, we 
writ* ita ar. <H\m)v 4<V and« a« tbei^ i» always 1 to cany, 
wKk4 ia UMk ah ^m' th4> niuhiv4)<«. vn^ add 1 to 8,* and say, 
^ ttsym M^j^w ; thew^ a«idii^ i lo T^ S fiK«n 15, seven. Now, 
If llhm W»M M unit v» <arr)\ w^ shoukL wiittt 7S, the number 
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projected ; but, as there is, we say, 1 from 8, seven ; and, 
lastly^ we write 7 on the left, which completes the operation. 

4. 8141592 X 99999 = 814156058408 

8141592 
99999 

814156058408. Proye by Art 122. 

Haying written the ar. comp. of 41592, which is 58408, we 
say: 2 from 2, no/ugh(; 3 from 9, six: then, writing 31415, 
the part projected, on the left, the work is complete. 



5. 2391786 X 9 = 

6. 21526074 X 9 = 

7. 193734666 X 9 = 

8. 1743611994 X 9 = 



9. 15692507946 X 9 = 

10. 5271 X 99 = 

11. 521829 X 999 == 

12. 521307171 X 999999 = 



126. To multiply a number by 11, 111, 1111, &c. 

1. 7854 X 11 = 86394 
78540 ten times. 
7854 once. 

86394 sum, or 11 times 7854. 

Here, we see that the first figure must always be written as 
it is, and that in every other respect we proceed as in multi- 
plying by 9, with this difference, instead of subtracting, we 
add. We may, therefore, place the numbers, as usual : 

7854 
U 

86394 

and say, 4, writing it as it is ; then, 5 and 4 is 9 ; 8 and 5 is 
13 ; 8 and 8 is 16 ; 1 and 7 is 8. With a little practice this 
is done as quickly as the figures can be written, and with 
scarcely any mental effort. Thus : 

2. 5946258317 

n 

65408841487 

we say, in rapid succession seven, eight, four, eleven, fourteen, 

eight, eight, ten, fourteen, fifteen, six. 

Here, for 11, we have added continually each figur^ to the 

next figure on the right ; that is to say, two consecutive /iguret . 

6 



6S xruiPUCATioir. 

For 111, vr AomlJ a<hi tkr^e ; for 1111, fonr; and, in ge- 
neral, a* tmamy a* tktre arr fiffmres im tk^ mmitipiier, 

OhBerre, tka kaTiag addfed the kft>knd %are to the re- 
quired niunher of figures od the light, we drop <m€ j^9^^ <^ 
dkf n^A/, and add the left-hand fi^ue agun to the Temunuig 
oaes on the left of the figue we hare dit^^ » ^^ ^^^etk drop 
amoiJuT^ amd add o^otn, amd » oa, fiZf we have the left-hand 
Jigure omfyf whidi we write oa ike Uft^ om mMmoL 

3. 459276S X HH = 510256^248 ^X^ ^ 

As the schohur almdj knows the fonn, we shall, in adding, 
Bciitkm only the resaltSL HaTin<r written S on the ri^t, we 
81V, 6, U; 8, 14, 22; 4, 11, IT, 25; 11, 13, 20, 26; 7, 16, 
18, 25; 6, 11, 20, 22; 6, 11, 20: 6, 11; and, bady, 5. 

The scholar may prove this and the SQoc«eding examples 
hy multiplying in the oidinarr way, and also hj casting oat 
the nines: 




127. By a method an«l<^xis to that giren for nraltaplying 
hy 11, we mnltiply hy any of the nnmben 13, 14, 15, 16, 
17, IS, 19. For example^ to multiply 256S hy 14, we place 
the numbers thus : 

256S 
14 

and h«^idiur with the units, we 9aT«4 times S is 32; 2 and 
M 3 ; th<n^ 4 times 6is24and3»27: to this we also add 
the figure 8 on the rights which makes 35; 5 and go 3 : we 
then say, 4 times 5 is 20, and 3 is 23^ and 6 (always adding 
the right-hand figuw^ is 29; 9 and go 2: then, 4 time82 is 8, A 
•nd 2 is 10, and 5 is 15; 5 and go 1, which, as there are no ' 
moit» figures, we add to the last figui^ 2, and pladng the sum 
3 on the kft, we haw 35952, the re^uiit^ piK^nct. 

Tha w^iMi for OMuiiug thus is the same as that p^en for 
the muluplieation bv 11. Ww, as iw^ thw add once to ten 
nmes, we hero, jn Uke manner, add fonr times to ten times. 
The scholar wiU e)wi^ m the natnreof the onenition by 
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tnultipljing in the usual way^ which will also serve as 
proof. 

1. 3141 X 13 X 14 X 15 X 16 = 137198880 

2. 5236 X 16 X 17 X 18 X 19 = 487073664 

128. To multiply by any of the numbers 21, 31, 41, 51, 
61, 71, 81, 91, torite the unit figure of tlie multiplicand in 
the product ; then multiply each figure of the multiplicand 
hy the tens of the multiplier ^ beginning with the units, and to 
the prodttct of each figure (besides wluit is carried) add the 
next figure of the multiplicand on the left. Having multi- 
plied the last figure, set down the amount. 

. 7854 X 81 = 636174 
7854 
81 

636174 

We first say, 4, writing it in the product. Then, 8 times 
4 is 82, and 5 on the left is 37 ; 7 and go 3 ; 8 times 5 is 40, 
and 8 is 48, and 8 is 51 ; 1 and go 5 ; § times 8 is 64, and 5 
is 69, and 7 is 76 ; 6 and go 7 ; 8 times 7 is 56, and 7 is 63 : 
the whole of which we write on the left. 

We shall see the reason for the above method by perform- 
ing the operation in the usual way, thus : 

7854 
81 

7854 
62832 



636174 



and observing that, in all such cases, the unit figure of the 
multiplicand must be the unit figure of the product; also, that 
the unit figure of the second product is added to the tens of 
the first, (that is to say, to the tens of the multiplicand^) the 
tens to the hundreds, &c. 

2. Multiply 293047586 bv each of the numbers 9, 11, 18, 
14, 15, 16,- 17, 18, 19, by the methods given above, and find 
the difference between the sum of the products and one tril- 
lion, nine hundred and one millions, thirty thousand and six. 

Ans. Nine hundred and sixty-two billions, two hundred and 
eighteen millions, seven hundred and forty-eight thousand six 
hundred and fifty-four. 
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8. Multiply 71930082546 by each of the numbers 21, 31, 
41, 51, 61, 71, 81, 91, and find the difference between^he 
sum of the products and one hundred quadrillions, nine tril- 
lions, twelve billions^ one hundred and forty thousand, three 
hundred and sixty. 

Ana. Ninety-nme quadrillions, nine hundred and seventy- 
six trillions, seven hundred and eighty-seven billions, three 
hundred and twenty-three millions, one hundred and fifty-nine 
thousand, seven hundred and fifty-two. 

4. Multiply 670092099 by each of the numbers 9, 99, 999, 
and find the sum of the products. 

Ans. Seven hundred and forty-one billions, seven hundred 
and ninety-one millions, nine hundred and fifty-three thousand, 
five hundred and ninety -three. 

129. When the multiplier is the product of two numbers, 
neither of which is too great to multiply by at once, we may, 
if we please, Jint multiply hy one of thentj and then multiply 
the product by the other. 

1. 24958 X 132 = 24958 X 12 X H = 8294456 

24958 
12 

299496 
11 



8294456 11 times 12 times, or 132 times. 
In the same manner perform the following examples : 



2. 392877 X 25 = 
8. 864396 X 49 = 
4. 2988657X64 = 



5. 367948 X 56 = 

6. 9436599 X 72 = 

7. 84951645 X 144 = 



8. Multiply 239548167 by each of the numbers 27, 28, 
86, 45, 72, 84, and find the ar. comp. of the sum of the 
products. 

Ans. Thirty billions, fifty-one millions, nine hundred and 
thirty-five thousand, two hundred and thirty-six. 

130. By a method amilar to that given Art. 127, we 
multiply at once by any of the numbers 112, 118, 114, 115, 
116, ll7, 118, 119. We have only to observe that instead 
of adding, bc^des what we carry, simply the right-band 
figure, we must, in this case, add the two neareBt Jiguret on 
ikertghL 
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1. 63792 X 118 = 7627466 
63792 
118^ 

7627466 

Beginning with the units, we say, 8 times 2 is 16 ; nx and 

rl 3 8 times 9 is 72, and 1 is 73, and 2 is 76 ; five and go 7; 
times 7 is 6^, and 7 is 63, and 9 is 72, and 2 is 74 ; fo}ir 
and go 7 ; 8 times 3 is 24, and 7 is 31, and 7 is 38, and 9 is 
47 ; uvea and go 4 ; 8 times 6 is 48, and 4 is 62, and 10 
(3 + 7) is 62 5 two and go 6 to 6 is 12, and 3 is 16 ; five 
and go 1 to 6 is 7. 

By performing the operation in the usual way, the scholar 
will easily perceive that we have here taken the multiplicand 
8 times plus 10 times plus 100 times, as was required. 

Let the following multiplications he performed in the same 
manner : 

2. 243X111X112X113X114=38916212832 

3, 612X116X116X117X118X119=13412881329120 

131. Again, by a method similar to that given Art. 128, we 
multiply at once by any of the numbers 211, 311, 411, 611, 
611, 711, 811, 911. For example, to multiply 69463 by 
711, we write the numbers as usual, 

69463 
711 

42278193 

and say, 3 is three; 3 and 6 is nine; then, 7 times 3 is 21, 
and 6 is 27, and 4 is 81 ; one and go 3 ; 7 times 6 is 42, and 
3 is 46, and 4 is 49, and 9 is 68 ; eight and go 6 ; 7 times 4 
is 28, and 6 is 33, and 9- is 42, and 6 is 47; 9even and go 4 \ 
7 times 9 is 63, and 4 is 67, and 6 is '72 ; t'wo and go 7 ; 
7 times 6 is 36, and 7 is 42, which we write entire. 

The scholar may prove the work by multiplying in the 
ordinary way, which will su£iciently illustrate the above 
method. 

2. 513 X 211 X 311 X 411 X 611 = 7070067266033 
8. 234 X 611 X 711 X 811 X 911 = 76104489687994 

. 132. Also by a combinatioi of the methods given in Arts. 
127 and 128, we multiply, ir ^ line, by any ol the numbers 

d* 
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121, 131, 141, 151, 161, 171, 181, 191. For example, to 
multiply 478152 bj 151, aflter placing the numbers 

478152 
151 

72200952 

we say, 2 la t%co; 5 times is 2 is 10, and 5 is 15 ; five and go 
1; 5 times 5 is 25, and 1 is 26, and 2 is 28, and 1 is 29 ; 
nine and go 2 ; 5 times 1 is 5, and 2 is 7, and 5 is 12, and 8 
is 20 ; nougJU and go 2 ; 5 times 8 is 40, and 2 is 42, and 1 
is 43, and 7 is 50 ; naught and go 5 ; 5 times 7 is 35, and 5 is 
40, and 8 is 48, and 4 is 52 ; two and go 5 ; 5 times 4 is 20, 
and 5 is 25, and 7 is 32 ; two and go 3 to 4 is seven. 

A close examination of Articles 127 and 128, as well as the 
proof in multiplying by the ordinary method, wiU be aufficient 
elucidation. 

2. 315 X 121 X 131 X 141 X 151 = 106307346915 

3. 621 X 161 X 171 X IBl X 191 = 591051778821 

133. When one part of the multiplier is a multiple of 
another part of it, the work may often be very much con- 
tracted by, first, multiplying by the leaser part, and then 
multiplying the product thus obtained by the number which 
shows how many times thjs lesser part is contained in its mul- 
tiple. This last is the product of the multijtlicand multiplied 
by the multiple. 

1. 66827394X13617=909988624098 
66827394 
13617 

1136065698 17 times the multiplicand. 
9088525584 8x17x100, or 13600 times. 



909988624098 



and having multiplied by 17, we have 1136065698 for the 
first partial product. Then, as ihe part 136, of the multiplier 
is a multiple of 17, seeing that it contains 17 just eight times, 
we multiply the first product 1136065698 by 8, and have 
9088525584 for 8 times 17 times, or 136 times the multipli- 
cand. The units figure of this last product we place under the 
hundreds of the first, which makes the last product signify 
13600 times the multiplicand. The sum of the two products 
is therefore 13617 times, as was required. 
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2. 368974X1664 = 597332736 
358974 
1664 

5743584 9ixteeii hundred times the multiplicand. 
22974336 sixtj-four times. 

597332736 product, or 1664 times. 

As 16, the part of the multiplier on the left, is a measure of 
64, the remaining part, we &«t multiply by 16, and by re- 
moving the product two places towards the left, so that its unit 
figure may stand in the place of hundreds, we have 1600 times 
the multiplicand. Then, as the part 64 is a number of single 
units, we multiply 5743584, which is 16 times the multipli- 
cand, by 4, and by placing the unit figure of this product two 
places fiurther to the right, we have simply 64 times the multi- 
plicand. The sum of the two products is therefore 1664 times 
the multiplicand, as was required. 

Let the value of the following expressions be found accord- 
ing to the above methods of contraction; also, let them, by 
way of proof, be multiplied Jrom left to right and from right 
to left: 

7. 242121X7813X13211= 

8. 181111X12999X4515= 

9. 11214X99999X1751= 
10. 6111222X19118X16814= 



8. 248X9X11X13= 

4. 4214X99X486= 

5. 1272X9999X1836= 

6. 1451X811X3913= 



134. A vinculum is a bar , or 2)arenth€9is (), used 

to connect several numbers or quantities^ so that the whole 
mai/j as one quantity, he subjected to any of the cardinal 

operations. Thus 8 -f- 4X 2 or (8 +4) 2, signifies that the 
8um of 8 and 4 is to be multiplied by 2. Now 12, the sum of 
8 and 4, multiplied by 2 is (59 and 101) 12 + 12, and this is 
evidently equal to (8 + 4)+(8 + 4) or 8 + 8 + 4 + 4 : that is, 
to twice 8 plus twice 4 ; wherefore (8 +4 ) 2 = 16 + 8. Now 
if we resolve the number 12 into any other parts as 7+3+2 : 
then (7 + 3 + 2) 3, is evidently (101) equal to (7 + 3 + 2) 
+ (7 + 3 + 2) + (7 + 3+2) or 7 + 7 + 7 + 3 + 3 
^3^2 + 2 + 2; that is, to 3 times 7, plus 3 times 3, plus 
3 times 2 : wherefore (7 + 3 + 2)3 = 21 + 9 + 6. Hence 
we infer that i/ohen a number is multiplied by any other num^ 
her, the product is equal to the sum of the products when all 
its parts are sqpa^ately multiplied by that other numheTf what* 
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ever may be the parts or the multiplier. Or, as the som of 
several numbers is a number whereof the numbers are parts, 
wo say, that when the sum of several numbers %s multiplied by 
any number ^ the product is equal to the sum of the products 
when each number is separately multiplied by thai number, 
and conversely. Wherefore 9.3 + 6.3 + 5.3 + 2.3 = (9 + 
6 -j- 5 + ^) ^* The sign inio, made thus [.], though not so 
commonly used as the other, is, in many cases, very commo- 
dious. 

Also (8 — 4)3 signifies that the difference between 8 and 
i, or 4, is to be multiplied by 3. Now 4,3 or4-|-44-4 
= (8 — 4) + (8 — 4) + (8 — 4), or 8 + 8 + 8 — 4 — 
4 — 4 or 3 times 8 minus 3 times 4 : wherefore (8 — 4) 3 
= 24 — 12. Hence we infer that when the difference be- 
tween two numbers is maltiplied by any number^ the product 
is egu4il to the difference of the products when each number is 
separately multiplied by that number : consequently, if there 
' be several positive and several negative numbers under the 
vinculum to be multiplied : as the sum of the positive pro- 
ducts is one number and the sum of the negative another, it is 
plain that the above elucidation will apply to them in their 
combined form, and therefore the value of the expression will 
equal the several products found in multiplying each number 
by the multiplier and writing the products in succession, each 
with its appropriate sign. Thus, (9-|-8 — 6 — 6) 5 = 
46-1-40 — 25 — 80. When the vinculum is thus removed 
by writing the several products, the expression is said to be ex- 
panded. 

To reduce such an expression, or, in other words, to Jin d 
its value, proceed thus : 

(9+8 — 5—6)6 = 46 + 40 — 25 — 30 = 85 — 65 = 
30, the value of the expression. 

136. Again 8 — 4 + 2, or 8 — (4 +2), signifies that t he 

sum of 4 and 2 is to be taken from 8. Also 8 — 4 — 2 or 
8 — (4 — 2), signifies that the difference between 4 and 2 
is to be subtracted from 8. Now if from the expression 
8 — (4 + 2), we remove the vinculum, we have 8 — 4 -|- 2 ; 
but this last does not mean that the sum of 4 and 2 is to be 
taken from 8, but that 4 only is to be subtracted from the sum 
of 8 and 2, and thus the number 2, instead of a number to be 
subtracted, becomes by its sign, a number to be added. Where- 
fore, that the expression 8 — (4 + 2) may retain its value. 
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we must, in remoying the vinculam, change the sign of the 

number 2 from, plus to minus, thus 8 — 44-2 = 8 — 4 — 2. 
If firom the expresssion 8 — (4 — 2), we remove the vin- 
culum, we have 8 — 4 — 2 ; but this last does not mean that 
the difference between 4 and 2 is to be taken from 8, but their 
sum ; therefore^ as in subtracting 4 we take away 2 too much, 
wc most add 2 to make up the deficiency ; consequently, we 
must, in remoying the vinculum, change the sign of the num- 
ber 2 from minus to plvts : thus 8 — 4 — 2=8 — 4 + 2. 

Hence we see that in removing a vinculum preceded by 
minus, the sign of a positive number under it must he changed 
from plus to minus, and that of a negative one from minus to 
plus. Observe, that the sign preceding the vinculum must not 
be changed. 

136. When there are several positive and several negative 
nnmbers under a vinculum preceded by minus, as the sum of 
all the positive numbers is one positive number, and the sum 
of all the negative, one negative number, the above reasoning 
applies to the whole of them ; consequently, in removing the 
vinculum, the signs of all the numbers under it must be 
changed, the positive to negative and the negative to positive, 
the sign preceding the vinculum remaining the same. Thus : 

967 — (19 + 7 — 8 + 3 — 11) 7 = 967 - 133 — 49 + 56 
— 21 + 77 = 1100 — 203 = 897. 

The student must carefully observe, that when we would re- 
move a vinculum preceded by plus, (98,) the signs of the 
numbers under it must not be changed. For example : 

967 + (19 -I- 7 —8 + 3 — 11)7 = 967 + 133 + 49 — 56 
+ 21 — 77 = 1170 — 133 = 1037. 

137. Any two numbers having the sign into between them, 
are considered as having immediate connection with each other, 
unless this is otherwise determined by the vincvXwm, Thus : 

6 -f 4 X 3=18 and 4 + 6 . 3=22 ; but "6 + 4 X 3=30, and 
(^ + 6) 3=30. Again 6 — 2 X 3=0, but (6 —2) 3 = 12. 

138. From what has been said the student will perceive that 
when two numbers are to be multiplied, the separation of 
either or both into parts, at pleasurci has no effect upon the 
prodnot. For example, 17 X 13 = 221. Now we may, if 
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we please, separate 17 into the parts 8, 6 and 8; and 13, 
into the parts 7, 4 and 2, and proceed thus : 

8 + 6+8 
7 + 4+2 



66 + 42 + 21 product by 7 

32 + 24 + 12 4 

16+12 + 6 2 

5G + 42 + 21 + 32 +24+ 12 + 16 + 12 + 6produotby 13 
The sum of all these products is 221, as before. 
Let the following expressions be reduced according to the 

examples given above : 

1. 82 — 17 + 6 — 14 — 9 = 32 

2. 186 + 43 — 27 — 6 + 8+4 = 184 

3. 9645 — (1736 + 23) — 17 X 6 = 778 

4. 9645 — 1736 + (23 — 17) 6 = 7945 

5. 9645 — (1736 + 23 — 17 ) 6 = — 807 

6. 9645 — 1736 + 23 — 17 X 6 = 47490 
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139. DrvisiON is the operation by which we find how many 
times a less number is contained in a greater more easily ^an 
hi/ several subtractions. Thus, if we would divide 24 by 6, 
that is, if we would find how often 6 is contained in 24, in- 
stead of operating by several subtractions (60), we recollect 
(63) how many sixes must be added together to make 24, and 
say at once 6 is contained 4 times : therefore 4 is the answer. 

Also, when a number is given to be divided into a certain 
number of equal parts, the value of each part is foued by di- 
vision. For if, m the above example, it be required to di- 
vide the number 24 into 6 equal parts, we recollect ^63) that 
6 + 6 + 6 + 6 = 24; that is to say, that 4 times 6 is 24 ; 
and again (59) that this is the same as 6 times 4 ; that is, 
4 + 4 + 4 + 4 + 4 + 4 = 24: consequently, the number 
24 is divided into 6 equal parts, the value of each part being 4. 

140. The number from, which we suhtra^, and which is con 
sequently divided or separated into equal parts, is called the 
dividend. 
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The number uihich we repeatedly guhtract, and which natn- 
rally signifies the value of each of the equiJ parts into which 
the dividend is separated, is called the divisor. 

The number which shows how many times Oie divisor can 
he subtracted^ or how often it is contained in, the dividend ^ 
and hence the number of equal parts into which, by the opera* 
tion, the dividend is separated, is called the quotient. 

Let us here observe that, where the division is exact, either 
the divisor or quotient may signify the number of equiil parts 
into which the dividend is separated ; the remaining one be- 
ing the value of each part. Thus, if the divisor signifies the 
number of pai-ts, the quotient is the value of each part; and, 
if the divisor signifies the value of each part, the quotient is 
the number of parts. 

141. From what has been said (60 and 139) it is plain that, 
as the dividend is the product of the divisor anil quotient, a 
division may always be proved by multiplying the divisor aiul 
quotient together, which will give the dividend when the work 
is right. 

Note. Though this proof is infallible, whatever may be the 
quotient, the scholar is here only required to make use of it 
when the divisor is contained an exact number of times. 

142. The following Table will tend to enable the scholar to 
divide numbers with facility. Let each division in the table 
(where the divisor and qaotient are not alike, that is, where 
the dividend is not the square of the divisor) be performed 
both ways : that is, having found the quotient, divide by the 
quotient, which wiU give the divisor. Thus, for the expression 
6-^-2=3, say 2 in 6 three times ; 3 in 6 twice : for the next 
8 -r- 2 = 4, say 2 in 8 four times ; 4 in 8 twice, and so on 
throughout the table. Hence, the student may infer that he 
can always prove an exact division by another division. 



4-f-2 = 2 
6-^-2 = 3 
8-f-2 = 4 
10-5-2 = 5 
12-5-2 = 6 
14-^.2 = 7 
16-^2 = 8 
18h-2=9 

81-^9 = 9 



9-h3=3 
12-5-3 = 4 
15h-3=5 
18-4-3=6 
21-5-3=7 
24-1-8=8 
27-5-8=9 
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16-^-4 
20-5-4 
24-5-4 



64-^-8=8 
72-4-8=9 



28-5-4 
32-4-4 
36-5-4 



4 
5 
6 

7 
8 
9 



49-5-7 
56 --7 
63-5-7 



7 
8 
9 



25-4-5 
30-4-5 
35-5-5 
40-4-5 

45 -r- 5 



5 

6 
7 
8 
9 



36-5-6 
42-5-6 
48-5-6 
54-4-6 



6 
7 
8 
9 
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143. If a unitor wbolc thing be diyided into twoy three, four^ 
five, tixj ievejif eiyhtj &c. equal parts, the parts are called 
halvei, thirJi, fourths, fif^y nacthsj ievcntJis, eiyJiths, &c. 
In oaoh Bucccssive division one part is called one^hdlfy one- 
thirdf ane'/ourthf ane-Ji/lhy one-iixth^ ane^eventh^ one-eiyTuh, 
&o. These parts are expressed in figures thus \i \i \} \} \} 
4, J, &c. 

144. The divisor being the number of equal parts and the 
quotient the value of each \ if we divide a number by 2, the 
(juoticnt is one^half that number. If we divide by 3, the quo- 
tient is one-third; and, in general, to divide a number by 4, . 
6, G, 7, 8, &o., is to take \, {, L 4, l, jbo. of that number. 
AIho inversely, to take one-7ial/f one-mird. one-fourth^ &c. of 
any number, is to divide that number by 2, 3, 4, &c. The 
oxpruMions I, j, ^, &c. signify 1 divided 2^ 2; 1 divided 
hjf 3, &o. 

145. As any number or quantity contains itself oncey it is 
plain that a unit divided by a unit is still a unit ; also, that a 
unit i8 Mo value of any quantity divided hy ilndfx thuSj 

2 3 (4 

;{ - - I ; ^ = 1 J ~ = 1, &C. As the lower number is always the 

divisor* it is plain that when this is greater than the upper 
o)u\ tlio quotient is U*i than a unit. In this case the qnan- 
titv isonlUni a frttctttm. Thus J. which is read four-ffthij 
4 tlivide^l bv «^. or tho fifih part of 4, is afractitm. The two 
u\uulvr» wUioh oxpre^ a fraction are called its ttrmx, 

14 tV .\* a »ini:lo unit may be divided or separated into any 
num Wr of «Huia) partde, at ploasone : any two numbers may he 
a«(\nM«sl a» dividend and diviscir : consequently, Ote quotient, 
iNx tar tV\\iu Unnc aiwav^ an exact or whd(e number, wciU more 
»A^*»4^;.JP hr /■.M.\%"i''»«i*» and sometimes merely a fraction,^ 
V<s\ o\A»)pK\ if wx*" WiHiId £&d bow v>^ji 9 is eoniained in 58, 
>hN'xNAs^K )v'nvi\e ^1:^:^"^ tha: ^S is sot an exact mnltiple, and 
ik^i tho txMnaiu.$or will bo 4. A1j»cv. its the alt 5 is (123) 5 
tuiHVK ^K p:u$ \ an^i« as the > uwiher with this 5 ex- 
e^\>^ ^ ^^ 4^ it i;!^ evkie7)i thai ^S ^vcsuk! 9 ax times and 4 
o\>>r W x^ ev^^Tx"*** the o5t«c,x: of tib:> Kmainoer by 9 thus, j. 
\\ ^^^wtl^^^\ t>i<"^ x^ty^r»t via w rwti ^> cixiSei by 9 equals 6 and 

t4* VNv^fe iX-^ w.vxs; r^ ^f iT.Jic tba:;. «c- fed how often 
>^ ^\ ^vYii^.vjA.^ vi A r.«:>TVr ,*\; ■•.^sfii*; >t rr:» &rcMS» the sum 
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ihe number of times, wben the sum of the two is less than 9. 

Thus V. = 8 J ; and V = ^S- 

148. For more examples, the student may take the num- 
bers that come between those of the division table. Thu8| 
instead of saying 2 in 4 twice, he may say 2 in 5 twice and 1 
over ; 2 in 7 three times and 1 over. At the next column, 
instead of saying 3 in 9 three times, he may say 3 in 10 three 
times and 1 over; 3 in 11 three times and 2 over, and so on 
for the others. Again, he. may say, | = 2^, five by 2 equals 
twoandahalf: 5 = 3^,&c.; y=3J; V=3f; V=4j; 
y = 5j; S^ = ^i &c- &<5- Thw will be a valuable 
exercise. 

149. Division presupposes the svhtraction of the divisor 
/rom the dividend as often, as possible : but this subtraction 
is possible as long as there remains a part of the dividend 
which equals or exceeds the divisor ; and impossible, as soon 
as this remainder is less than the divisor, even by one unit. 
Wherefore, the ultimate remainder, when there is one, must 
be less than the divisor, and may be any number in the natu- 
ral scale, 1, 2, 3, 4, 6, &c., including the number which is 
less than the divisor by only one unit. Thus, in dividing by 
2, the remainder, if any, is always 1. In dividing by 3, it 
may be 1 or 2. In dividing by 4, it may be 1, 2 or 3, 
and, in like manner, for any other divisor. 

150. When a number^ is given to be separated into a cer- 
tain number of equal parts, the greater the given number is, 
the greater will be the value of each part ; hence, if we in- 
crease the dividend any number of times, leaving the divisor 
the same, the quotient will be increased the same number of 
times; that is, (leaving the divisor the'Same,) to multiply the 
dividend is to multiply the quotient. Thus, as 6 contains 2 
three times, 6 -|- 6 contains 2 three times plus three times : 
that is, twice 6 contains 2 twice as often as 6 contains 2, and 
it is plain that whatever number of times 6 is repeated, the 
quotient 3 will be repeated the same number of times. Hence, 
if we divide 6 tens by 2 the quotient will be 3 tens. If 
we divide 6 hundred by 2, the quotient will be 3 hundred, &c. 
Now it is evident, that the same reasoning will apply to 
any two numbers ; wherefore, in general, the quotient figure 
is always of the sam,e order or name as the part divided, 
which order (48) is determined by that of the right-hand 
figure of the part divided, 

151. As no quotient figure of a superior order can arise 

7 
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from the division of an inferior, and as tbe remainder resnltiof 
from the division of any superior order is (48) easily resolved 
into a number of units of any of the inferior orderS; we al- 
ways begin division at the left hand. 

To divide a number consisting of several figures by apy 
number not exceeding 12. 

1. Take the smallest number of the left-hand figures of 
the dividend that will contain the divisor: that is, take m 
many as are contained in the divisor, or, when this is not sat- 
fioient, (121,) only one figure more. 

2. Seek how often the divisor is contained in this part. 

8. Place the number of times, which cannot exceed 9, in 
the quotient. 

4. Multiply the divisor by the quotient figure. 

5. Subtract the product, thus found, from the part divided. 

6. To the right of the remainder annex the next figure of 
the principal dividend towards the right, and proceed to take 
all the steps, as before. 

Having taken a number of the left-hand figures of the divi- 
dend sufficient to contain the divisor, we place the number of 
times that the divisor is contained in this part, in the quotient, 
under the unit figure of the part taken. Now this quotient 
figure, being (150) of the same order as the unit figure of the 
part divided^ must have as niany figures on the right of it as 
there are figures remaining in the dividend. For this reason, 
when any of the partial dividends is too small to contain the 
divisor, ice must place a cipher in the quotient, annex one more 
figure to the partial dividend, (if any remain,) and proceed as- 
before. 

152. As the federal coin of the United States is constructed 
upon the sauie principle as ordinary numbers, ten units of 
each lower order being equal to cme unit of the next higher, 
(see Table of Federal Money,) we shall take an example in 
this coin to illustrate the division of those numbers. 

Suppose we have 71436 mills to divide equally among 6 
persons, we distinguish the diflferent orders of Federal Money 
in this number, thus : the lowest order of units, expressed by 
the figure 6 is mills : each unit of the next order, on the left, 
.being ten of those, is one cent ; the figure 3 is, therefore, 3 
cents. Again, each unit in the 4, being ten cents, is one 
dime : the 4 is, therefore, 4 dimes. The 1, being ten dimes, 
is one dollar. Lastly, as each unit in the 7 is ten dollars, or 
one eagle, the 7 is 7 eagles. To perform the operation, we 



DIVISION. 76 

place the divisor 6 ob the left of the dividend and draw a lin« 
underneath^ thus: 

Divisor 6) 71436 dividend. 
11906 quotient. 

Then, beginning at the left, as 6 is contained in 7 oncej we 
write 1 in the quotient, under 7. This 1 shows that each 
person will receive one eagle. Then, as there is one eagle 
remaining to 4)0 divided, we reduce this to dollars, the next 
order on the right, and connecting the amount, 10 dollars, 
with the 1, we have 11 dollars. We then say, 6 in 11, mue 
and 5 over; we write 1 under 1, which shows that each 
person will receive one dollar. Then, as there are 5 dollars 
remaining to be divided, we reduce these to dimes, and, con- 
necting the amount 50 with the 4 dimes on the right, we have 
54 dimes. We then say, 6 in 54 nine times, and write 9 under 
4. This 9 shows that each person will receive 9 dimes. 
Then, as there is no remainder, we proceed to the next order; 
and, as 6 is not contained in the 3 cents, we say 6 in 3, no 
times and 3 over : we write under 3, which shows that 
there are no units of this order in the share of each person. 
We then reduce the 3 cents to mills ; the amount 30, toge- 
ther with the 6 mills, makes 36 mills : we then say, 6 in 36, 
$ix times, and, writing 6 underneath, the operation is finished, 
each person's share being 11906 mills, or 1 eagle, 1 dollar, 9 
dimes, and 6 mills : or (48) eleven dollars, ninety cents, and 
Bix mills. The latter is the usual method of reading. 

158. As the remainder is always tens with regard to the 
next figure on the right, (48,) we have only to suppose it 
placed on the left of that figure^ and read the number as if it 
stood alone. 

11160900-^-42 = 930075 
12 )11160900 

930075 
12 



11160900 proof. (See Art. 141.) 

Ilere, as the two first figures of the dividend are not suffi- 
cient to contain the divisor, we take three, and say, 12 in 111, 
nine times and 3 over, writing 9 under the unit figure of the 
part 111. We then suppose the remainder 3 to be placed on 
tlie left of the next figure 6, and say, 12 in 86, three times, 
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writiDg 3 under 6 : we then say, 12 in 0, no times, writing 
nnder ; also 12 in 9, no timtSi and 9 over, writing ondei 
9; Uien, 12 in 90, seven times and 6 over; and, lastly, 12 in 
60^ Jive times^ writing the quotient figure as before. 



Examples. 



1. 13506-1-2 = 

2. 25476-^3 = 

3. 21868-^4 = 

4. 195425-^-5 = 



5. 292236-^6 = 

6. 608176 ^ 7 = 

7. 608176 -r- 8 = 

8. 842256 -r- 9 = 



9. DiTide 47900160 by each of the numbers 2, 3, 4, 5, 6, 
7, 8, 9, 11, 12, and find the difference between the sum of 
the quotients and one trillion. 

Answer. Nine hundred and ninetj^^iine billions, nine hun- 
dred and four t»i11m>w«, fiurty-fiTe thousand, eight hundred and 
eighty-eight. 

154. Diyision is the converse or contraiy of multiplication; 
consequently, the one destroy tke effect of the other. Hence, 
a number multiplied and divided by the same number is still 
the same. 

Thus: 8X7^7 = 8 or ^=8. Opcm^^^'^. J 

7 )56 

For, (59 and 68,) 8x7 = 7+7-^7+7+7+7+7-1-7 : md it 
is eTioent thati fiom the sum of 8 sevens, we can subtract 7 
ei|^t times, which is^ in substance, what we do in the division. 
Wh«t«(oi«, the multiplication and division of a given number 
bv ofte and the sane number amounts to this, namely, the 
addition of the multipli^ to itself as often as there is a unit 
in the multiplkundi uid the subuaction of the multiplier from 
Ae aNuu the same number of times. Also, let us ohserve, 
Ami 8 X 7 -*^- 7 is the same as 8-^7x7. For, the first 
ij p i ifa i the so\>Miith paii of 7 times S, which is evidently 8 ; 
IM the last 7 tittKN^ the seventh |^ of $, which is also evi- 
jy^ 8« The same KasH>ning will applv to all such cases : 
JwMwn %t ♦* ^f no <tmj)f^nKy« as l» t^e result, which of 
A^IM tw« «pMatioi^s is perCvmied firrt. Lastly, as the number 
l|<Mlwhioh w* opM»t« i» not aiivted, hoth operattoms may be 
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155. If we divide the prodi^t of two numbers by either of 
them^ (60;) the quotient will be the other. Also, by the above, 
a number multiplied and divided by the same number is still 
the same. Therefore, having found the product of 563 X 5 
= 2815, if we divide this product by 5, we shall have 563 for 
the quotient, thus : 

5 )2815 

563 

Here, as 2 is not sufficient, we say, 5 in 28, five times, (the 
double of tfie tens figure 2, plus 1, because 8 contains one 
more 5,) and 3 over. This 3 hundreds or 30 tens makes, 
with the 1 ten, 31 tens: We then say, 5 in 31, (doubling 
the 3,) nx times, and 1 over. This 1 with the 5 makes 15. 
Then, 5 in 15, three times, and the work is done ; the quotient 
being 563, as was proposed. Or thus : reading the binomial 
value, (49,) which is 281 tens and 5 units ; we double the 
tens, for the number of times 5 is contained in them, which 
gives 562, to which adding 1, for the 5 units, we have 563, 
as before. 

The student may observe, that the figures 1 and 3, which 
we carry in multiplying 563 by 5, are the same which we 
bring back again in dividing 2815 by 5. 

156. We have seen (149) that the remainder of a division 
may be any number which is less than the divisor ; and (146) 
that the division of this remaining part of the dividend is 
expressed by placing the divisor underneath it, with a line 
between : also, (145,) that this quotient, being less than a 
unit, is a fraction. The upper number, or dividend, is called 
numerator^ because it shows the number of parts in the frac- 
tion ; and the lower number, or divisor, is called denominator^ 
because it determines the name of those parts. The quotient 
of any division, therefore, which has left a remainder, is rendered 
complete iy placing the fraction^ here described on the right 
of the unit figure of that quotient. It is plain (60) that if we 
multiply a fniction by its denominator, the result or product 
will be the niunerator : this is the same as to take away the 
denominator. Wherefore, to prove by multiplication, multi- 
ply the integral part of the quotient hy the divisor j and to 
the product add the remainder j or numerator of the fractimij 
which will give the dividend when the work is right. 

The student will easily understand this by considering, that 
the integral part of the quotient shows the number of times the 
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diyisor has been subtracted, and that wben a firaction is multi- 
plied by its denoioinator the result is the numerator. 
5734999^7 = 8192854 

7) 5734999 

Ji'>t€» A number which is eom- 
8192o54 poeed of a wkoU luunber and a/rae- 

7 turn ia emiled a wtixed number. Thus, 

bi, d}, 4e, are mixed nnmberib 



5734999 



Here, writing as usual the numbers signified bj the words in 
italics, we saj, 7 in 57, eifjki times, and 1 over : 7 in 13, 
oftce^ and 6 OTer : 7 in 64, mine times, and 1 oyer : 7 in 19, 
ticice, and 5 over : 7 in 59, eitjkt times, and 3 over : 7 in 39, 
Jice times, and 4 OTer, and placing (his 4 over 7, on the right 
of the unit's figure 5, the quotient ia complete. To prove the 
work, we multiplj the quotient hj 7, thus: 7 times four- 
sevenths is 4 : 7 times 5 is 35, and 4 is 39 ; nine and go 3, 
ke.f as usual, and having reproduced the dividend, we consi- 
der the division correct. In the same manner the student 
nay prove the following examples : 



1. 76947385 VS = 

2. 1062047953-5-3 = 

3. 5799511287-^4 = 

4. 63971731^^5 = 

5. 1169387459 -c- 6 = 



6. 7924865731-5-7 = 

7. 9301068145-^8 = 

8. 8991t)68357 --- 11 = 

9. 1098106577 — 9 = 
10. 11989275575 -s- 12 = 



157. When ihe divisor consists of several figures, we seek 
kow often i^ left-hand figure is eonttained in the left-hand 
figure or two Ieft4iand figures of the partial dividend. Al»y^ 
Wff iiuirttm k^ a unii the if/t-kand jinjurc o/the dieuor itAca 
Af next jii/tayi <m tke rujht or it is tmry Uxnju. Having found 
tfcie quotzent figure, we multiplv dtt divisor by it. placing the 
Moduiet in oido' aswe find it umier the partial dividend ; and, 
Mving perfiiruwd the subcnction.. we bring down, to the right 
«f tihe remainder, the next figure of the pnnicipal dividend ; 
kKUBse*. with regard xa such figure*, the remainder ^46, 48, 
and ^^ is always <x n-mmik:r q/ ten4. Having thus fonned a 
■ew partal dividend, we proceed as beibre* and continue thus 
|3I dbf operation \& finbhed. The student :$houId attentively 
•hflorve^ diaiL if the remainder equals or exceeds the drnsor, 
tftf qmitidnt jhjwm is ^w tmaCL Also« if the product of the 
^Kisor ami quocienc ogitre exceeds the partial dividend^ tk^ 
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159529 -f- 43 = 3709 J I 
Dividend. 
Diyisor 43)159529(370941 quotient. 
129 

305 
301 



429 
387 



42 remainder. 

Taking 159 to contain 43, we say, 4 in 15, three times, and 
write 3 in the quotient;. Because 159 is thousands, the quo- 
tient 8 is also thousands, and requires three figures on the right 
of it ; that is, as many as remain in the dividend. We then 
multiply 43 by 3, saying, 3 times 3 is 9, which we write 
under the 9 unite of 159 : then 8 times 4 is 12, which we write 
under 15. We then subtract, and have 30 thousand for re- 
mainder. To the right of this, we bring down the figure 5 of 
the dividend, which is 5 hundred, and have 305 hundred for 
the partial dividend. We then say, 4 in 30, seven times^ and 
place ly which is 7 hundred, in the quotient. We then 
multiply 43 by 7^ as usual; subtract, and have 4 hundred for 
remainder^ to the right of which we bring down the 2 tens of 
the dividend; and have 42 tens for the partial dividend. Now, 
as this does not contain the divisor, we write in the quo- 
tient, which shows that there are no tens, and bringing down 
9; the last figure of the dividend, we say, 4 in 42, nine times, 
and write 9 in the quotient. Having multiplied the divisor 
43 by this 9, and subtracted the product 387 from the last 
partial dividend 429, we have 42 for the final remainder of 
the division. We express, the division of this remainder by 
writing it over the divisor, thus, ||. This fraction we place 
in the quotient on the right of the units figure 9, and the 
work is complete — the quotient being 3709^|. 

158. We may consider the quotient 3709|-f as the result 
of the equal division of 159529 dollars amongst 43 persons, in 
which case, each person will receive 3709 dollars and 42 of 
the parts of which one dollar contains 43; or (145) the forty- 
third part of 42 dollars, which, evidently, is nearly one dollar 
more. Tiie value of this fraction, in the lower denominations 
of Federal Money, we can easily find (152) by continuing the 
division^ thus ; 
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43) 159529 (3709,976 + 
129 

305 
301 



429 

887 

420 
887 



830 
301 



290 
258 

Haying found the quotient 8709, and the jrsmainder 42, aa 
before, we place a comma on the right of 8709, to show thai 
the division, in whole numbers, is no longer possible, and to 
distinguish these whole units from the lower denominations 
which are to follow. We then place a cipher on the right of 
the 42 remaining dollars, which, in multiplying: ibis number 
by ten, reduces it to tenthsy or dimes. We then say, 4 in 42, 
nine times, and place 9 in the quotient. Now as the pre- 
ceding figure is 9, it is plain that we shall have the same 
product as in the preceding division ; we, therefore, copy the 
number 387, and, having placed it under 420, and subtracted, 
we have 33 dimes or tenths for remainder. Placing a cipher 
on the right of 33, which reduces these tenths to hundredths 
or cents, we say, 4 in 33, seven times ; for, though 4 is con- 
tained in 33, really 8 times, and 1 over, it is easy to see that 
the unit figure 3 is not contained 8 tiroes in 10, the value of 
the remaining 1. We, therefore, place only 7, which is 7 
cents, in the quotient, and write the product 301 (which we 
may copy from the second division) under 330. Haying sub- 
tracted as usual, and found 29 hundredths or cents for remain- 
der, we place on the right, and have 290 thousandths or 
miUs. We then say, 4 in 29, six times, and place 6, which is 
6 miUsy in the quotient Having multiplied and subtracted, 
we have 32 mills for remainder. 

By placing 0, as usual, on the right of 32, which would 
reduce it to ten-thousandths, we easily see that the quotient 
«ould be extended ; that the next quotient figure would be ten- 
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ihouiandthsj tbe next hundred thotuavdthsy &c., the generio 
unit of each new order being ten times less than that of the 
preceding one. Also, because this generic unit (37) is greater 
than any definite number of figures Which can stand on the 
right of it, it is evident that the approximation of the quotient, 
actually obtained, to the true quotient, is always within a unit 
of the lowest order of the quotient obtained. The quotient 
8709,976 -\-^ which, as an abstract number, (18,) is read, 
three thousand, seven hundred and nine, and nine hundred and 
seventy-six thousandths ; and, as the result of our present dis- 
cussion, 3709 dollars 97 cents and 6 mills is, therefore, within 
one thousandth or one mill of the true quotient. We place 
the sign -f- on the right of the quotient to signify that it is 
not complete. 

If we continue the operation we shall obtain the quotient 
3709,976744186046611627906, with a remainder of 42. 
Now, as it is fropi the division of this remainder by 43, that 
we have obtaineS the orders on the right of the comma, it is 
evident that, in continuing the operation, the same figures 
will recur again, until we again find a remainder of 42 ; conse- 
quently, though we can approximate within any assignable 
quantity, we never can obtain an exact quotient, 

159* The orders on the right of the comma are called deci- 
mals; and, as a definite number on the right of the comma 
(37) cannot equal a unit, such number is called a decimal 
fraction. The number ,976 +, &c. is, therefore, a decimal 
fraction ; and, as it is the result of the actual division of 42 
by 43, 18 the approximate value of the vulgar or common frac- 
tion ^f . The operation is called reducing the vulgar fraction 
Wto a decimal, 

160. vJf on rejecting the right-hand figure of a partial divi- 
dend, which has one more figure than the divisor, the part on 
the left very nearly, though not quite, contains the divisor, 
as the resumption of the figure rejected implies (49) the mul- 
tiplication of the part on the left by ten, as well as the addition 
of 4he figure resumed, we may confidently place 9 in the quo- 
tient. Again, if the part on the left very little exceeds one- 
half the divisor, we may confidently place 5 in the quotient ; 
because the half of any number, considered as tens, is 5 times 
that number, considered as units. 

Hence the method now very generally practised of multi- 
plying by 5, by supposing on the right and taking half the 
given number. 
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1593290670 -5- 1694 =999565 

1594) 1593290670 (999555 
14346_ 

16869 

iVo<y 6y Multiplieation, 14346 Proof by Division, 

999555 15230 999655)1593290670(1594 
1594 14346 999555 



3998220 8846 5937356 

8995995 7970 4997776 

14993325 _ g^^^ 9395817 

1593290670 7970 8995995 



7970 3998220 
7970 3998220 



Here, in each partial dividend, rejecting^e units figore, 
tbe part on the left, in the first three, very nearly contains the 
divisor ; and, in two of the last three very little exceeds its half. 

161. Where a division has left no remainder, as in the above 
example, the dividend being the product, and the divisor and 
quotient the two factors, the correctness of the operation may 
be proved by casting the nines out of these, precisely as in 
multiplication. Thus, casting the nines out of the divisor 
and quotient, we have the remainders 1 and 6 respect- v 6/ 
ively. Having placed these in the side angles and their 1^^ 
product 6. in the upper angle, we cast the nines oat " 
of the dividend, and as we find 6, which agrees with the upper 
figure, we conclude that the work is right. 

When the division has left a remainder, we cast the nines 
out of it, and add what remains to the figure of the upper 
angle, casting the nines out of the sum when it exceeds 9. 
The reason for proceeding thus, is, that the product of the 
divisor and quotient (such as we here consider the quotient) does 
not equal the dividend without the addition of the remainder. 

178621 -5- 197 = 906{|f Proof. 

197) 178621 (906 v7/ 

1773 ^ 8^6 

1321 
1182 

139 
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Here, after finding the numbers 8 and 6, we cast the nines 
out of 48, their product, and 3 remains. We also cast the 
nines out of the remainder 139, and 4. remains. We then add 
3 and 4 together, and place the sum 7 in the upper angle, 
after which we cast the nines out of the dividend, and as the 
remainder 7 agrees with the figure in the upper angle, the 
work is supposed to be right. We may place the product 48 
by the side of the remainder 139, and cast the nines out of the 
figures 48139, as though they formed but one number, which 
is more expeditious. 

162. As there must be (161) just as many figures on the 
right of the first quotient figure as there are in the dividend 
on the right of the part first divided, we easily see that when 
the first partial dividend contains just as many figures as the 
divisor, Uie divisor and qttotient together will contain one figure 
more than the dividend; and when the first partial dividend 
contains one figip^ more than the divisor, the divisor and 
quotient together wiU contain just as many a« the dividend. 

When the dividend is large, we put a dot under each figure 
as we bring it down, to avoid mistake. 

1. 81406 -5- 41 = 766 and m^^ = 41 g^^ 

Also 41X766 = 31406 ^ 

The student may prove the following examples by multi- 
plication, by division, and by casting out the nines : 



2. 239850-^738 = 

3. 463088 -5- 412 = 

4. 7483566-^82 = 

5. 27413568 -f- 523 = 



6. <^ ' \7 ^^ = 

7. 71710048 — 796=: 

8. Til-WajJ7 = 

9. 23159220-^2345 



168. When the second figure of the divisor, counting from 
the left, is very large, in seeking how often such divisor is 
contained, as directed, (157,) the quotient cannot be too great. 

Numerator ^ to i ft a 1 9 Dividend 

Denominator ^»^ "" ^«^* Divisor 397)2701 (6|^j} quotient. 

2382 

319 remainder. 

Here, instead of saying 8 in 27, we say 4 in 27, (because 
the divisor is much nearer to 400 than to 300,) and find 6, 
which is the true quotient fiigure, instead of which, we should 
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have found 9^ and should consequentlj, have been obliged to 
make three useless trials. We easily pereeive that this 
can never give too great a quotient, for if it could, then mi^t 
400 be contained in the dividend a greater number of times 
than 397, which is impossible. 

Because, Ui X 397 = 319, (60 and 156,) the above ex- 
ample IS proved thus : 6 X 397 + 319 =2701. 

This expression is the same as to say, midttply {he divisor 
and the integral part of the quotient togemerj and to ike 
product add the remainder or numerator of the fractional 
part, which will give the dividend. The student may, in like 
manner, prove all similar divisions : also (161) by casting out 
the nines. 

164. It is sometimes so nice a point to determine the true 
quotient figure, that most persons, however skilful, are liable 
to err; but the multiplication of the diviscffby the quotient 
figure immediately shows when this figure is"^ great, because, 
in this case, the product will he greater than ths partial 
dividend from which it i$ to be subtracted. Also, when the 
subtraction of the product from the partial dividend leaves a 
remainder equal to or greater than the divisor, as the divisor 
still contained in this remainder, the quotient Jlgwrt is too 
small. 

6814834 -f- 113582 = 59,999 + 

113582) 6814834 (59,999 + ^ . , o 
^tens 567910 "^^ ^^ ^• 

., (1135734 
^^^ 1 1022238 

tenths < 10222^^ ^^ article 161. 




hundredths 
thousandths 



C 1127220 
1 1022238 

r 1049820 
X 1022238 



27582 thousandths. 



"We here first say 1 ijj 6, or rather 11 in 68, six times, and 
place 6 in the quotient ; but, having multiplied the divisor by 
this figure and found that the product 681492 is greater than 
the partial dividend 681483, and consequently the figure 6 
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too^ great, we efface it, and, having substituted the figure 5, 
proceed as usual. - 

Or thus, taking 6 for the first quotient figure, say 6 times 
11 is 66, which token from 68, leaves 2. This 2, with the 
next figure, makes 21. Then 6 times 3 is 18, which token 
^m 21, leaves 3. This, with 4, makes 34. Then 6 times 5 
is 30, and 30 from 34 leaves 4. This, with 8, makes 48. 
Then 6 times 8 is 48, and 48 from 48, leaves 0. Lastly, as 
6 times 2 is not contoined in 3, we see that 6 is too great« and 
put 5 in ito stead as before. 

Proof hy multiplication, 

113582 
59999 thousandths 

1135706418 
567910 

#814806418 thousandths 
27582 thousandths 

6814834,000 

Here it is plain that the product, formed by repeating 59999 
thousandths 113582 times, is a number of thousandths, as well 
as the remainder 27582. Hence, the sum of these, which is 
6814834000, is also a number of thousandths ; wherefore, to 
obtoin the units in this number, (144,) we divide by 1000, 
which is done (56) by cutting off the three ciphers on the 
right, the number on the left being the dividend, as required. 

1. ^^m^ = 907f §f , and l-%%%i.f^ = 8035g| 

2. 27065849 -^ 356 = 

4. 3141593 -4- 7854 = 399,999 + 

5. 78539992146-^7854 = 

6. 18437688851569 -f- 4293913 = 

7. 111030011 -f. 199 = 557939,75 + 

8. ^3 6ijLs. ^ 57082,971 + 

9. 12167395-5-1219 = 9981,456 + 

10. 78987116249 -f- 19818 = 3985624,9999 + 

11. Vg\W = 6,1234512345, &c. 

12. 5684973 X 285311670611 _ ^„.q .^^^ 

259374246^1 "" 62534703 

165. The greater the dividend, or number to be divided into 

8 



1 
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equal parts, the greatiir the quotient, or value of each part 
Therefore, to multiply the dividend (150) w to mtiitiply ^ 
the quotient ; and, inversely, to divide the dividend is to divide 
the quotient. Again, the greater the divisor, or number of 
equal parts, the less the quotient, or value of each. There- 
fore, to multiply the divisor is to divide the quotient; and 
inverselj, to divide the divisor is to multiply the quotient; 
that is to s^j, the operation performed upon the dividend 
produces upon the quotient the same effect; but that per- 
formed upon the divisor, the contrary. But (154) multipli- 
cation and division destroy the effect of each other; wherefore, 
to multiply or divide both dividend and divisor by the same 
number has no effect upon the quotient. 

dividend 6 a otk ^ ^j.' x 
,. . Y^ = 0,375 quotient. 

dividend mult, by 2 6x2 12 ^ ^. *^*^*J"?*-^* 
same divisor - lb lo 

dividend div. by 2 6 -=-2 _ 3 __r..r.^. *^;?*fe^*^^-%^ 
same divisor - 16 lb ' 

dividend unaltered 6 a i o ^ c ???ft?? ^^* ^c?" 

divisor mult, by 2 16x2 = ^'^^^^ == **'"^ "^ ^ 
same dividend - 6 6 quotieirt mult. iqro. 

divisor div. by 2 16^ ^ 8 =^'75= 0,375 X 2 

dividend and divisor 6 X 2 12 quotient uMitered. 

both mult, by 2 - 16"x2 ^ 32 == "' ' 

dividend and divisor 6 h-2 3 ^ n^r .. . ., 

both div. by 2 - 16312 = 8 = ®'^^^^"°*'""**^" '«''""• 

166. The decimal value of the generic unit in each of the 
fractions j, -j^y and j|, is found by dividing a unit by the de- 
nominator, and that of the fraction by multiplying the value 
of the generic unit by the numerator, thus :« 

I = 0,125 and | = 0,125 X 3 = 0,375 
Jg = 0,0625 and A = 0,0625 X 6 = 0,3750 
^ij = 0,03125 and ^| = 0,03125 X 12 = 0,37500 

The ciphers on the right of the numbers 0,3750 and 0,37500 
may be omitted, as having no effect upon the value of the 
number 0,375, because (165) VW*a = Mjh == j^Mi% &c. 
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167. Wlien anj two numbers are each multiplied by the 
same number^ the two products are called equimultiples of tbe 
two numbers. Thus, if we multiply the two terms of the 
fraction | each by 2, the resulting terms 6 and 16 are equi- 
multiples of 3 and 8. But we have seen (165) that the 
quotient | is the same as the quotient W or J|, &c. Where- 
fore, if any equimultiples whatever be taken of the terms of 
a fraction, the resulting fraction is still of the same value. 
Ilence, it is evident that the same fraction may be represented 
by an infinity of different numbers, seeing that the two terms 
may be multiplied by each of the numbers in the natural scale 
2, 3, 4, 5, 6, 7,&c., ad. inf. Thus, J = /g = 2«j = ^§ =iJ 

ii= ih^^y ad. inf 

The least numbers by which a fraction can be expressed are 
called its lowest terms. Thus, the terms 3 and 8 are the 
lowest terms of the above fraction. Each of the other expres- 
sions, -j^, 5^^, J|, &c., is called a value of ^. 

We may further elucidate this by the smaller Spanish coins 
or parts of a dollar, namely, halves, quarters, eighths, and 
sixteenths, which, though they do not accord with the decimal 
Federal Money of the United States, are still in general use. 



Thus, |=A 



ZIZ^_ 8 
2 — ? — 5 — T ff 



It will also be useful to the student to render himself betimes 
familiar with the following decimal values of these coins, thus : 

1. ^ = ,50 or 50 cents 

2. I = ,25 or 25 cts. 
8. I = ,75 or 75 cts. 

4. I = ,125 or 12} cts. 

5. I = ,375 or 37} ota. 

6. I = ,625 or 62} cts. 

7. I = ,875 or 87} cts. 

8. ^j = ,0625 or 6J cts. 

9. y«J = ,1875 or 18} cts. 

10. /j = ,8125 or 31t cts. 

11. f J = ,4375 or 43| cts. 
Py = ,5625 or 56 J cts. 
I = ,6875 or 68| cts. 

= ,8125 or 8ll cts. 
= ,9375 or 93| cts. 
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168. Wben a fraction is expressed by cqaimultiples of its 
lowest terms, it is often necessary, in order to expedite calcu- 
lation, to find those terms ; for, if we would multiply a num- 
ber by 122936 and divide the product by 138308, which is the 
same as to multiply the number by the fraction |ff SJf y we 
dhould obtain the result much more readily if we could con- 
veniently discover that TsitSf^^f'^^ which case we should 
simply multiply by 8 and divide by 9 or, subtract from the 
number one-ninth of itself. This we shall illustrate thue : 

428695731 X 122936 o«,^^«o^« 
nOTS = 381062872 

first method 428695731 

122936 

8858261579 nine hundred times 

15433046816 thirty-six times 
857391462 two thousand times 
5144348772 120 thousand times 
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Second method. 
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Third method. 


1106424 




428695781 


995781 


one-ninth - 47632859 


968121 


eight-ninths 881062872 


276606 






276606 







To fedUtat© the reaettoh above alluded to, as well is for 
!riS!l "^P^"*^* purpoaes, the properties of numbers, with 
jSJutiUtT^"''^'* ^^ Buocee^ng book, will be found of 
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OP THE SQUARE, CUBE, AND PARALLELEPIPED — POWERS OF 
NUBIBERS — ^PRIME NUMBERS — ^PROPERTIES OF NUMBERS. 

169. Because a number multiplied by a unit (57) is 

Btill the same, a unit multiplied by a unit a b 

is still a unit. But (108) the product 
of two equal factors represents a square : 
wherefore, the unit which is the pro- 
duct of 1 X I represents a square. 
For example, let 1 represent the line 

a b ; then aft X oft or 1 X 1 

will give the content of the figure abed, 
each of the factors being the length 
of one side. 

/C 170. We have seen (110) that a superfices, or surface, is 
measured by multiplying together its length and breadth. A 
Buperfioes is, therefore, called a quantity of two dimensions, 

A solid is that which has length, breadth, and thickness, 
and is, therefore, called a quantity of three dimensions. 

A cube is a solid body having its length, breadth, and thick- 
ness all equal, and is enclosed by six equal squares. 

Other figures of six sides, the opposite sides of which are 
equal parallelograms, are o/eXLedi parallelepipeds. 

The content of a solid is estimated in cubes, and is thus 
found : Multiply the length, taken in feet, inches, or any other 
measure, by the breadth, taken in the same measure, and this 

8« 89 




90 rmffi Arm parallulkptpeij. 

{in>i]uot bj tho depth* or thickncsfi, taken also in the fume 
uifNsuro. Tho liict priMluct will be the nuuibcr of cubic feetot 
cubic iiu'hos (_or whntover measure jou employed) coatwned 
ill thv ti^n). 

AVhcD tho M^lid is > eabe, u oil it* sides are equal ud >U 
it» Biittles right angles, Ae length of one tide ottljf it nffieiaU 
to tind its vonteot. 
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the content of a variety of geometrical figures, not only of 
snch as are here mentioned, but of others, of which the object 
and limits of this work do not permit ns to treat. For example^ 
the number 64 may express the content of a square, of a cube, 
and of differently-shaped parallelograms and parallelepipeds. 
L^ 171. The square and cube of a number-— evidently so called 
I from the nature of the geometrical figures which they repre- 
sent — generally retain those names, though they are also some- 
times called the second and third powers of that number, the 
number itself being the first power. 

Because a solid has only 3 dimensions, powers higher than 
the cube are not considered as representing geometrical figures. 

From the number of times that a number is factor in its 
continual multiplication, the several products, after the cube, 
are respectively called the fourth^ fifth^ sixth, seventh, &c. 
powers of that number. 

A small figure, called the indexy showing the number of times 
that a number is factor in any of its powers, is placed on the 
right, thus : 2", 2', 2*, 2*, signify the square, cube, fourth, and 
fifth powers of 2, instead of 2x2; 2x2X2; 2X2X2X2; 
2X2X2X2X2, and are read, 2 squared, 2 cubed, 2 fourth, 
2 fifth, and similar expressions in like manner. 

As the index shows how often the number is factor, if the 
indices of two or more powers of the same number be added, 
the sum will be the index of the power to which the number 
is ndsed by multiplying those powers together. Thus 3* X 3" 
= 8*; 2»x2*=2y. 

172. If a number will divide the whole of another number 
and one of its parts, it will also divide the other part. 

Let B be any number, and C, one of its parts ; also, let 
B. — C = D : then, if A be any number that will divide B 
and C, it will also divide D. For, as B is a multiple of A, 
B == A 4- A -j- A, &c., A being taken a certain number of 
times. Again, because is a multiple of A, C = A-|- A, &c., 
A being taken a certain number of times : wherefore D, which 
is the difference between B and C, must be a certain number 
of times A, — that is, A or its multiple, — and, therefore, A will 
divide or measure D. Hence, if a number divides the greater 
of two numbers and the less, it will, divide their difference, 

173. It has been shown in the preceding article, that any 
number that will divide B and C will divide their difference D; 
but no number greater than D can be contained in D ; there- 
fore, if D, the difference between B and C, will divide both. 
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it b the greatest tmmber that will divide both. It la alio 
pluD that, if &D7 number will divide both, D U that number, 
or a mul^ple of that number. Wherefore, the differeDce 
between two numbers is the greaiast number tiiat can divide 
both without a remainder : and, If an; number will divide eaeh 
of two numbers without i«m^der, their differenoe u that 
number or iU mvltiple. 

174. A number which oannot, without remainder, be divided 
by any other number, is called a prime number, or simply 

In the regular formation of unmberB, anch uumbcra must 
avise; for, as one number oannot contain another greater than 
itself, it is plain that 2 is the^st prime number, and that the 
number 3, which is odd, and, consequently, not divisible by 2, 
is also a prime number. 

Numbers whioh are not prime 
are called amvpoiite numben; 
because each is composed by iht 
multiplication or involution of 
iKO or more primes. Where- 
fore, because they can be di- 
vided by 2, all even num&en 
excepfi are compotite and ter- 
minate milh 0, 2, 4, 6, ot 8. 
Hence, every prime number, 
except 2, it odd i and, wheu it 
consists of more than one figure, 
terminates kOK 1, 3, 7 (h- 9. 

The square of any prime 
number, except 2 and b, termi- 
lates xoiih 1 or 9. 

When a prime enda with 1, 
10 do all ill powert. 

When it ends with 9, the 
»guare endi with 1. When 
with 3 or 7, the tgxtare endt 
with 9. 

When either a prime or ila 
cube ends with S, the other 
endt with 7. 

When either ends with 1 or 
9, l/m other endt with the tamt 
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4913 


19 


361 
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23 
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12167 
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841 
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29791 
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1369 


50653 
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1681 


68921 


43 


1849 


79507 


47 


2209 


103823 


63 


2809 


148877 


59 


3481 


205379 


61 


3721 


226981 


67 


4489 


300763 


71 


5041 


357911 


73 


5329 


389017 


79 


6241 


493039 


83 


6889 


571787 


89 


7921 


7049G!t 


97 


9409 


912673 
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The primes wbioh TOooeed 97, are 101, 103, 107, 109, 113, 
127, 181, 137, 139, 149, 151, 157, 163, 167, 173, 179, 181, 
191, 193, J07, 199, 211, 228, 227, 229, 233, 239, 241, 261, 
257, 268, 269, 271, 277, 281, 287, 293, 307, 311, 313,317, 
331,887 347 349,353.359 367 879,383,389,397,401, 
409,419,421 481,433,439,443,449,457 461,468,467, 
479, 487 491, 499, 503, 509, 521 523, 541, 547. 667, 563, 
509, 571, 677, 587. 693, 599, 601, 613, 617 619, 631, 641, 
6-18, 647, 653, 659, 661, 673, 677, 683 691, 701, 709, 719, 
727, 733, 7S9, 743, 751, 767, 761, 769, 773, 779, 787, 791, 
793, 797, 809, 811, 821, 823, 827, 829, 839, 853, 867, 859, 
863, 877, 881, 888, 887, 907, 911, 919, 929, 937, 941, 947, 
953, 967, 971, 977, 983, 991, 997, 1009, 1018, 1019, 1021, 
X031, 1033, 1039, 1049, 1051, 1061, 1063, Ac. 

To determine whether & number ending with 1, 3, 7, or 9 
ia or ia not prime, divide the number by each of the prime 
Humbert 8, 7, 11, 13, 17, &e., till the guotiait it not greater 
than the divitor. When eveij division within thja limit gives 
a remainder, the given number u prime : because anj greater 
divisor would gire a lew qnotient, and this wovld fall within 
the range of numbers already tried. Thus the Bcholar will 
find that 1067 is a multiple of 11 and 97 : also that 1069 is a 
prime Domber. 

Snppoee we would ezannte 14363. Having tried the num- 
bers 3, 7, 11, 13, 17, 19, withont Buocets, we eaj that, aa the 
number ends with 3, it is probabl; a multiple of some one of 
the higher primes ending with 3. We, tiierefore, try 23, 43, 
&c., thos : 

14863 14363 14363 

23 43 K 

1434 1432 1431 

184 (8.23) J72 (443) _8n (7.68) 
125 126 106 

115 (5.23) 86 (2.48) 106 (2.53) 

10 4 •♦* 

lb 
By the remainder at th« end of each of the two fir>uu.f 
Ibese operations, we see that nether 23 nor 43 is a mei .re 
of 143&. Bnt, aa the third operatioB gives no remainuer, 
we find that 63 ia a measure. 

Namben whiob baTs no oommon &otor or meamre are sud 
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to he prime to each other. Thus, 10, 21, and 121 are primo 
to each other. 

If 53 measures 14363, the remainder, 1431 tens, is (172) 
a multiple of 53. But the product, 371 tens, is a multiple : 
therefore, the remainder, 106 hundreds, is also a multiple. 
-Now we have suhtraet^d 53 times 1, 53 times 7 tens and 53 
times 2 hundreds, and hare no remainder. Hence, the third 
operation shows that 14363 is a multiple of the primes 4^ 
and 271. 

In thus operating, we always multiply the prime, if required, 
h^ such a number as will render its unit figure the tame as 
tlidt of the number from which we subtract, 
472903' 20561 

23 once 261 (29x9) 



47288 203 

138 (6 tens) 203 (29 X 7 hundred) 

4715 *♦♦ 
115 (5 hundreds) 709 a prime number 

"46~ 
46 (20 thousands) 

This operation shows that 472903 is the product of the 3 
primes 23, 29, and 709. 

We must here observe, that we cannot always thus easily 
obtain satis&ctory results, but sometimes find this research 
exceedingly laborious. 

175. The following properties of numbers will.be found ex- 
ceedingly useful in reducing fractions to their lowest termsj 
in resolving numbers into their prime /actors'^ &o., by which, 
as well as by other means, they serve greatly to abridge the 
labour of calculation. 

1. Even numbers are divisible by 2. 

2. When the sum of the figures of a number is divisible by 
3, the number is divisible by 3. 

3. Because 4 measures 100, when 4 divides ihe number 
ez^^essed by the two right-hand figures of a given number, 
HJv^iven number is divisible by 4. 

4.' Because 10 is a midtiple of 5, and 6 contains itself, 
when the right-hand figure of a number \b b or 0^ the numhar 
is divisible by b. 

5. When an even number is divisible by 3, t^ is divttible by 6. 
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6. Because 3.7 = 21, and 7.13 = 91, when the unit figure 
is ^, or ^ of the part on the left, the number is divuible h^ 7. 
Again, because 7.15 = 105, and 7.43 = 301, when the num- 
her expressed by the two right-hand figures is 5 times the part 
on the left, or ^ of it; 7 will measure. Also, in the latter 
case^ 43 will measuret^ 

7. Because 8 measures 1000, when 8 measures the number 
eipressed by the three right-hand figures of a number, 8 mea- 
sures the number. 

8. When the sum of the figures of a number is divisible by 
9, the number is dioisible by 9, (113.) Also, the difFerence 
between a number and the same number reversed, t«, ^chen 
w»t a cypher, divisible by 9. Thus, 8176 — 6718=1458, 
which is a multiple of 9. For, in casting the nines out of 
each number, we have the same remainder ; and, by the sub- 
traction, the remainder is cancelled or destroyed. Hence, in 
accounts, an error, divisible by 9, may suggest that a number 
A</jf, by mistake, been reversed, 

9. Because 7.11.13 = 1001, the numbers 2002, 3003,' 
4004, &c. to 9009, included ; also, 51051, 63063, 324324, 
561561, &c., which are easily recogniaed as multiples of 1001, 
are divisible by 7, 11, and 13. Also, when the difFerence 
between the numbers in the two periods is 7, 11, or 13, or a 
multiple of any one of them, tlie number is a multiple of that 
fojctor accordingly. Thus 561554 is a multiple of 7 : 561539 
is a multiple of 11 \ and 561522 is a multiple of 13. 

10. Because 3.17 = 51, 6.17 = 102, and 17.59 = 1003, 
the prime 17 will measure a number ; when the unit figure is 
I of the part on the left, or when the number expressed by the 
two right-hand figures is double the part on the left; also when 
the number in the first period is 3 times the part on the left, 
17 and 59 wUl measure. Thus, 459 and 2448 are multiples 
of 17, and 157471 is a multiple of 17 and 59. 

11. Because 19.53 = 1007, either 19 or 53 will measure a 
number, when the number in the first period is 7 times the 
part on the left of that period. Thus, 12084 and 113791 are 
multiples of 19 and 53. 

12. Because 1009 is prime, when the number in the first 
period is 9 times the part on the left, the /actors of this part 
and 1009 are the /actors o/ the number. Thus, in the num- 
ber 91819, the factors of 91, which are 7 and 13 and 1009 are 
the only factors. In like manner, when the number in the 
first period is 13, 19, 21, 31, 33, 39, 49, 51, 61, or 63 times 
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that in the second, we sJiould recognize the number as a mvHr 
<tjp^c o/ 1013, 1019, 1021, 1031, 1033, &c., respectivelj/y each 
of which 18 a prime number. Thus, in the nnmoer 22682, we 
recognize the factors 2, 11, and 1031. 

176. The binomial values of the alta^lOO, 10000, 1000000, 
&c. ; that is, of those haying an even number of ciphers on 
the right, are 99+1 ; 9999+1 ; 999999+1, &c., the nines 
of each being divisible by 11. Therefore, if we divide each of 
these alts by 11, the remainder will be 1 : consequently, if we 
divide an alt figure in any of the odd places by 11, the remainder 
will be that figure. Hence the figures of a number, in the odd 
places, may be considered as remainders of so many single 
units J the value of each having been divided by 11. 

The alt 10 is (11 — 1) : hence 40 is (11 — 1) 4 : or 11 + 
11 +11 + 11— 4 ; or 11 + 11 + 11 + 7 : that is, in dividing 
the alt 4 by 11, the remainder is its undecimal complement 7, 
or what it lacks of 11, 

If we divide 4000 by 11, the first division, that of 40 hun- 
dreds, gives 7 for remainder ; the next, of 70 tens, gives 4 ; 
and the last, of 40, gives 7, as at first. Hence, the division of 
any figure in an even place by 11, gives for remainder the 
undec, comp. of that figure. The figures of a number in the 
even places are, therefore, the undec, comps. of the remainders 
that would arise in dividing the value of each by 11, 

111, If, from a number, we subtract the sum of the figures 
in the odd places, and, to the remainder, add the sum of the 
figures in the even places, the result will be a multiple of 11, 
For, we thus take away the remainders that would arise in 
dividing J by 11, the value of the figures in the odd places :■ and 
add the complements of the remainders that we should find in 
dividing the value of the figures in the even places; and it is 
plain that the sum of tjiese remainders and their comps. is a 
multiple of 11. 

Wherefore, because addition and subtraction destroy each 
other, when the sum of the figures in the even places is equal 
to that of those in the odd places : or, when the difference 
between these sums is 11, or a multiple of 11, the numher 
is a multiple of 11. The numbers 121, 341, 297, 792, 3454, 
18579, 73986, 87969871 are therefore divisible by 11. 

As the figures in the odd places may be considered remain- 
ders, it is plain that, when their sum is 11, or a multiple of 
11, and there are ciphers in the even places^ the number is 
divisible by 11. Thus, the numbers 209, 902, 308, 803, 605, 
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506, 30602, 20306, 20603, 60203, 60302, 90805, 9090807, 
8070909, &c., are multiples of 11. 

Also, if we place a nought on the right of each of these 
numbers, as this will not affect the exactness of the division, 
we say that, when the sum of the figures in the even places is 
11, or a multiple of 11, and there are ciphers in the odd places, 
the number %s divisible bt^ 11. The numbers 2090, 9020, 
3080, &e.f are therefore multiples of 11. 

From the above it is obvious that, when a number is divisble 
bj 11, the sum of the figures in the odd places must be eqv^d 
to that of those in the even places ; or the difference between t/^ese 
sums must bell or its multiple. 

Also, when the number is not divisible by 11, the remainder 
will be, when the sum of the figures in odd places is the greater, 
the difference between the tvoo sums ; and, when the sum of the 
figures in even places is the greater, the undec. comp. of that 
difference. 

When the first of these two sums is greater by more than 
11, subtract 11 from the difference j tiU the remainder is less 
than 11. When the last is greater by more than 11, subtract 
the remainder from the nearest mvUiple of 11 that exceeds the 
difference. 

Thus, in the number 92918, the first sum is 8 + 9 + 9 = 
26 ; the last is 1 4- 2 = 3 : then 26 — 3 = 23, the difference, 
and 23 — 22 = 1, the remainder found in dividing 92918 
by 11. 

11) 92918 

8447 — 1 

Having first found the remainder, we may by it find the 
quotient : thus we say, 1 fix)m 8, the right-hand figure of the 
dividend, 7 ; which we write under 8 : then proceeding to- 
wards the left : 7 from 1 1 , four, which we write under 1 . Then, 
having added 10, we add 1 to the 4 just written, and say, 5 
from 9, four, which we write under 9. Then, 4 from 12, eight ; 
which we write under 2 . Lastly, adding 1 to 8, we say 9 
from 9, nofjtghty which we do not write. This is the counter- 
march of the method of multiplying by 11, (126). 

In the number 909281, the sums change places, the last 

being 26, and the first 3. Having found the difference 23, 

we subtract it from 33, the nearest multiple of 11 that exceeds 

it : thus, 33 — 23 = 10, the true remainder. 

9 
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11 )909281 

82661 — 10 

Here we say^ 10 from 11^ one ; 2 from S, nx; 6 from 12, 
nx; 7 from 9, two ; 2 from 10, eight, 

178. The 8Hm found by adding a number, oonsisting of aa 
even number of figures, to the same number reversed, is a 
multiple of 11. Thus 6718 + 8176 = 14894, which is a 
multiple of 11. 

By reversing the number, the figures tn odd and even 

places change with each other, so that though 6718 -f- 11, gives 

, a remainder of 8, 8176 -s- 11, gives a remainder of 8, the undec. 

comp. of 8. Hence, the sum of the numbers, which includes 

the sum of these remainders, is a multiple of 11. 

When the number of figures is odd, the di£Ference between a 
number and the same number reversed is, when not a cipher^ 
divisible bt/ 11. 

Thus, 975—579 = 396, a multiple of 11. 

Here, in reversing the number, the figures in odd and even 
places do not change ; consequently, in dividing each number 
by 11, we have the same remainder, and by subtraction, the 
remainder is cancelled; hence, the result is <&visible by 11. 

But the result (175, par. 8) is divisible by 9 : therefore, when 
the number of figures is odd, the result is divisible by 9 and 11, 
that is, by 99. 

Also, when the number of figures is odd, and the number 
odd, and odd also when reversed, the difference is even, and 
hence divisible by 2 : that is, it is divisible by 2, 9, and 11, 
and conseqv^ently by 198. 

When an accountant, therefore, finds in his calculation an 
error of 198 or its multiple, this should induce him to suspect 
that an odd number, consisting of an odd number of figures, and 
having its lei^hand figure odd, has been reversed. 

179. The square, cube, &c. of one4)rime number cannot be 
a multiple of another prims number , much less of the square, 
the cube, &c. of that other number. For, if possible, let 25, 
which is the square of five, be a multiple of 8. Multiply 3 
and 5 together, then because 8 measures 25 and 15, it will also 
ri72) measure 10, which is their difference. Also, because 8 
oivides 15 and 10, it will divide their difference 5, which is 
absurd. 

Again, let 25 be a multiple of 7, which is greater than 5. 
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Find the product of 7 and 5, and because 7 dividee 35 and 25, 
it will divide 10, their difference, or its multiple 20. Also 
because 7 divides 25 and 20, it will divide their difference 5, 
which is absurd. Now if the square, cube, &c. of a prime num« 
her cannot be a multiple of another prime number, it is evident 
that it cannot be a multiple of any of the powers of that other 
number. Wherefore, because the powers of different primes 
have no common &£tor, (that is to say, because no number can 
be found that will divide any two of them,) they are said to be 
prime to each other. Hence, the numbers 8, 9, 25, 49, &c. 
are prime to each other. Hence also, the squares, cubes, &c. 
of numbers prime to each other, are still prime to each other. 

180. The product of two or more primes, can never he a. 
multiple of any other prime nvm her. Also, if several numbers 
be primes or primes to each other, no numher less than their 
product cam, he their common multiple. First, if possible, let 
the product of the two primes 11 and 5 be a multiple of 7. 
Multiply 7 and 5 together. Then, because 7 divides 55 and 
35, it will divide their difference 20, or its multiple 60 Also, 
because 7 divides 60 and 55, it will divide their difference 5, 
which is absurd. 

Wherefore, if several numbers be prime to each other, the 
product of any two of tiiem is prime to a third, and consequent- 
ly, that. of any three of them is prime to a fourth and so on : 
therefore, when several numbers are primes or primes to each 
other, their produd is their leoAt common multiple. Hence, 
it is plain that one wumher cannot measure anodier, unUu aU 
its/cusiors are factors of that other. 
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FRIBIE FACTORS — ^LEAST COMMON MULTIPIiB^—GRBATKST 

OOMMOK MEASURB, RATIO, &C. 

)/^ 181. To find the prime^ &ctors of any composite number, 
divide the given number by the least prime number by which 
this can be done. Divide the quotient by the same prime, if 
possible. Continue to divide each successive quotient by the 
same prime till this is no longer possible. Then divide in the 
same manner, by the next least prime till it is exhausted, and 
*hen by the next, and so on, till the quotient is a prime num- 
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bcr. The several divisors and last quotient will show the 
prime factors of the given number and the highest power 
of each. For example^ we find the prime factors of 2520 as 
follows : 

2) 2520 By which we see that 2 X2 X 

2)1260 2X3X3X5X7, or, which 

o\ Q3 Q is the same, 2* , 3* , 5 ^7 = 

^--^- 2520. Also, by variously 

2_ multiplying the factors, we 

3 )105 find that 2520 is a common 

5) 35 multiple of 2, 4, 6, 8, 9, 10, 12, 

— 7 14, 15, 18, 20, 21, 24, 28, 

80, 35, 36, 40, 42, 45, &c. 

For practice, the prime factors of the following numbers may 
be found in like manner : 24, 64, 81, 512, 6561, and 8712. 

But the student need not confine himself entirely to this 
routine ; for, availing himself of the properties of numbers al- 
ready known, he may, in many oases, abridge the operation. 
Thus, by adding the digits of 24, he will easily discover, that 
this number is composed of the factors 2' and 3 : that 64, being 
2"X^9 is 2'; ^^^^ ^h being 9', is necessarily 8*, and so on. 

182. It is evident, that any power of a number is a mvl- 
tiple of aU the inferior poroers of that number. Again, from 
wiiat has been said (179 and 180) it is evident that a number 
which is a multiple of another number, must be a multiple of 
all the prime f adore of that other nvmhery each being taken in 
the highest power in which it is found &ctor in that number. 
Also, that when a number is a multiple of all the factors of 
another number, each taken in the highest power in which it 
is found factor, it is also a multiple of that other number. 

From which we easily infer, that the* least common multiple 
of several composite-numbers is the product of the several prime 
numbers which enter into these composite numbers as factors^ 
each being taken only once, and in the highest power in which 
it is found factor in any of the numbers. For example, to find 
the least common multiple of 16, 24, 48, 60, 81 and 128, we 
find by resolving these numbers into their prime factors, as in 
the proceeding article, that they are respectively 2*; 2',3 ; 2*,3 ; 
2*«8,5 ; 8* and 2' ; then taking each prime in its highest power, 
and rejecting the others, we have 2' X8*X 5, or 128x81x5 = 
'1840, the required multiple. 
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What is tlie least common multiple of the numbers 12. 18. 
21, 63, 72, 114, 216, and 231 ? 

183. When the same power of the same prime number is 
factor in each of two composite numbers, if we diyide both l^y 
that prime number, and continue the division as often as pos- 
sible, it is evident that the number of divisions wiU he the index 
of the power. Again, if any number of multiples, containing 
different powers of the same prime, be divided by that prime, 
and the division continued as long as the prime will divide any 
two of them, this division will exhaust all the inferior powers 
oftheprimey and the quotient arising from the division of the 
multiple containing the highest power will still retain the prime^ 
as factor, ^ number of times expressed hy the difference between 
its index in this multiple and its index in the multiple contain- 
ing its next lower poioer. If, therefore, this last quotient and 
the several divisors be multiplied together, the prime will be 
found factor in the product the same number of titnes as in the 
multiple containing its highest power. Therefore, to expunge, 
that is, to drive out or efface, all the inferior powers of the 
prime factors of several composite numbers, so as to find, by 
the multiplication of those factors, each in its highest power^ 
the least common multiple of all the composite numbers, we 
have the following 

Rule. 

Write the numbers in a horizontal line ; draw a line under- 
neath, and divide as many as you can, which must be at least 
two of them, by the least prime number by which this can be 
done, placing those numbers which cannot be divided below 
the line, together with the quotients. Divide the numbers be- 
low the line in the same manner, by the same divisor, and con- 
tinue so to divide as often as possible ; that is, till the. same 
divisor will no longer divide two of them. Having exhausted 
the first divisor, teke for a divisor the next least prime that 
will divide two or more, with which proceed as with the first 
Continue thus till the numbers below the line are prime to each 
other. Lastly, multiply the divisors and numbers below the 
line together, and the product is the least common multiple. 
When the quotient is a unit, it need not be written. 

Example. 

To find the least common multiple of 8, 9, ll, 15, 24 and 
27, we place the numbers thus : 
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2) 8, 9, 12, 15, 24, 27 



2) 4, 9, 


6, 


15, 


12, 


27 


2) 2, 9, 


3, 


15, 


6, 


27 


, 3)S, 


3, 


15, 


3, 


27 


8)3, 




8, 




9 



5, 3 
2X2X2X3X3X3X5 = 1080, the ledst common multiple. 

We then first divide 8, 12 and 24 by 2, and place the quo- 
tients 4, 6, and 12 respectively under the numbers divided, at 
the same time placing below the line, together with the quo- 
tients, the numbers 9, 15, and 27, in which 2 is not factor. We 
then divide 4, 6, and 12 by 2; placing the quotients 2, 3, and 
6, and the numbers 9, 15, and 27 below, as before. Finding 
that 2 win still divide two of the numbers, we divide 2 and 6 . 
by 2, and omitting the quotient 1, we place the quotient 3 and 
the numbers 9, 3, 15, and 27 below, as before. Then, as 2 will 
no longer divide two of the numbers, and as they are all divisi- 
ble by 3, we divide all by 3, and place the quotients 3, 5, and 
9 below the line. Again, as 3 and 9 are divisible by 3, we 
divide and place the quotient 3 and the prime number 5 below 
the line. Lastly, as 3 and 5 are prime, we multiply these and 
all the divisors together, and have 1080 for the least common 
multiple. 

By this method, we have amongst the divisors all the prime 
factors which are common to any two of the given numbers, 
and each is repeated as often as it is common factor in any 
two. Also, if any of these is still factor in one of the numbers 
below the line, that number is still retained, and is never again 
divided by the same factor. Therefore, each prime whion is 
several times fector in any of the given numbers, will be just 
as many times factor in the multiple as in that number in 
which it is oftenest factor. 

Again, as we have below the line all the numbers, whether 
prime or not, which have no common factor, it is evident that 
when we multiply these and the divisors together, the product 
is the product of all the prime factors of the given numbers, 
each taken in the highest power in which it is found in any 
one of them. Wherefore this product is a common multiple 
of all the given numbers. 

Now as no prime number is found fiictor amongst the num- 
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bers multiplied oftener than in some one of the given nnnihers : 
also, (180;) as do nnmher can be a multiple of another, unless 
all the prime factors of that other enter into it as factors, it is 
evident that the product is the least common multiple. For, 
if we omit any one of the prime factors, (180,) the product 
must cease to he a mtdtiple of the number in which that prime 
is oftenest factor, 

184. Though the above rule is infallible, it will appear 
clumsy to one skilled in discovering the prime factors of num- 
bers. For, by a mere inspection of the numbers 8, 9, 12, 15, 
24^ 27, we easily see that the only prime factors are 2, 3, and 
5 ; that 8 is the highest power of 2 ; that 27 is the highest 
power of 3, and that 5 is only once factor : we, therefore, say, 
8X27X5 = 1080, the least common multiple. 

j^ 186. The least common multiple of several numbers is the 
greatest of those numbers; or, if not, it is a multiple of the 
greatest. Wherefore we may often readily find the multiple 
thus : see if the greatest number is a multiple of all the others ; 
if it is, it is the least common multiple. If it is not, try twice 
that number. If this does not succeed, tr^ 3, 4, &c. times the 
greatest. Thus, if we would find the least common multiple 
of 6, 9, 18, 27, and 54, we see at once that it is 54. Again, 
if we would find the least common multiple of 2, 4, 6, 8, 12, 
16, we first try if 16 is a common multiple of all the other 
numbers ; it is not : we then try twice 16, which is 32 ; as 
this also fails, we try 3 times 16 ; and, as this succeeds, 48 is 
the required multiple. 

Also, the least common multiple may often be conveniently 
found by selecting the greatest numbers that are prime to 
each other J and finding their product Thus, if we would find 
the least common multiple of 2, 3, 4, 6, 8, 9, 12, 18, 24, and 
36, we select the numbers 8 and 9, which are prime to each 
other; and, having multiplied them together, we find that their 
product 72 contains all the given numbers, and is, consequently, 
(179,) their least common multiple. 

If the greatest number, or any other, be a multiple of any 
of the giyen numbers, those numbers may, in operating by 
the gen&raZ metJiod^ be omitted. Thus, if we would find the 
least common multiple of 3, 4, 6, 9, 12, 18, 27, 48, and 54, 
as 54 is a common multiple of 3, 6, 9, 18, and 27, we omit 
these numbers. Again, as 48 is a common multiple of 4 and 
12, we omit these fuso. We therefore seek the least common 
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multiple of 48 and 54, ami wc find 432, which is also the least 
common multiple of all the given numhers. 

1. Required the least common multiple of 3, 5, 7, 4, and IL 

Answer 4620. 
To multiply numbers with facility, much often depends on 
the order in which they are taken. Thus, in the present ex- 
ample, without writing a figure, we first say, 4 times 5 is 20 ; 
and, l^TiDg till the last, we say 3 times 2 is 6, and 7 times 
6 is 42. Then, (126,) for 11 times 42, as the sum of 4 and 
2 does not exceed 9, we place their sum 6 between those 
figures, and have 462. Lastly, we place on the right, and 
have 4620 for the product. 

2. Required the least c<Hnmon multiple of 2, 5, 10, 11, 
and 55. Answer, 110. 

3. Required the least common multiple of 5, 8, 9, 11, 
and 13. Answer, 51480. 

4. What is the feast common multiple of the nine digits ? 

Answer, 2520. 

5. What is the least common multiple of 3, 17, IS, 51, 
and 54? Answer, 918. 

6. What is the least common multiple of G, 14, o9, 42, 78, 
and 91 ? Answer, 54G. 

7. What is the least common multiple of IS, 28, 33, 42, 
4S, 63, and 99 ? Answer, llOSS. 

8. What is the least common multiple of 6, 8, 12, 14, 16, 
18, 21, and 22 ? Answer, 11088. 

186. The number which diyides the greater of two numbers 
and the less, will (172) diride their dijftrface. Supposing the 
difference greater than the letss number, the number whi<3i di- 
vides the kss and the dilference will also diride Aeir dijerente. 
Again, supposing the difference stiil greater than the less, the 
A«mber which diTides the less number and this second difference 
will ako diride their di&ren«M. Now, this continual sabtmetion 
of the less number is the same as the dicisum o/tke greater 
mmmber by the /cj». The final remainder must be leas than 
the kfli number, and we might reaa(»iy as above, with respect 
to tkki lemainder and the less number. Again, if there be 
still a lemainder, the same reasoning may be panned with re- 
spect to this remainder and the lir» remainder. Pftisuing the 
tame method, as a greater number cannot diride a less, the ia$i 
n'MuiMtiW whkk 9mected9 m dinJiM^ Iftr j»rrc€di»jf trttf be 
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the greatest common measure. Wherefore, to find the greatest 
common measure of two composite numbers, we have the fol- 
lowing 

Hule. 

Divide the greater number by the less ; if there is no re- 
mainder, the number divided by is the greatest common 
meafiure. 

If there is a remainder, divide the less number by this re- 
mainder, and if this division gives no remainder, the number 
last divided by is the greatest common measure. 

K there is still a remainder, divide the first remainder 
by the second ; and thus continue, always dividing the pre- 
ceding remainder by the last, till the division becomes exact. 

The last divisor is the greatest common measure. 

When the last divisor is a unit, the numbers are prime to 
each other. 

Examples, 

1. Required the greatest common measure of 9388 and 
16429. 
We proceed, according to the rule, thus : 

9388) 16429 (1 
9388 

7041) 9388 (1 
7041 

2847) 7041 (3 
7041 

and have 2347, the last divisor, for the required measure. 

Because 2347 divides 7041, it will evidently divide 7041+ 
2347, which is 9388. Again, because 2347 divides 7041 
and 9388, it will divide their sum, which is 16429. There- 
fore 2347 is a common measure of 9388 and 16429. 

No number greater than 2347 can be their common mea- 
sure : for, if possible, let x be greater than 2347, and, at the 
game time, their common measure. Then, because x measures 
9388 and 16429, it measures their difference 7041 : also, be- 
cause it measures 9388 and 7041, it measures their difference 
2347 ;. that is, a number greater than 2347 measures it, 
which is absurd. Therefore 2347 is the greatest common 
measure. 
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2. Eeqttired the greatest common measure of 3675 and 
5880. Answer, 735. 

8. Find the greatest common measure of 4487 and 5899. 

Answer, 17. 

4. Find the greatest common measure of 28205 and 31395. 

Answer, 1365. 

5. Eequired the greatest common measure of 46503 and 
57546. Answer, 9. 

6. Eequired the greatest common measure of 698 and 5343. 

Answer, — . 

7. Eequired the greatest common measure of 34177 and 
1012924. Answer, 11. 

OF RATIO. 

^Vr' 187. In division we say that the greater the dividend is, the 
greater will the quotient he, and the less the dividend, the less 
the quotient, (1G5.) This relation of the dividend and quo- 
tient is called direct ratio. 

Again, the greater the divisor is, the less will the quotient 
be ', and the less the divisor, the greater the quotient. This re- 
lation of the divisor and quotient is called inverse ratio, 
\.y, 188. A simple ratio is the relation which one number bears 
'i^^ another, with respect to how often, the one contains the other, 
or to what part the one is of the other ; and is, in either cade, 
expressed 5y that one divided by that other. Thus, if we 
would have the ratio of 8 to 5, or find what part 3 is of 5 : as 
1 unit is ^ of 5, it is plain that 8 units must be { ; that is to 
say, the ratio of 8 to 5 is 8 divided by 5. Again, if we would 
have the ratio of 5 to 8, or find how often 5 contains 3, this is 
evidently |. 

Let A and B be any two homogeneous quantities — ^that is, 
quantities, the units of which are alike ; then, if A be greater 
than B, -^ shows how often A contains B: and, if 4^ be 
less than B, A shows what part A is of 3; for, B being a 
whole or unit divided into equal parts, determines the value 
of these parts, and A is the number of the same parts which 
constitute the fraction A. Wherefore, the ratio of A to B is 

A, and that of B to A is -f. The ratio of 8 to 4 is | =2, 
^and the ratio of 4 to 8 is | == ^. 

Hence, every fraction expresses a ratio ; namely, ^ ratio 
of the numerator to the denominator. 
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The ratio -^ is called the reciprocal of the ratio —- ; that is 
either ratio (or either fraction) is the reciprocal of the other. 

If 189. A compound ratio is that which involves two or more 

T9imple radios. 

K two fractions have each the same denominator, the ratio 
of the one to the other is the simple direct ratio of their numc' 
rotors. Thus, the ratio of f to ^ is the same as that of 8 to 
5 ; namely, f ; heing (188) no more than the ratio of 8 units 
of a certain order to 5 units of the same order. 

Again, if two fractions have each the same numerator, they 
have to one another the inverse ratio of their denominators, 
ThuS| the ratio of | to ^ is J. For, the greater the number 
of parts in the unit, the less they are in value : therefore, 
whatever number of times 7 is greater than 5, so many times 
are the units of the fraction ^ less than those of | ; or, so 
many times are the units of | greater than those of f . But 
{is this number of times : therefore, | is the ratio of | to ^. 
The ratio of | to |% is ^^^^ = 2 ; which shows that 4 is twice 
1^. Again, the ratio of ^ to | is j^'^j = ^ ; which snows that 
^ is one-haJf of |. 

Wherefore, any two fractions have to one another the direct 
ratio of their numerators, and the inverse ratio of their dcno» 
minators. The ratio of one fraction to another, therefore, 
being compounded of both these ratios, is a compound ratio. 
Of this we shall treat more fully hereafter. 

^, 190. As a fraction is composed of one or more units, gene- 
rated by the division of some standard unit into a certain 
number of equal parts, the number of which is signified by 
its denominator, we call one of these equal parts the generic 
unit of the fraction. Thus, the generic unit of | is J, that 
of I is ^9 &0' Now, as fractions, having like numerators, are 
to one another inversiBly as their denominators, the generic 
unii of one fraction is to that of another in this same ratio, 
whioh is found by dividing the denominator of the second by 
that of the first. Thus, the ratio of ^ to J is |; the ratio 
of 1 to 4 is |, &c. Hence we say, that fifths are to sixths 
as 6 to o; fiiths to ninths as -9 to 5, &c. 

How many times greater are thirds than tenths ? 

v^91. A whole number is expressed in the form of a fraction 

oy aiving it a unit for denominator; this unit, being the ge- 

iMno unit of the number, both before and (190) after it is so 

ezpiened. ThuS; f = 3. NoW; as both terms of f may be 



hiH K1:IjUCTI0N op whole AXD 3IIXED NUMBERS. 

iiiiiltipli<rl ]iy any numlxT in the scale 2, 8, 4, 6, 6, &c., ^d 
inf., without (l<>'")j altering the value of the number 3, iiis 
evident thrit wo can give this, or any other whole number, any 
(Ifsnoininutor that wc please, without at all altering its value — 
n;ini*'ly, h// ft rut multljtli/lng the whole number by that deno- 
im'iiator. ThuH, if we would express 6 as a fraction^ having 7 

6x7 42 

for (Irnominator, wc say 6 = — w— =-«-• 

Wi! have already defined a fraction to be ^^a^ which is kss 
thtiii a unit : ('onsc(|uoiitly, that which is equal to, or greater 
tliiin, a unit, though in fractional form, is not really a fraction. 
'riuTfti)r(>, whon the numerator is less than the denominator, 
\\v i'ull the fiju'tion a j) rape r fraction. But, when the nume- 
riitnr Ih i'(|u:il to, or greater than the denominator, we call the 
fnirtiou ttu iniprttprr fraction. The expression ^j^- is, there- 
foro, nil iuipmjH'r fraction. 

KxprosM (*jii'h of the numbers 3, 4, 5, 6, 7 as an improper 
fnu'lioii, having S for denominator. 

To iihIuco a niixod nuuiber to an improper fraction : 

PJ'J. Kxpross itM integral part (191) as a fraction, having 
i\\v sumo dtMiouiiuator aa its fractional part : then, as the generic 
unit is (he samo in both parts, add their numerators together, 
and plnoo (ho sum over the common denominator. Thus, 

it wo havo I j[, wo nrst put 4 = .— = —-, then -^+F=-r^ 



(hal 18, -15 - V- ^^^ ^^*^' same manner reduce the following 
immborH:' i>j/ll^, U\\. UjTj, and 34/j. 

y \\K\, Having woll undorstoini the preceding article, we may 
iiiSHVod uvort* ox|Hslitiously, thus: muhijily the integral part 
fy Mf ift'HomiuiUor tfihrf.'itctionuljHirt; and, to the product, 
%%%U Mt» Hununitor of ih<' fractional part, for a numcratifry 
Mmhn" U'hii^h /»/n«v the dtnominator of the fractional part. 

• i» * o 

I* 8i' V» -*M ':-andl06i»5 = ^. 

'^ W|! ^?!;^'r.in':^i;^,and5(V4-n=^^^. 

^••^"*5i^; 178}; *tr-^'i-^-^^\ = ^*^r^- 

i\Hl Ut \u it* Wc5t terms, whon those terms 
t^ ^thcr. liCt Ji Iv a fnicdou, of which the 
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terms A and B are prime to each other. Let D be less than 
B; and) if possible, let 4~ = '§'' ^ ^^^Sf ^ usual, a whole 
number. Then, if m be the value of the ratio (-|-) of a imit 

of A to a unit of C, w A =i= C. Now, mA = ^. But, B 
being greater than D, and prime to A, cannot (180) measure 
their product. Therefore, cannot be a whole number. Thus, 
if we would reduce | to Ji/ths : as the ratio of 4 to | (190) 

is f , the ratio of | to ^ is 3 times $ or 1~ = 2^ ; that is, 

if -f- J = 2 1. Hence, (141,) 24 X J == -? is the value of if ex- 

pressed in fifths. Proof, -^X? = -3| = f« Hence, it is 

evident that, to reduce the fraction -I" ^ ^^ equivalent frac- 
tion, having another number, D, for its denominator, and G a 
whole number, D must not only be greater than B, but, as 
A is prime, D must be a multiple of B. 

To reduce a fraction to its lowest terms : 

^JL95. Divide both terms hy their greatest common measure. 
The qaotients, having no longer any common factor, are prime 
to eaoh other, and are, consequently, (194,) the lowest terms 
of the fraction. Thus, if we require the lowest terms of 

'\\iil> ^® ^^ ^^ (^^^) ^^^ ^^^ greatest common measure 
of 6209 and 11613 is 887. We then divide both terms of 
' /igVs ^y ^^^ ' which (165) has no effect upon its value, and 
gives y^5 for its lowest terms. 

Examples, 

3- Hill = IJ J him = ^?. ^'id ii^% = — . 

4- mil =^ tVA 5 and 3%V/2 = A- 

' 196. The lowest terms may often be obtained with greatei 

facility, hy dividing the terms of the given fraction hy what^ 

ever number we can discover to he a common measure; (175 

to 178 ; also 173 ;) and, if not the greatest, continuing so to 

divide, until the terms are prime to each other. For example, 

■f.^^ =z r^^ = |. First, as the unit figure in each is 4, and 

tbe tens even, we see that 2 is more than once factor in each 

term : we therefore try 8, and have A^g for the result. Then, 

10 
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by adding the figures of each term, we find that 3 is factor. 
Also, as the tens in each are doable of the unit figure, we know 
that 7 (or indeed 21) is factor; wherefore^ dividing by 21, 
we have |. 

Or, having found -j^^g, we may observe that the unit figures, 
8 and 8, are prime to each other, and that the tens^ 6 and 16, 
are in the same ratio ; and hence that the fraction is |. In 
the same manner we easily discover that ||ij = 4 5 sfl = i j 
^i, = I, and T% = I- 

197. When the terms are nearly equal, try to divide both 
''■ hy their difference^ (173.) If this does not succeed, try its half, 
third, fourth, dhc. To reduce jiff?? we take the difference 
between the terms, which is 808. But, because no whole 
number of times the unit figure 8 can produce 9 or 7, we take 
half the difference, which is 419. Dividing both terms by this, 
we have 1 1 for the terms sought. Thus, we find that 

3 0919 — 49. and lfifi097 — 79 

i^^. 198. In order to add two or more numbers together, , or 
subtract one from another, (he numbers must be homogeneous: 
that is, the generic unit in each must be the same. For, if we 
would add | and |, the units of which are not alike, we cannot 
combine the numerators by saying 3 and 3 is 6; because this 
number could neither be denominated fourths nor sevenths, al- 
though comprising no other denomination. 

Again, if we would subtract | from |, we cannot say 8 from 
3, nought ; because this would imply that there is no difference 
between the fractions, which (1 89) is absurd. 

\^. 199. It is obvious, then, that before we can add dissimilar 
fractions together, or subtract one from the other, their units 
must be rendered similar: that is, (190,) they must aU have 
the same denominator. This is called reducing them to a com- 
mon denominato?'. But (194) this must be a multiple of each 
denominator ; and, for convenience in calculation, the less it is, 
the better. Therefore, we take for a com. denom. the least 
common multiple of all the denominators. 

To reduce Dissimilar Fractions to their Least Common 

Denominator, 

X^ 200. First find the least common multiple of all the denomi- 
nators, and call it the common denominator. 

2. Multiply each numerator by the number of times that its 
denominator is contained in the common denominator. 
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3. Place each of tlie several products over the common de- 
nominator^ which will give the required fractions. 

Exarwples, 

1. Beduce | and J} to a common denominator. 

When there are two fractions with prime denominators^ each 
denominator shows how often the other is contained in the 
product of the two denominators ; which is their least common 
multiple. Wherefore, by the Rule : multvply the numerator 
of each /r action hy the denominator of the other y and place the 
prodtcct over the com, denom. This is the same as to multiply 
the two terms of each fraction by the denom. of the other, 
which (165) does not alter its value. Thus, we have 3x7 = 
21 ; 8 X4 = 12, and 7 X4 = 28. Therefore, 

II and ^1 are the fractions required. 

Or thus : 

?__3X7_21 3_3X4 _ 12 

4"4X7"28' 7"~7X4~28' 

When there are m^ore than two fractions having prime deno- 
minators. — The product of the denominators being, as before, 
the least com. denom., multiply each numerator into all the 
denominators except its oton, and place the product over the 
com, denom. It is easy to see, as above, that this is the same 
as to multiply both terms of each fraction by the product of the 
denominators of all the others. 

2. Beduce |, |^ and f to a common denominator. 

2X5X7 = 70^) 3X5X7=105 com. denom. 

3X3X7= 63 V numerators 

5X5X8=75) j%% j%y and ^^% , required fractions. 

8. I, I, and |, are equivalent to Jg, Jg, and fj. 

A. ik- ± 3. « « CC 252140270 

*• »> tfV ^T6> 3T6> 3 16' 

6^ >iVfi JL " " " 2079 1540 2376 1764 

• t> V> 7? TT a772> 3f73> Uli^i 111^2' 

6 1 '5 ' 8 <C U a 6 85, JiS>J>^ -8?Jv 

7 J^ JL is <• << " 46 10 .39 3 3 2 47 

201. When the denominators are not prime to each other, we 
find their least com. mult., (183 or 185,) which we take for a com. 
denom. Then, having placed the fractions by the side of each 
otho^y and drawn a line underneath^ we divide the com. denom. by 
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the denominator of each fraction, placing the quotient below the 
line under the denominator which eaye it. Lastly, we multi- 
ply the two terms of each fraction oy the corresponding num- 
ber below the line, and have the fractions sought. 

We need not multiply each denominator by the number below 
the line, because we already know the result. Also, when the 
scholar becomes skilful, he may omit the placing of the num- 
bers below the .line. 

To reduce |, |, |, and -^^ to a com. denom., we place the 

numbers thus: I 1 — I — II- and havins found ClSd) that 

16 12 6 3 ® ^ '^ 

the least com. denom. is 48, we divide this successively by 3, 
4, 8, and 16, and place the quotients 16, 12, 6, and 3, each 
under the number which gave it. Lastly, we multiply the two 
terms of each fraction, or rather, the numerator only, by the 
number below the line, and have ||^ ||, -J|, and J| for the 
required fractions. 

We easily see (190) that each of the numbers 16, 12, 6, and 
8, respectively, shows the number of times that the new common 
generic unit -^^ is less than that of the fraction under which the 
number stands ; and that in multiplying the numerator by this 
number, we have a number of parts in each new fraction, which is 
Ju^t as many times greater as the number of times that the parts 
are less in value. Wherefore, the value of the fraction is not 
altered. 

Examples, 

1. I, 1^, and j\, are equal to gj, |g, and §§. 

2. f, ?, II, ih " " 41, M> ?£> I|. 

f{ ^ ^ I "i Jjf « (< 1618 4 314 

•'• 3, ty Ey 5, my nty 24? 3?> wiy 34- 

4 5 8 17 26 37 a CC 45 48 6 1 52 37 

*• Qy ^y T5> niy t^y 64, "s?, 15>4> 5i> 64' 

5 2 16 19 .31 « i( 272 384 323 248 

^' ay i7J 3l> 6T fuEfj Ibh, ios? iog* 



SECTION IX. 



ADDITION, SUBTRACTION, MULTIPLICATION, AND DIVISTON OF 
VULGAR FRACTIONS AND MIXED NUMBERS J — ALSO DIVI- 
SION BY FACTORS. 

Addition of Vulgar Fractions, 

202. When the fractions to be added have a com. denom., 
we add all the numerators, and place the sum over the com. 
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flenom. The fraction thus fonned^ whether proper or improper, 
is the sum of the given fractions. 

The numerators, that is to say, the fractions, being each com- 
posed of units of the order signified by the com. denom., their 
sum is a number of units of the same order; and, for this 
reason, we give it the same denominator 

Thus,JH-§ = f 

But when they have not a common denominator, (198,) we 
fir%t reduce them to a com, denom., (200 or 201,) and proceed 
as be/ore. Thus, to fin4 the sum of 4, |, and |, we first 
reduce these fractions to a com. denom., (200,; and have for their* 
equivalents f ^, ||, and :J|. Then to find their sum we say, 

U + U + U= ^^+^+^^ = li = 111- Wherefore, 
the sum of ^, |, and f is 1||. 

Uxamples. 

Hence, the sum of j, |, and ^ is 2-A\' Let the expressions 
in the following examples be written m the same manner: 

The letters a h c represent the new numerators, s their sum, 
and d the common denominator. 

5- 4 + ? + ^4-JI=f; also, T>T + 1+11 = 1. 

7. if + /a + A + H = mm- 

Addition of Mixed Numbers. 

203. Mixed numbers may be added either by first changing 
them to improper fractions, and then proceeding as above, or 
by first finding the sum of the integral parts ; then, that of the 
fraotional parts; and lastly, the sum of the two sums. 

10* 



Urn. 
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Examples, 

1. To add 5^, 6|, and 7L we may proceed thus : 5| = y ; 
6} = V ; 71 = V ; (193,) therefore, 5^ + 6| + 7| = 

11 _|2I_i_li ii._LAi_I_61 44-f-54-f-Dl 159 iQt 

a"t"4'r8 — et's'ie — g — a — ^^v 
Or thus : 5-|- 6 4- 7 = 18 ; the sum of the integral parts : then, 

i+l + f = l + l + f = ^±|^ = -^ = li; the sum 

of the fractional parts; and lastly, 18 -|- 1| = l^l? &6 before. 
^ The student may pursue the method which seems most con- 
venient, according to circumstances. The one also proves the 
other. 

2. 2^+li + 3f + ^-V = 8. 

3. 101J+315? + f|=417J|. 

4. 4| + 5i + lf + 12J = 24Vy>ff. 

5- J + A + 8i + 19|8 + 62? =91,Vy\j- 

Subtraction ofFractionSm 

204. When the given fractions have a com. denom., we 
subtract the numerator of the less from that of the greater, and 
place the remainder over the com. denom.; thus, ^ — f = 4- 

The numerators being each composed of units of the or- 
der signified by the com. denom., their difference is evidently a 
number of units of the same order ; for which reason we give 
it the same denominator. 

When the fractions have different denominators, we reduce 
them to a com. denom., as in addition ; because we cannot sub- 
tract units of different orders ; after which we prooeed as be- 
fore. 

Examples, 

1 6 2 18 14 4 

6- -hh - A1. = — )m- m = — ; tV* — M 

. 1 

= T53* 
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Subtraction of Mixed Numbers. 

205. We may reduce the mixed numbers to improper frac- 
tions ; and; when the denominators are not alike, bring them to 
a common denominator, and subtract as above. For example : 
if, firom Ti, we would subtract 2^, we say 7^ = ^^ and 2f =: 
y; therefore, 

71 Q» fil 11 899 I8J 899-186 268 A8 9 

•8 ^7 "8 7 66 66 66 6 6 6«* 

But, when the integral part of one or both numbers is very 
great, the following method will be found more convenient : 
If the fractional parts have different denominators, we first re- . 
dace them to a com. denom. We then write the less mixed 
number under the greater, and, having drawn a lino underneath, 
we subtract the numerator of the lower fraction from that of 
the upper one, and place the remainder over the com. denom. 
for the difference of the fractions. Lastly, we find the differ- 
ence of the whole numbers, as usual. 

When the numerator of the lower fraction is the greater of 
the two, we subtract it from the sum of the terms of the upper 
fraction ; and, having placed the remainder over the com. de- 
nom., we carry one to the unit figure of the lower number, and 
proceed as usual. 

As the denominator is a unit, and the numerator the frac- 
tion, when we add the denominator to the numerator, we add 
a unit to the fraction ) therefore, having added a unit to the 
upper number, we add a unit to the lower, by which means 
both numbers are increased alike, which cannot affect the dif- 
ference. 

Examples. 

1. To subtract 2J( from 7|, we first find that | and f are 
equivalent to -g^ and f | ; we then place the numbers thus : 

m 

and, as 24 is greater than 7, we say 56 — 24 = 82 ; and 82 -f- 
7 = 89, which we place over 56. Then, having added a unit 
to the upper number, we add a unit to the lower number 2, say- 
mg, 8 from Tyfour. Wherefore, 7| — 2f = 4J|. 

2. 10U|-94-H = HI^-^=-,--, = -^^ = ^, 
_7 4 "• ** ^* d d d d 
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Or tlms : |{ and | j are cqnmlent to ||§ and jM ; then, 

from 1O1J0I 

we take 94|J| 

and have Tfis forTemainder, as before. 

Here, as -j-} is greater than | j, we do not add a unit to either 
number, as m the preceding example. 
3. To subtract 94f} frx)m 101, we place the numbers thus : 

101 
94H 

and, as there is nothing above |^, we subtract it from a unit, 
and carry a unit to the ngure 4, as in the first example. Now, 
in reducing a unit to a fraction, having 13 for denominator, 
(191,) we have 13 also for the numerator ; but, as this is the 
same as the denominator, we subtract the numerator of 1} from 
its own denominator, and, placing the difference 2 over 13, we 
have ^ for the difference between || and a unit; we then 
carry a unit to 4, and, having subtracted, we find that 6-^ is 
the difference between the given numbers. 

The difference between a fraction and a unit is called the 
cornplement of that fraction : thus, |-| and -^ are the comple- 
ments of each other. 

4. 16| — 3 J = 11 J ; and 16| — 11| = 8|. 

6. 9ii-6| = 2/^; and9|J-2V\j = 6J. 

6. 28| — 91^ = 18 j ; and 28| — 18| = 9 j^. 

7. 65/^ — 191^ = 452% > a°<i ^—^ =^' 

8. 101 — Qj% = 941^ ; and 16^ — 14^f = ^j. 

9. 1043y\ — 65/^ = 978/3^. Prove this and the sue- 
ceeding example by addition and subtraction. 

10. 3171yV = 980ff = 2190|f 

Multiplication of Fractions. 

206. To find the product of several frtu^tions, we multiply 
all the numerators together for a numerator, and all the de- 
nominators for a denominator. The fraction thus formed is 
the product 

For example, to multiply | by |. If we (165) first multi- 
ply by 2, we have |. But | is (145) the third part of 2; 
huBce, the product | is 3 times too great, and must be divided 
by 3. Now, this is done (165) in multiplying the denomina- 
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tor 4 by 3, which gives -^ for the quotient ; therefore 

4 -^3 ■"4X3"" 12""' 

Or, to multiply | by 2 ; we divide (165) its denominator by 
2, and have | for the product. But this, as above, is just 3 
times the true product : we, therefore, (165,) divide its numer- 
tor by 3^ and have ^ for the true product^ as before. 

Operation. 

The striking out of a numerator and denominator, as here 
shown, is called canceUing. We do not always write the quo- 
tient 1 above or below the figure wholly cancelled ; because 
wc know that^ when all the numerators are cancelled; the result 
is 1 ; seeing that any power of 1 is 1. 

The reasoning applied above to the multiplication of two 
fractions, will apply to the multiplication of their product and 
ft third fraction ; to that product and a fourth, &c., and, conse- 
quently, to the continued multiplication of any number of 
fractions. Hence, we see that, m multiplying any number 
of fractions, the resulting numerator is the product of all the 
liumerators, and the denominator, the product of all the deno^ 
ninators, 

207. Let us observe that, in multiplying by a fraction, we 
not only perform a multiplication, but also a division ; and, as 
the number by which we divide is greater than that by which 
we multiply^ the quantity multiplied by a fraction, instead of 
being increased, is diminished. 

Examples, 
1. To multiply j, |, |, and | together, we proceed thus : 

^X4XAX6 

The lines drawn through the numbers 3, 4, 5, show that 
they cancel each other; that is to say, because the value of | 
would not be altered, (165,) if both its terms were multiplied 
by the product 3X^X^> ^^ o™^^ ^^® multiplication of these 
numbers, which saves the trouble, not only of this multiplica- 
tion, but also of reducing the final product to its lowest terms. 

When two opposite terms are equal, they may he omitted : 
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when one is a multiple of the other, we may divide the greater 
hy the lesSf and do with the quotient as we should have done 
with the greater : alsO; when they have a common measure, 
divide both by it, and operate with the guotients a^ with the 
numbers ; because^ in each case, the effect is the same as to 
divide both terms of the final product by the same number, 
which (165) does not alter its value. 

2. AXj\XifXfS = /j = T'r 

The prime factors of 9X26x36 and of 13x24x27 are the 
same, namely, 3*, 2*, and 13 : therefore, omitting these num- 
bers, we have /j = y'j for the total product 

3. ^X|Xi = |i,«nd|X|Xii = |. 
4- 4XfX|i=i, and IXj^Xf J = i 

5. ?XWXU = 4»'«'d||X|X|5 = A- 

6. 4X§X|X|Xii = J,andT«jXHXU = ilJ||. 

7. |XiJX|X-ftXiJXH = ,m- 

208. To multiply a Action by a whole number, is the same 
as to multiply ihe whole number by the fraction; for, in 
either case, (191,) having expressed the whole number as a 
fraction, we multiply the whole number and the numerator of 
the fraction together, and divide the product by the denomi- 
nator, (206.) Thus : 

2136X1 = .^Xl =^&^ = 1602. 

Or, by cancelling, if practicable, first divide the whole number 
by the denominator of the fraction, and multiply the numerator 
by the quotient. Or, if the whole number divide the deno- 
minator of the fraction, divide the numerator by the quotient 
Thus: 

2136X1 = 534X3 = 1602. 

Also, when the numerator and denominator differ, as in the 
present case, by only one unit, we may, when we have divided 
the whole number by the denominator, subtract the quotient 
frt>m the whole number : thus, having found the quotient 534, 
we say, 2136 — 534 = 1602, as before. 

Therefore, to take |, 4> f* f , &c of a number, is lo dimi- 
misk it hy 4, 4, 4, ^, &c of itself. 

When the whole number is the same as the denominator 
of the fraction, the result is the numerator. Thus, 

1X4=3; 11X12 = 11, &c 
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Examples. 



1. 



1X3 = 1 = 1=^ = 1 = 2^. Or, |-x;r = |=2i. 

2. SX4 = 3i;li.x6 = 5^;i|X3 = 2|;^X?=i>. 

3. |Xll=9|; 134X11 = 123/,; 15x204 = 18218. 

Multiplication of Mioced Numbers, 

209. Reduce the mixed numbers to improper fractions, 
and multiply them (206) as fractions. Also, when there are 
whole numbers, express them as fractions; and, in all cases, 
cancel as much as possible. 

Examples. 

1. 63 X 51 = ^ X ^ =—8-- = 284g. Or (138) thus : 
53 X 5 = 265, and 53 X | =^ = lOg : Aon, 265 + 193 
= 284|. 

3 

2. 2iX4fx3| = Hx^X$ = 33. 



8. 15|X52. (138.) 15f 

3. 

Product of 15 X 5 - 75 

" 1X5 - 3Jor« 



? 



a 
a 



15 X g - 13J or X 
1X3 - - U 



92,t, 

By the general method, 15|X53 = TrXTX""-^923ii, 
as before. 

4. ■ftX2|X^=l;2fX3}X4=39;33JXl0J = 360. 

5. I X 3t\ X 2| X H = 65^; 6^ X 3j'5 X 2 = 39^. 

6. 944 X 77^3 = 7341^81; 69tS X 39,^ = 2707|f 

210. The calculation is often facilitated hy striking a factor 
from one number and introducing it into another. Thus, 
striking the &ctor 11 from 33-|4, we have Sy^^ ; then intro- 
ducing it into 13^j, we have 152, and multiplying the results, 
instead of the numbers, we have 468| for the product, as 



Kr^l |«^««vff« 
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1. 13 j*. .' S3U = 15-2 V 3v% = 456 - 12 j = ^^. 

2. ^i'.< l^ = 50 . 2^ = ivO — 51 = U'5f. 

3. 1^5 :- ISi =.X' . •T^ = Sl-21. 

4. 1^ I V 14^ = I-J:* y '21 = -255 — 14 J = 272J. 

5. 115} X So^'l = 5:S v 5->i = 2S&<-) — £-5] = iS&Oej. 
211. A friction :f i frio*::a i« oillri a compound jracticm. 

T: :i£- i ;:' : i* 144 :■: ii-rilr : It 5 : i!:a: is. .a65.) to 
mi'Tir'-T :•= ifi^jniLiM-r ^ ^ J 5. wiiich sives ^"y : therefore, 
4 ::' i ail*: !:•= 3 tisirs v- : *-i :-i5 I's? • is fiund in malti- 
jjjinj thr EisirriMr 7 rj 3. wLL^h jiTfs | X. Hence, ir^ mtiy 
#.-i- .':■.:- :Aif r."."«- ■ /' ■ -'.r ».-vr . -'. mi rr»£el as in mul- 

t.. ...^ .. ..^ ?. •' _ ^. J. .- J J \, -^ ^ ^,. 

Al>:-. h :« rviir-: -"li: | f | :f A = ff of y^ : that is. as 
alove. \> '*, ^'^ = ^^^. We >«■. 5LeT>r::?r. iLai to reduce a 
ccnspruLi iri.:::::: :'■ a sliriple cue, :.v jTa-t^.^tu comjtoiing 

1 1 rf 5 -f "ii 1 X r : N^. i _j , ; -f f - f 1 1 si; 

— I - E '- ? — f 5 • i •--:•-' "^ l'?- 



s, ; f 4 of 



ioft=zz: 4 :f ' .::"S2 = ia 



s '^■^ 17 •-■* '^^X — "*^I: ■ T: -- ZJ ""'^ '""i '^• 

7* i'r iV ,V-is ."■ -■ F" 2 .•;?}' -•«*. 
212. T? divide a qnaniitr Qbj aiiT fra^c^n -r- ww7fi]p/y th» 

Jtvlifn f ?;v f ?i f Trnrri'T.-i 1 ■- -># j' .? iV .> ■ ^ ; that is, by — . Thus, 

^ ' •• If 

First, — IS ;hc onanriTT .Viriici Vr tLo nnint-rator. But 
(3^) « = -r- \ S: that is, w is ,7 tzmes too srrcat : conse- 
^pMntlT, (^165.^ — is .i tirac* ^-^ss than it should be ; where- 
fa«, (165,^^ Q nrnst W mn^iirlioi It i, which gives — for 

1, 24-»^|=r«24\f S\> rM.f.T^.i 24^1 =24X1=32. 
a. Se+J-^-^L ?:* \4i;.andS6-Hi=46S. 

a ■ ■ If 
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3. 43 -f- yv= lS7f , and 99 ~ ^^ = 2475. 

4. 528 -5- i^ = 676, and 528 -^ ^i = 1152. 

213. Let Q be any fraction ^ . Then, £ -5- ^ = ^ X — 

pd p p ^ ' q d q^ n 

= — . For— -5-« is — , (165:) but, as n is cf times too 
nq q nq ^ 

great, — lad times less than it should be; wherefore, we mul- 
tiply p by d^ and have -^ for the true quotient. 

To divide by a fraction, therefore, we have this simple rule : 
invert it, (that is, turn it upside down,) and multiply. 

Examples, 

3. f-HA = l,\; ii^,V = 45; 58^-5^^=200. 

214. The ratio of -^ to 4> which (188 and 213) is ^, is 

^ ^ p d ^ 

(189) compounded of the ratios — and — , and is, evidently, 

the product of these ratios. ^ ^ 

Thus, we see that the quotient arising from the division of 
one fraction by another is a compound ratio, and is the pro- 
duct either of the direct ratio of the numerators and the 
inverse ratio of the denominators, or that of the dividend and 

the reciprocal of the divisor. Hence, the ratio of ^— to — is 

nq y 

■ ^ , and IS compounded of the two ratios — and— ; or of 
*^ p d V nq X ' 

the three ratios — , — , and — : that is, a ratio compounded 

n q X 

of any number of ratios is the product 0/ those ratios. 

Examples. 

1. Knd the ratio of -=- to ^-^ -; Y 

Answer, -= — . 
ocq 

2. Knd die ratio of C^-f--") to f- -h-Y 

\q x / \y n / ^ 

Answer, -^. 
nqv 

II 



122 DIVISION OF FRACnONS. 

3. What is the ratio, componnded of the ratios A to B, 

BloC, andCtoP? . a 

' Answer, — . 

Hence it is plain that, if we have any number of quantities, 
the ratio of the first to the last is compounded of the ratios, 
the first to the second, the second to the third, the ihird to 
the fourth, and so on to the last 

4. What is the ratio of a fiwrtion to its reciprocal ? 
Answer, the duplicate ratio, or square of the fraction. Thus, 

the ratio of ^tol«^-l=i!x^ = ?. 

b. What is the ratio of a fraction to the square of its reci- 
procal ? 

Answer, the triplicate ratio or cube of the fraction. 

dec 

6. What is the ratio compounded of the ratios r ^ j> ~; ^<> 

— , and — to —. : . of 

e e r Answer, ■=-. 

' be 

7. What is the ratio compounded of the ratios to f to |, ^ 
to {, and j to I ? Ai^wer, j. 

q ii q n qn q^ ^ 2^^ ^ 

qnjT 9 *^ y q nx qnx 

to divide a quantity, sncoesdvely, by any number of fiactionsi 
HV multiply thiU qvanfity ly t}te pncilvfi of their reciprocals. 
In the sane manner we find thai - i : ^ : ^ -=-|-£-j^ = 252. 



216. A quantitT dividod by a fraction is always increased ; 
AwwiMr «^ nriptooaU ?y vhtcJk v^ mvkip'iy, u greaier than 
m trail Abes it is increased rai Ou ratio of the numeraiar of 
iftt rsr^nru/ to il$ dfmomi^^Sor. Wha^frn^B^, if this nume- 
hAkt m one unit gitoiter than the denominator, the quantity 
Hdl b tWrww^? hjf tmc^ part of iUK^f a* is signified by the 

»4-+-|-^24 \ J =^ ^-24 \ lp=24-^ 4 = 2S 
S4^ I ==24 \ { = 0-^ \ li^ = i4 — S = 32 
^'*-|=24 X | = v?^ \ lp = -24 — 12=36 

W» «M«^MBnxvlT, by ^, 1. 1, 4, g. and find the sum 
•^ ' ' Answer, 1200. 



i-" 
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Division of Mixed Numbers. 

217. Kedace mixed numbers to improper fractions ; express 
whole numbers as fractions, and reduce compound fractions to 
simple ones : after which proceed as with ordinary fractions. 

EJocamjples, 

1. 4^| = f-^J = 4X| = V = 4i««'d|^4 = |X 

= /?• 

Thus we see that the divisor, divided by the dividend, gives 
the reciprocal of the quotient, which serves as proof. 

2. 87^6| = ^--4i=¥x,''5 = ^' = 13TV 

Al8o,6|-f-87 = ^X5V=3VV- 

8. 7f -!- 3| = If = l|f, and 3| -f- 7? = §§. 

4. |off-*-f of9^==f-4-V = |XA = TV3• 
6. iof9A-!-4of|6f2 = 2j»jft- 

6. 758H^83A = 9AVVd- 

7. 1485|-f-62=28,V5. 

8. 87296 -i- 8|^ = 96^2 jf 

9. 1485J-!-23,% = 62. 

10. 44983^^285/, = 1571811?. 

218. When we divide a unit by a fraction, the quotient is 
the reciprocal of that fraction. Thus, l-^| = |X| = j- 
But the dividend is the product of the divisor and quotient; 
that is, the product of any fraction multiplied by its reciprocal 
is a unit*. 

Wherefore, to divide or multiply hy afroMon^ is to multi- 
ply or divide by its reciprocal. 

To divide one whole number by the factors of another : 

219. As the object of this method is, not only to expedite, 
but facilitate calculation, the number of factors is usually li- 
mited to two : because, where strict accuracy is required, and 
the dividend is prime to the factors, a greater number would 
render intricate the calculation of the final fraction. 

Whenever, therefore, the divisor can be resolved into two 
factors, neither of which exceeds 12, we first divide by one 
factory and then divide the quotient by the other. 

For example, to divide 165369 by 45 : As 45 is the pro- 
duct of 9 and 5, we first divide by one of these factors, no 
matter which, and then by the other, as follows : 
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5) 165369 



9) 33073 



4 



36745 + ,^ 

Having divided by 5, the quotient is 33073 1. 

Again, in dividing the integral part of this quotient, which 
is 33073, by 9, we have 3674| j and, in dividing the frac- 
tional part I by 9, (165,) we have ^. We have, therefore, 
8674J + -f\ for the final quotient 

But, to have only one fraction, we add the two Actions } 
and -^\ together. Now the denominator of ^ is the last divisor, 
and the denominator of -^-g, the product of the two divisors : 
consequently, as 9 is contained in 45 as often as expressed by 
the first divisor ; to reduce | to a fraction, the denominator of 
which shall be 45, we must multiply the numerator 7 by the 
first divisor 5, which gives |f ; then, adding the two fractions 
If and A together, we have || for the sum. The numerator 
' d9 of this sum is composed oi the last remainder 7 multiplied 
by the first divisor 5, plus the first remainder 4 : the denomi- 
nator 45, being the product of the two divisors, or whole num- 
ber divided by ; and it is easy to see that the same kind of 
reasoning will hold, whatever may be the two remainders or 
divisors. 

Hence, we have the following general rule : When tiiere 
are two remainders, muliiplt/ the last remainder hy the first 
divisor J and to the product add the first rernainder; under 
this sum write the product of the two divisors, and reduce the 
fraction, if necessary, to its lowest terms. 

The above example, perforaied by this rule, will stand thus : 

5 ) 165369 

9) 33073 . . . 4| 7x5 + 4 3913 

^674 ... 73 45 ""45 ""15 

3674JI quotient 

It is evident that 36741f is the quotient of 165369 divided 
by 45 ; because (144) in dividing by 5, we take ^ ; and, in 
dividing by 9, we take I of ^, which (211) is ^\, 

When there is but one remainder, it is easy to perceive that 
if it belongs to the first division, it will take theprodiict of the 
two divisors for a denominator ; because it is a part of the divi- 
dend which has not yet been divided by either divisor, and that, 
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if It belongs to the last diyision, it will take the kut divisor 
only, for a denominator; because it has no more division to 

undergo. 

Ihcamples, 

1. 237543 -5- 25 = 9501^f . 

2. 768539 -^ 54 == 14232iJ 

8. 5970509 -i- 63 = 94769g j. < 

4. 1084624 -^ 56 = 19368f .' 

5. 21165897 -f- 49 = 431957 A- 

6. 99392745 -f- 35 = 2839792^ 

7. Divide 169281735, separately, by each of the numbers 
24, 32, 36, 48, 81, and find the difference between the sum of 
the quotients and the dividend. Answer 146619403§||. 

8. In the preceding question, what is the ratio of the sum 
of the quotients to the dividend; or, in other words, what part 
of the oividend is the sum of the quotients ? 

Answer 5'^j. 

9. What is the ratio of 146619403§|}, to 169281735 ? 

Answer ||||. 

The ratios of each of two numbers to their sums are the com* 
plements of each other. 
10. What is the ratio of 169281735 to 22662331^g\ ? 

Answer %^^. 

Here the dividend divided by the sum of the quotients gives 
its ratio to that sum. Hence, it is the product of the sum of 
the quotients and that ratio. Now, if the product of two num- 
bers be divided by either, the quotient will be the other. There- 
fore, if we divide the dividend by its ratio to the sum of the 
quotients, we shall have that sum for the result. That is to 
Bay, any quantity divided by its ratio to another quantity^ will 
give that other quantity. 

But to divide by a fraction is the same as to multiply by its 
reciprocal. Wherefore, any quantity multiplied by the recip- 
rocal 0/ its ratio to another quantity, wiU give that other qvAin- 
%. 

11* 
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220. The word decimaly derived from the Latin word decefn, 
ten, is applied to that which is numbered hy tens. Hence, the 
scale of Natural Numbers (Sec. I.) is properly termed, tke deci- 
mal scale of Naturql Numbers. If, on the right of this scale, 
we place a comma, and consider a single unit, or unit of its 
right-hand order, to be an alt unit of the same scale continued 
downwards, that is, towards the right, it is evident (87) thai 
this unit is greater than any definite number of figures which 
can Stand on the right of the comma; consequently, those 
figures constitute Oj fraction^ properly termed a decimal fra4> 
lion, (often simply a decimal,) 

221. As the whole scale is decimal, subject to a universal 
law, that ten units of any order constitute one unit of the next 
order on the left, or, inversely, that an alt unit of any order is 
equal to ten units of the next order on the right, it is plain, that 
every natural number, whole, fractional, or mixed, is a decimal 
number ; notwithstanding which, the fujures on the right of the 
comma are, by way of distinction, exclusively called decimal 
figures, or decimals; and those numbers alone, which con- 
tain, or, by reduction, are supposed to contain, orders on the 
right of the comma, are called decimal numbers, 

222. Considering the scale of Natural Numbers to extend, in 
both directions, from the comma to infinity, it is now complete; 
the part on the left of the comma being integral, that is, (36,) 
capable of expressing any whole number, and that on the right 
fractional, that is, capal)le of expressing any fra^ction^ or at 

12Q 
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least (158) its approximate value, within amy assif/nahle 
quantity, 

223. Beginning at the comma, if, on the right of it, we sup- 
pose a series of nines, thus, ,9999, &c., to extend ad inf., these 
(221) according to the universal law, are successively 9 tenths, 
9 hundredths, 9 thousandths, 9 ten-thousandths, &c. ; as vulgar 
fractions, y% y^^, y^^^, TTT^iyiy> ^y *ta*i8, the denomitiator 
of each is a unit followed hy as many ciphf-rs as there are deci- 
mal places, counting from the comma to the figv/re inclusive. 
But any number of consecutive figures on th& right of the 
comma, as well as in any other part of the scale, may (48) be 
read a« a number of units of the order of the right-hand figure 
of the number taken. Thus, if we take, consecutively, one, 
two, three, four, &c. nines, we read, 9 tenths, 99 hundredths, 
999 thousandths, 9999 ten-thousandths, &o. These, as vulgar 
fractions are J^^, ^^j^, y^^^, yV^ft^j, &c. Wherefore (48) the 
denominator of any decimal number, expressed as a vulgar 
fraction, is a unit foUowed by as many ciphers as there are 
places of decimals in the number, counting from the comma 
to the right-hand place inclusive, 

224. The complements (205) of the fractions y»^, y^, y%%, 
dtQ. are -^j^, -A-^, -j-^jn &c ; that is^ the complement of a deci- 
mal series or nines, beginning at the comma, is a unit of the 
hiDest order of the series ; also, (87,) the integral unit, on the 
left of the comma, is the alt of the series, and is first, second, 
third, fourth, &c. ; that is, it is 10, 100, 1000, 10000, &c., 
according to the number of nines in the series. Hence, it is 
plain that a definite number of these nines can never equal a 
unit ; but because the part lacking, or- complement, is ten 
times less at each remove from the comma, it is easy to see 
that the ultimatum or limit of the series is a unit. 

Let S=,9999, &c. adinf. 
then S = -^ + y§^ + y^ou + jTiUny ^y ^^ >°^- 
Multiply both sides by 10. Then 
lOS = 9 + (y^ + yS^ + y ^^ + jj^^jf, &0 , ad inf.) 
iabstitute S for its equivalent (^q, yj^, y^ft)^, tuStju^ *«• 
ad inf.) 

Then we have IQS = 9 + S. 

Subtract S from both sides. Then 9S = 9 ; and; 
dividing by 9, we have S = 1. Therefore, 
the series ,9999, &c. ad inf. = 1^ 
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225. The alt, therefore, of a decimal is its denominator, wfcen 
expressed as a vulgar fraction ; and is a unit followed hif as 
many ciphers as there are places of figures in the decimatf 
whether those places are supplied with significant figores or 
ciphers. Wherefore, to express a decinuil as a vulgar fraction, 
yire first write the decimal as a whole numher^ for ihe numera- 
tor f and underneath we write its alt for denominator. When 
there are ciphers between the comma and the highest order of 
tho decimal, we omit them in writing the numerator. Thus, 

,05 ; ,25 ; ,1250 ; ,0625, and ,00875, expressed as vulgar frac- 
tions, are -jJo, f»(ftj> iWoV t8SJu> ^^ tA%u- 
These in their lowest terms are 

hVj h i A> *^^ »?XF 
In tho same manner the student will find that 
,6=-!; ,75 = }. ,875 = j; ,1875 = ^; ,03126 = ^V 
and ,0015625 = ^U. 

226. Ciphers, placed on the right of a decimal, do not alter 
its value, because, for every additional cipher in the decimal, 
or numerator, we have one more cipher in the alt, or denomi- 
tor, (165 and 225.) Thns: 

,25 ^ ,250 = ,2500 = ,25000 = ,250000, &c., that is (165) 

Ilonoe, if the nnmber of decimals in several decimal numbeib 
be different, it may be rendered the same in each, without al- 
\»mkg their value, by placing ciphers on the right of those which 
hM¥t an inferior nuynUry till they all have as majiy <u that 
which has the greatt^ »unU>er. Thus, instead of 

25,S, ,416, ,7854, and 3,141592 
we naj write 

25>300000; ,416000; ,785400, and 3,141592 

22T« To write* in its natural form, a deciul nwmber 
iliwa in th« fimi of a vulgar fraction, we first write the nu^ 
••■•tor as a whole number ; then, beginning on its ris^i-hand 

g?^l.^ ^^^.*^ ;^^^^ m the denondi^, «dT5S 
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• 

Thus, to express f^^jf in its natural form, we first write 
83. Then; as there are lonr ciphers in the denominator, be- 
ginning on 3, we oount towards the left, one, two, three, /our, 
placing a cipher, as we say three, and another as we B&j/our ; 
and, prefixing the oomma| we have ,0083 for the required de- 
cimal. 

228. In the scale of Natural Numbers, (222,) the value of 
any figure is determined by its distance from the comma. 
Therefore, in any finite number, to remove the comma one, two, 
three, &o. places to the right, is the same as to advance each 
figure one, two, three, dhc, places towards the left; that is, (36,) 
it is the same as to multiply the number by 10, 100, 1000, &o. 
Also, to remove the comma one, two, three, &c. places to the 
left, is to advance each figure one, two, three, dhc, places to* 
wards the right; that is, (228,) to divide the number by 10, 100, 
1000, &o. 

Wherefore, to multiply a decimal number by 10, 100, 1000, 
&c., we remove the comma one, two, three, dhc. places to- 
wards the right. Also, to divide the number by 10, 100, 
1000, &c., we remove the comma one, two, three, &c. places 
towards the left. Thus : 

,7854 X 10 = 7,864 ; ,7854 X 1000 = 785,4. 

If, in either direction, we do not find a sufficient number of 
places, we supply the defi^ency with ciphers. Thus : 

785,4 X 100 = 78640 ; 1,6 -f- 100 = ,016 ; ,7854 -f- 1000 
= ,0007854 ; ,7854 X 1000000 = 785400 

Numeration of Decimals. 

229. The denominator of a decimal figure is (223) a unit 
feUowed by as many ciphers as th^re are places from the com- 
ma to the figure inclusive ; and is also (225) the alt of a whole 
number containing the same number of places. We have, there- 
fore, two methods by which to determine the order of any de- 
cimal figure ; namely, we can point off the places of figures 
from the figure, considered as units, to the comma. Then, 
having read the figure, we pronounce the name of the alt or 
unit of the next higher grade with the usual denominating ter- 
mination, the. Or, beginning at the comma, we can pronounce 
on the places successively, tenths, hundredths, thousandths, ten^ 
thousandths, hundred-thousands, millionths, ten-millionths, 
hundred-miUionihs, billionths, &o., till we reach the figure. 

230. In the scale of Natural Numbers, a number of consecu- 
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live figures, taken at pleasure, may (48) be read as a number 
of uuits of the order of the right-hand place of the part taken. 
To read a decimal fraction, therefore, we find, by either of the 
above methods, the name of the order of its right-hand place, 
which name we give to the whole, after reading it as a whole 
Dumber. For example, to read the fraction ,5083020461079, 
having separated it into periods, as a whole number, we find 
that its highest order is units of trillions, and hence, its alt (87) 
ten trillions ; consequently, the fraction is a number of ten- 
trilliontJis. We therefore read, five trillions, eighty-three bil- 
lions, twenty million^, four hundred and sixty-one thousand 
and seventy-nine ten-trilltontJis, 

If all the figures of the above fraction, except the two last, 
were ciphers, we should still separate the places of figures into 
periods, find the denomination, as above, and read seventy-nine 
ten-trillionths. Express in words the following 

Examples. 

1. ,235 I 3. ,6187 

2. ,7089 I 4. 7,08017 

5. 91,002009 

In reading a mixed decimal number, we insert the word and 
between the mtegral and decimal parts. The present example 
is read ninety-one, and two thousand and nine millxonths. 

6. 310,1065203 

7. 70019,00700311 

8. ,0034580275 

9. 30375,000020067 

10. ,81302000625031171811132569 

281. From the above, we easily derive the method of writing 
ike figures of a decimal fraction from its expression in words. 
Omittiog the last word, write the number enounced as a whole 
numher. Ascertain the number of ciphers in the alt, which is 
the last word divested of ths. Count from right to left, upon 
the figures of the number written, (and, if necessary, (227,) 
supply ciphers,) as many places for decimals, as there are ci- 
phers in the alt. Then place a comma on the left, and the de- 
cimal is complete. Thus, to write ninety-five millionthSf we 
first wnte 95 as a whole number. Then, as there are six ci- 
phers in Oie alt, which is 1000000, we begin on 5 and count, 
towards the left, six places for decimals, supplying, of course, 

oreiphers; and have, 00009Srfor the required decimal. 
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We write two bimdred and nineteeiiy and three hundred and 
twent j-seyen biUionthsy thus : 

219,000000327 

first the integral part 219, with a comma on the right; then, 
as there are 9 ciphers in a hiUiony and only 3 figures in the 
number 327, we write 6 ciphers on the right of the comma, 
and on the right of these the number 327. Express in figures 
the following 

Exarryplei, 

1. Nine units, and twenty Hseren thousandths. 

2. Six hundred and three units, and ninety-five ten-thm- 
sandths, 

3. Eighteen unitSy and twelve thousand six hundred and 
four millionth^, 

4. Ten thousand and twenty-five ten-millionihs, 

5. Five millions, sixty thousand and eleven hilUonths. 

6. Forty millions six hundred unitSj and ninety-seven thou- 
sand three hundred and fifty-eight hundred-millwrUhs. 

7. Sixty-four billions, forty-two millions, eleven thousand 
and seventeen hundred-hillionths. 

8. WriteninewntV*, and twenty-seven <Aot«8awc?fA«; say how 
many thousandths this number contains, and how many times 
it would be lessened by changing it to miUionths, 

9. How many ten-thousandths are there in five hundred and 
four unitSf and sixty-seven ten-thousandths? smd how many times 
would this number be lessened by changing it to hundred-mil- 
lionths f 

10. How many miUionths are there in seventy thousand units^ 
and thirty-six thousand and twenty-five miUionths f and how 
many times would this number be lessened, by changing it to 
hundred-hiUionths f' 



SECTION XL 

ADDITION 07 DECIIMM.S. 



232. Afl the unit of any order, whether on the right or 
left of the comma, contains ten units of the next order on the 
right of it, we add numbers containing decimals, or decimals 
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alone, in the same manner as whole numbert ; that is to saj, 
wo add units of the same kind together, and, for eyery ten in 
the sum of any order, we carry one to the next order on the 
lea. 

We also place the nambcrs under each other, 90 thcU As 
commas m^iy he under each other; that is, so that units d 
the same order may be under each other, and plaoe a conma 
in the sum on the left of the tenths, before we add the units. 

For example, to add 54, 75,2, 95,56, and ,273, we place the 
uumbcra thus : 

54, 
75,2 
95,56 
,278 



225,083 



and having added the tenths, %ce place a comma on the left 
ut^fe^r the other commas. 

We prove by oddiHg both ways^ as in whole numbers. 

JEixamjfles. 

1. 876,8 4. 5,674 + ,28 + 150 == 532,204 
^. ,86 + ,536 + 789,3 + 1,16 = 791,356 



8, 878 + 25,25 + JS9 + 236,1 + 5,4 = ^40,539 

4, ,284 + *5 4- >567 + ,462 4- ,0005 = 1,7635 

5. 582,2l>4 + 791,856 + 610,539 + 1,7635 = 1965,8625 



The 9choIsir may prove this example by adding the niimben 
whitfh coaipo(ii» the four preceding examples. 

Subtnxction oflkcimcdt. 

28$. P!ae« the numbers *; ^iat mnits of ^ same order 
m^ d# imd^fr ifttcA oAer : subcncc as ia whole aumbeis, and 
|>l^ th# eoittwia ia the reumoider on the Left of tb« le&th^ 
^ Wi^ *^ *^^^ wmmaa. ;» in additaoo, (^19.S.) 
^Whjm otte vrf the ^ivea ttumbers has more deeim^ femes 
w« lh# *Hbtr. we way ^,326 ■ nm^ufr 6ha »*«ier Ae same im 

.JJj^^gJ*. iv^ «hi»«i 'r<,35J< £ratt S0,3> w« pface At 



MULTIPUOATION OW DX0IMAL8. 183 

80,300 or thus : 80,3 
78,358 78,358 

1,942 1,942 

Sabtract as nsual, and, placing the oomma on the left of the 
tenths, we have 1,942 for the remainder. This and the suo- 
eeeding examples may be proved both In/ addition and mbtrao 
tion. 

Examples, 

1. 652,34 — 58,603 = 593,737 

2. 1009,3 — 9,6389 = 999,6611 

3. 711,823 — 70,9 = 640,923 

4. 21000 — ,5001 = 20999,4999 

5. 1 -- ,99951807324 = ,00048192676 

6. What is the difference between the sum of the answers to 
the five preceding examples, and 100000 ? 

Answer : Seventy-six thousand, seveYi hundred and sixty- 
six units, and seventeen billions, eight hundred and fifby-one 
millions, eight hundred and seven thousand^ three hundred and 
twenty -four hundred-biUionths. 

Multiplication of Decimals, 

234. The denominator of a decimal number (225) is a nnit^ 
followed by as many ciphers as there are decimal places in the 
number. Therefore, (^06,) the denominator of the product of 
two such numbers is a unit, followed by as many ciphers as 
there are decimal places in both numbers : that is, (227,) there 
are as many decimal places in the prod%bct as in both factors. 
Hence, the following rule : Place the numbers and multiply 
them as whole numbers ; and, in the product, point off for de- 
cimals as many places as there are decimal places in both Ac- 
tors. 

When the number of figures in the product is not sufficient, 
we complete it by placing ciphers on the hft^ and then prefix 
the comma. 

To multiply 7,54 by 7,1, without regard to the comma, we 
place the numbers thus : 

53,534 

12 
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and having multipled and proved as in whole nnmberSy as there 
are three decimal places in the two faotors^ we point off the 
three right-hand places of the product 

Again; we multiply, as in whole numbers^ ,1863 by ,018, 
thus : 

,1853 a5^ 

,013 W 



,0024089 

and, as there are 7 decimals in the two factors, and but 5 figures 
in the product 24089, we place two ciphers on the left, and 
prefix the copama. 

The student may prove the following multiplications, by 
multiplying both ways, and by casting out the nines : 

ExampUi. 

1. ,153 X ,82 X ,017 = ,00213282. 

,158 ,82 

_^2 ^017 

306 ,01394 

1^24 ,153 

,12546 4182 

,017 20910 



,00213282 ,00213282 

2. 7,813 X 3,69 X 2,17 = 

3. 11,917 X 1261,4 X 2,84 = 

4. ,05418 X 4,816 X 75,15 = 

5. 1926,48 X 17,34 X 1,632 = 

6. ,00625 X ,039 X ,05 X ,8 = 

7. Required the difference between the sum of the products 
of the six preceding examples, and one million. 

Answer. Nine hundred and two thousand, seven hundred 
and nine units; and four hundred and twenty-six millions, 
seven hundred and thirty-two thousand, four hundred and 
ninety-eight hiUionths, 

235. When the product is only required to a proposed de- 
gree of exactness, the work may be abridged by the following 
method, given by Bezout : We reverse the order of the figures 
of the multiplier and frrite it under the multiplicand, so that 
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\ 



its unit figure may stand under the secondplace on the right 
of that to which the product is required. We then multiply by 
each figure of the multiplier, l)eginning with the figure under 
fohich it stands, and place the first figure of each new product 
under that of the preceding one. Having added the products, 
we suppress the two night-hand figures, observing however, to 
increase hy a unit the hist of those which remain when the 
suppressed figures exceed 50. Lastly, we point off the places 
of the proposed limit. 

Required; the product of ,2345678 X 85,276 within a thou- 
sandth. 

,2345678 
67258 

1876536 

117280 

4690 

1638 

138 



20,002;r> 



As the figures suppressed exceed 50, we increase the next 
figure 2 by a unit, and have 20,003 for the product within a 
thousandth. The true product is 20,0030037128. 

In placing the unit figure of the multiplier under the second 
grade below the proposed limit, the product is of the order of 
that grade. Also, by the inverted order of the figures, the 
next lower order of the multiplicand is multiplied by a tenfold 
higher order of the multiplier ; and the next higher order of the 
multiplicand by a tenfold lower order of the multiplier, and so 
on in succession. Therefore, all the products are of the same 
order, which accounts for placing their first figures under each 
other. 

Again, because the part rejected cannot equal a unit of the 
order multiplied, the product of this part by any figure cannot 
equal a unit of the next higher order : therefore, each product 
is within a unit of the next order on the right oftheprcposed 
limit. Hence, the rule, as an approximation, may in all or- 
dinary oases be relied on. 

When there is no unit figure in the multiplier, place in 
its stead. Also, when there are not enough of decimal places 
in the multiplicand, supply the deficiency with ciphers. 



186 mVISION Of DSOIBiAIiS. 

Find the product of ,227538917 X ,5664178 to the flevenih 
decimal inclusive. 

,227538917 
87146650 

113769456 , 

13652334 

1365228 

91012 

2275 

1589 

176 

1288820^^ 

Product ,1288821. 

The student may prove the following examples by multiply* 
ing in the ordinary way : 

Examples, 

1. Required, the product of 376,273495 multiplied by 
2,73486, correct to onerthousandth. Answer, 1029,055 -[-• 

2. Required, the product of 83,4679215 X 67,89341, cor- 
rect to a hundred-ihatisancUh. Answer, 5666,921821^ 

3. Required, the product of 75,82344 X ,196497, true to 
five decimals. Answer, 14,89908. 

4. Required, the product of ,7358462199 X ,324162549, 
correct to nine decimals. Answer, ,238533786 -f-* 

Divinan of Decimals. 

236. When the divisor is a whole number, the quotient, 
(150) being of the same order as the dividend, mtut have the 
§ame number ofdedmaZs. 

237. When the divisor is not a whole number, we pl<ice as 
many cyphers on the right of the dividend^ when integral^ or 
remove its comm^^ when decimal, (annexing ciphers if nd> 
cessaryy) as m^ny places to the right, as there are decimaiplaces 
in the divisor, in which we then suppress the commix. Both 
numbers being thus (228) multiplied by the same number, the 
quotient (165) is not altered. The divisor being now a whole 
number, we divide as usual, and point off for decimals, in the 
quotient as m^ny places as there are decimal places in ihe divi- 
dend. 
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When the divisor is rendered integral, ciphers on the left 
of its highest grade are effaced. But ciphers between the 
comma and the highest order of the dividend; though neglected 
in the operation, are retained to ascertain the place of the 
comma in the quotient. Also, we place any nwnber of cipher$ 
at pleasure, as decimal places, on the right of the dividend, 
when it does not contain the divisor. 

Hxamples. 

1. 5236 -f- ,128 = 5236000 -r- 128 = 40906,25 

We here first multiply both numbers by 1000, which ren- 
ders the divisor integral, and (165) does not affect the quotient. 
Then, to avoid confusion in distinguishing the annexed ciphers 
in integral, from those in decimal places, we at once determine 
the place of the comma, thus : As the part 523, which is tens 
of thousands, contains the divisor, the quotient figure 4 is (150) 
tens of thousands ; that i^, there will be 5 integral figures in 
the quotient: therefore, having found these, we place the 
comma on the right. 

2. 6,375 -f- 85 = ,075 

Having divided, as in whole numbers, and found 75 for the 
quotient, as there must be (236) as many decimal figures in 
the quotient as in the dividend, we place a cipher on the left 
of 75, and, prefixing the comma, we have ,075 for the true 
quotient. 

238. When the divisor and dividend have each the same 
number of decimal places, the comma in both may he sup^ 
pressed : because the equimultiples of any two numbers (165) 
give the same quotient as the numbers do. Thus : 

6,375 ^ ,075 == 6375 -^ 75 = 85, (237.) 

239. If, after we have rendered the divisor integral, the 
dividend does not contain it, we place a comma in the quotient^ 
and also on the right of the dividend, if integral. We then 
place Just as many ciphers on the right of the dividend as 
ioill make it contain the divisor; and, on the right of the 
comma, in the quotient, cu many ciphers, less one, as there 
are now decimcU places in the dividend; because the quo- 
tient figure itself w&l- occupy the plaoe of the last cipher in the 
divideiKl, whioh (150) is its true order. 
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Examples, 

1. ,128 -i- 81,92 = 12,8 ^ 8192 = 12,800 -f- 8192 

Having thus prepared the numberB, as the diyidend now 
contains three decimals, we write ,001 in the quotient, which, 
when complete, is ,0015625. 

2. ,128 -^ ,0015625 = ,1280000 -^ ,0015625 = 1280000 
^15625 = 81,92' 

Haying rendered the numbers integral, as the first partial 
dividend is tens, we know that there will be two integral 
figures : as soon, therefore, as we obtain these, we place a comma 
on the right and continue the operation. 

240. Ciphers on the right of an intend divisor may always 
be suppressed hy removing the commxi in the dividend one 
place to the left for every «ttcA cipher. 

Examples. 

1. 2248318,477 ^ 970000 = 

224,8318477 -5- 97 = 2,3178541 

2. 27445863,6-^-36000 = 

27445,8636 -f- 36 = 27445,8636 -*- (6 X 6) = 
4574,3106 -^- 6 = 762,3851 

241. When both numbers terminate with the decimal form 
of some well-known fraction, having, in its denominator, no 
filter prime to 10, such as ,25 and ,75, which are \ and | ; 
,125 ; ,375 ; ,625 ; and ,875 ; which are 4, |, f and J ; or, 
,0625; ,1875; ,3125; ^4375; ,5625; ,6875; ,8125, and 
,9375; which are J^, V^^, /j, /j, ^j^, ij, 1|, and |J; the 
work may often be greatly facilitated hy multiplying both 
numheri by the denominator of the known fraction^ in doing 
which we recognize, without calculation, the numerator of the 
fraction, for Sie product of the terminating fgure^^ 

Examples, 

1 . 536,25 -f- ,75 = 2145 -j- 3 = 715 

We here consider ,25 and ,75 as the numerators of the 
fractions which they represent. Wherefore, in multiplying 
the dividend by 4, we begin on the lefb of ,25, and say, 
4 times 6 is 24, and 1 is 25, &c. 
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2. 45616,875 -h- ,625 =4661,6875 -h ,0625 = ^^^ = 
72987 

By simply chan^ng the place of the comma in both num- 
bers, or conceiving it to be changed, one place to the left, 
which (165) does not affect the quotient, we here recognize 
,G875 and ,0625 as the numerators, 11 and 1, of their equi- 
valents. Then, beginning on the left of ,6875, we multiply 
by 16, saying, 6 times 1 is 6, and 11 is 17, ieven and gol} 
then 6 times 6 is 36, and 1 is 37, and 1, on the right of 6, is 
38 ; eight and go 8, and so on. 

3. 136581,25 -4- ,9375 = 2185300 -*- 15 = 

437060 -H 8 = 145686,66, &c. 

Without r^ard to the comma, we begin on the left of 8125, 
and say, 6 times 5 is 30, and 13 is 43 ; three and go 4 : then, 
6 times 6 is 36, and 4 is 40 ; and 5 is 45, and so on ; takiog 
care to multiply the result by 100, because the comma is 2 
places to the right. 

4. 23587,40625 -r- ,4375 = 53914,0714285 + 

To divide by a fraction is to multiply by its redproccd. 
Therefore, to divide by ^^ is to multiply by y =2§. 

Proof. 

23587,40625 \ .. ,. ^„^, , 

23587,40625 J *^'^^ *^® ''^™*^'- 

6739,25892 § of the number. 

53914,07142 +. 

5. 858127,95625 -f- 68,75. Multiply both by ^. Then 
57300,473 ^ 11 = 5209,13390909, ad inf. 

The student has seen (176) that, in dividing by 11, the 
primary altemate figurssy first, third, fifth, &c. are remain^ 
ders \ and the sec&nda/ry — that is, the secovid, fourth, sixth, 
&c. — are undecimal complements of the remainders; also, 
that when the sums of primary and secondary are equal, the 
number is a multiple of 11. Hence, if the sum of the primary 
is the greater, the differe/nce is the true remainder; but, if 
that of the secondary is the greater, the undecimal complement 
of the difference is the remainder. Now, in the number 
57300,473, as the sum of the primary is 14, and of the se- 
eondaiy 15, the complement of the difference 1, that is to say, 
lOxis the true remainder. Bc^nning with the right-hand 
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figiure 3, we subtract the reinainder; sayings 10 firom 13^ three* 
This we write as the right-hand figure of the quotient. Then, 
before we again subtract, we add 1 to this 3, for the 10 pre- 
viously addedy and say, 4 from 7, three; which is the next 
figure of the quotient towards the left. Then, 3 from 4, on«, 
which is the third^ on the left of which we place the comma. 
Then, 1 from 10, nine; 10 from 10, ruyught; 1 from 3, Ivoo; 
2 from 7, five; and 5 from 5, nought; which last we do not 
write. We thus obtain the quotient 

5209,133jf = 5209,1339090 ad mf. 

This, which is merely the countermarch of the operation 
of multiplying by 11, (126,) we certainly do not give for its 
practical utility, but to accustom the student promptly to re- 
vert to previously acquired principles. 

6. 77892,541875 -f. 812,5 = 

1246,28067 h- 13 = 95,86774 + ^ 

The scholar should, without again writing the numbers, di- 
vide thus : 13 in 124, nine times, and 7 over; writing 9 in 
the quotient : 13 in 76, five times, and 11 over ; writing 5 
and placing a comma on the right : then 13 in 112, eight 
times, and 8 over : 13 in 88, six times, and 10 over : 13 in 
100, seven times, and 9 over : 13 in 96, seven times, and 5 
over : 13 in 57, four times, and 5 over. 

242. With an integral divisor, the quotient must (236) 
have as many decimals as tlie dividend. Now, if we divide 
the divisor, (165,) we multiply the quotient ; therefore, (237,) 
for every decimal in the divisor, we must move the comma in 
the quotient one place towards the right. Hence, there will 
ultimately remain in the quotient a number of decimals equal 
to the difference between the number in the dividend and the 
number in the divisor. 

Again, the product of two decimal numbers has (234) as 
many decimals as both factors : therefore (60) the dividend 
has as m^ny as the divisor and quotient. Hence, we have 
the following general rule : Separate by a comma a number 
of the right-hand figures of the quotient, equal to the number 
by which the decimal figures of the dividend exceed those of 
the divisor^ and where the number of figures is not sufficient, 
supply the defijciency with cipherSy and prefix the comma. The 
previous methoda are perhaps preferable. 
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Examples. 

1. ,0658 -f- 3256 = ,000020208 + 

2. ,654 -5- ,002191 = 298,4938 + 

As the terminating figures 38 are maoh nearer to 40 than 
30, if we required but 3 deoimalB, we should write 298,494 — . 
The sign — indicates that the quotient is somewhat too great. 

8. 23 ^ ,71875 = 32 ; and fi = 8,8125 

4. 149,172 -4- ,496 = 300,75 

5. 63261^64,8 = 976,25 

6. 52095,10875 -f- 6358,49 == 8,193 + 

7. 3,141593 ^ ,7854 = 3,9999 + 

8. 149 -f- 15,36 = 9,7005208 + 

9. 21,4-^,536 = 39,92537 + 

10. ,2673 -^ 39 = ,00686384615 + 

11. ,7103 -T- 8549 = ,0008386 — 

12. 1,2193 -5- 136324 = ,000089440597 + 

243. The work is often contracted hy perfonning the tvh" 
traction^ as toe multiply each figure of the divisor^ and 
writing, instead of the product, the remainder wdy. 

Thus, to divide 473804 by 899 : 

899) 473804 (527^^^ 
2430 
6324 
31 

Haying found the quotient figure 5, by saying 9 in 47, we 
say, 5 times 9 is 45 : then, 45 from 8 being impossible, we 
say, 46 from 48, three^ and write 3 under 8. Then, haying 
added 4 tens to 8, we add 4 units to the next product : thus, 
5 times 9 is 45, and 4 is 49. Then, 49 from 53, foury which 
we write under 3. Haying added 5 tens, we add 5 units to 
the next product, thus : 5 times 8 is 40, and 5 is 45. Then, 
45 from 47, tuio^ which we write under 7. To the right of 
the remainder 248, we bring down the figure 0, and haye 2480 
for the next partial dividend. 

With this we proceed in like manner, always adding oj 
many tens as will enable us to svLtractj and (85) 1 to the 
next product for each ten added to the upper figure, 

Z4A. When we only require the quotient within a unit, to 
contract the calculation, we suppress of the right-hand figures 
of the dividend as many, less one, as there ure fignrei^ m tKe 
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dir.Uor. Having exliaustecUthis dividend, if there is no re- 
mainder, we place, on the right of the quotient, a cipher for 
ea<Ji figure supprcMsed in the dividend. If there is a remain- 
der, we consider it the new partial dividend. We then strike 
out, by a bar, as in cancelling, the rightrhand figure of the 
divisor, always taldng the remainder for a new dividend, and 
suppressing, at each division, the right-hand figure of the dm- 
soty till the divisor is exhausted. 

To find the quotient of 9968592476 -^ 52493, within a 
unit, we suppress the figures 2476 of the dividend, and divide 
996859 by 52493, contracting the work as aboyOi thus : 

bid$f) 996859 (189903 

471929 

51985 

4744 

19 

4 

We first divide by the whole divisor till we have exhausted the 
dividend, and have 18 for the quotient and 51985 fof the 
remainder. We then bar the figure 8 in the divisor, and di- 
viding by 5249, we have 9 for the quotient and 4744 for the 
remainder. Again, because 9 is nearly a unit of the next 
order to the left, in barring it, we add a unit to the next 
figure ; and, dividing by 525, we have 9 for the quotient and 
19 for the remainder. Barring again, we divide by 52, and 
have for the quotient and 19 for remainder. Barring for 
the last time, we divide 19 by 5, and have 3 for the quotient 
and 4 for the remainder. Thus, then, we have obtained 
189903 for the quotient, within a unit. The true quotient is 
189903 i^llJ. 

245. If, after barring the right-hand figure of the divisor, 
the partial dividend is too small to contain it, we place a cipher 
in the quotienty and again bar the right-hand figure of the di- 
visor. If the dividend is still too small to contain the divisor, 
we place another cipher in the quotient, bar another figure of 
the divisor, and so on. 

Also, when the division becomes exact, before the divisor is 
exhausted, we place as many ciphers, less one, in the quotient 
a« there are figures remaining in the divisor. 

When the figure which we bar in the divisor, also when 
the left-hand figure of the part suppressed in the dividend, 
exceeds 5; we increase by a unit the next figure on the lefi. 
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To divide 1911740675899 by 546118, so that the quotieDt 
may be within a unit, we supprets the figures 75899 of the 
dividend ; and, adding 1 to 5, the next figure on the lefib, we 
have 19117406, which we divide by 546118, thus : 

5l§4i§0 19117406 (3500600 
2733866 
3276 

Having found the quotient 35 and the remainder 8276, as 
this does not contain the divisor 54612, after barring the 
figure 8, we place in the quotient, and bar the next figure 
of the divisor ; but, as 3276 does not contain 5461, we place 
another cipher, and bar the next figure. Then, as the divisor 
is -contained exactly. 6 times, we place 6 in the quotient, and, 
on the right, two ciphers for the two remaining figures, which 
we should have barred. 

The true quotient being 3500599|| Jf l|, the quotient, ob- 
tained by contraction, is not only within a unit, but within 
one-fifth of a unit. 

246. K, after the suppression of the right-hand figures, the 
first dividend does not contain the divisor, we suppress, at once^ 
as many as are necessary of the right-hand figures of the di- 
visoTj in order that it may he contained. 

To have the quotient of 2349658 -f- 49786, within a unit, 
we first suppress the figures 9658 of the dividend, increas- 
ing, by a unit, those which remain. Then, as 235 does not 
contain 49786, we at once suppress the figures 786, and 
increase, by a unit, those which, remain. We then divide 285 
by 60. i^us : 

60)235(47 
35 

and have 47 for the quotient, which is within one-fifih of a 
QBit; the true quotient being 47^*^^ 

247. With an integral divisor, the quotient is a number of 
WMts of the order of the right-hand figure of the dividend : 
oonsequently, we can, by the same method, find the quotient 
vfithin a unit of any order of decimals; namely, by assuming 
as many decimals on the right of the dividend as will reduce 
it to the required order. 

Sofpoae. we, would have^ within a ten-thousamdihf the quo- 
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tient of 7258 •+• 6819. As the dividend would require 4 de- 
cimals, and the divisor that Ve should suppress 8 figures, we 
place one cipher on the right of 7258 ; and, procediog as befosei 
we point off, in the quotient, 4 figures fi)r 

631;^) 72580 (1,1486 

9890 

6^^ 8071 

548 

89 

8 

decimals. The true quotient being 1,148599 4-9 ^ quotient 
obtained by contraction is wiUiin not only a ten-4hou$andth, 
but a miUtonth of a unit. 

248. When there are decimals in one or both of tiie g^ven 
numbers, we may render them integral, (226 and 288,) and 
operate as in the preceding example. Thus, to find the quo- 
tient of 562,49 -f- ,8927, within a thousandth, we have (288) 
5624900 -^- 8927. Then, as the dividend would reqmre 8 
decimals, and the divisor the suppression of 8 figures^ the 
numbers remain as they are. 

B92f) 5624900 (1432,866 — 
16979 
12710 
i 9290 

80^ 1436 
257 
23 

As the figure 3, increased by a unit, and consequently too 
large, is contained in the remainder 23 nearly 6 times, we place 
6 in the quotient with the sign — . 

The above is easily applied to the reduction of a vulgar frac- 
tion to a decimal having a limited number of figures. Thus, 
if we would have the value of ||| within a ten-tiiousandth, as 
the dividend requires 4 ciphers, and the divisor the suppres- 
sion of two figures, we divide 37500 by 629, as usual, and have 
,5962 — fi>r the quotient. 

62f) 37500 (,5962 — 

6050 
e^ 389 
11 
The true quotient is |59618 -|-. 
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249. By the suppression of its unita figure, the divisor, each 
time, becomes of a tenfold higlier order, and requires the quo- 
tient to be o/* a tenfold lower order to give an invariable pro- 
duct. Each new product and new dividend is therefore of the 
same order; that is, all the products and dividends are of the 
order of the right-hand figure of the first-prepared dividend. 

The division of the suppressed part of the dividend by the 
divisor, could not give a unit in the quotient ; that is \o say, 
the quotient cannot^ on account of this suppression, be a unit 
too small. 

Again, the suppression of the figures of the divisor tends to 
increase the quotient ; that is, to counteract the error occa- 
sioned by the suppression of part of the dividend. Also, as 
we take the divisor within half a unit, increasing, when neces- 
sary, its right-hand figure; the error, which cannot exceed about 
half a unit of the next order on the left of the denominating, 
or right-hand order, is sometimes plus and sometime minus. 

Hence, we infer, that for all ordinary purposes, where only 
a small number of decimals is required, the method, as an ex- 
pedite approximation, may be relied on. 

Required the quotient of ,527694735 -^ ,23748, within a 
ten-thousandth. 

Removing the comma 5 places to the right, we have 
62769,4735 -f- 23748, (237 :) then, as the dividend is a num- 
hereof ten-thousandths, and the divisor re^res the suppres- 
sion of 4 figures, we divide thus : 

23745f) 52769 (2,2220 

23/^ 5273 

523 

2i 49 

1 

The divisor 24 being too great and the last fraction ^, we 
may, if we please, write the quotient thus : 

2,2221 —. The true quotient is 2,222059 +. 

250. When the denominator of a fraction, which we would 
reduce to a decimal, is the product of two or more convenient 
&ctors, we divide as in article 219 ; except that here we can 
carry the division, where it is not exact, to any proposed degree 
of approximation, without noticing the final remainders. For 
example, to find the decimal value of ||f , within a ten-thou- 
9and&, we proceed thus : 

13 
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1 1) 120,0000 

11 ) 10,9090 

,9917 + 
The quotient ,9917 is (87) within a tenrtkausandtk. 

Again, to have the yalue of 4^|, within a ten4hou9andih, 
as it is. easy to perceive, from wnat has heen said on the pro- 
perties of numbers, that 495 = 5 X ^ X 11| we proceed thus : 

5 ) 119,0000 

9) 28,8000 

1 1) 2,6444 

,2404 

As the next ficure would be a cipher, the quotient ,2404 
is not only within a ten-thousandth, but within a hundred" 
thousandth. 

Examples, 

1. i = ,5;i=,25;|=,75;| = ,125. 
2.1= ,875 ; I = ,625 ; I = ,875 ; ,?, = ,0625. 

3. A = ,1875 ; T<»5 =. ,81§5 ; t', = ,4375. 

4. /8 = ,5625j H=,6875; j| = ,8125 ; ^| = ,9876. 

The above fractions being of freqnent recurrence in husineBB, 
the scholar should remember their decimal equivalents. 

6. J«4 = ,998347107488016 +. 

6. ||^ = , 998737373+. 

Let the following divisions be performed according to thf 
method of contraction, art. 248 and following : 

7. Bequired the value of ^^^, within a ten-thousandth. 

Answer, ,0345 — . 

8. Required the value of ||^, within a hwndred-thouubndih 

Answer, ,17909 —. 

9. Bequired the value of -^i^, within a hundred-thotbsandih. 

Answer, ,10055. 

10. Bequired the value of §||, within a ten4housandih. 

Answer, ,9655. 

11. Bequired the value of |^fj§> within a hundred-thoU' 
sandih. Answer, ,99832« 

12. Bequired the value of ^Ijl^i within a hwndred-ihou 
scmdih, Anawer, ,00168. 
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SECTION xn. 

BEPEATINa DECIMALS. 

251. When the value of a fraction cannot be etactly ex- 
pressed in decimals, we find, by sufficiently extending the di- 
vision, a periodical return of the same figures in the quotient 
without end, whence they are often called periodical^ circulat- 
ing^ or infinite decimals. Thus, in finding the value of A, we 
have, 6368, &c.; where, in continuing the division, the ngures 
6 and 3 will succeed each other without end. The reason of 
this will appear evident as follows : the remainder must be one 
of the numbers 1, 2, 3, &c., but cannot equal the divisor : 
therefore, if we have a different remainder at each division, we 
cannot perform as mcmy divisions OjS there are units in the 
divisor^ without failing upon some remainder that we have 
had before f in which case the quotient figures will return in 
the same order. 

252. The figures which repeat, constitute what b called the 
period. Thus, in the expression ,6863, &c., the period is 63. 
In the expression ,568568, &c., the period is 568. 

To distinguish tine period with ^ihty, if it contains onlv one 
figure, a point is placed over this figure : thus, ,1111, £c. is 

written ,1 : and 333,. &e. is written ,3. If it contains more 
figures than one, it is distinguished by two points, one of which 
is placed over the first figure, and the other over the last, thus : 

,6863, &c. is written ,63 ; and ,568568, &c. is written ,568. 

253. As a unit, in any place towards the left, is composed 

of a number Expressed by as many nines as there are places on 

the right of it, plus 1 ; it is plain that in dividing a unit by 

9,99,999; &c., as the remainder will always be a unit, the only 

significant figure in the continued quotient will also be a unit. 

Thus we see that ^ = ,11111, &o. ; ^^ = ,0101, &c.; ^J^ =^ 

,001001, &c. 

Now we may consider the periodical decimal fraction ,6368, 
• • • • 

&c. ; or ,63 as the product of ,0101, &c., or ,01 multiplied by 

68. But, ,01 = ^^ ; therefore, ,63 = ^\ X 63 = M. In 
the same manner we find that any periodical decimal fraction 
is equivalent to the vtUgar fraction of which the numerator is 
the period, and the denominator as many nines as there ars 
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• • • • 

places of figures in the period. Thus, 568 == ||| ; ,016 = 

^\%, and ,003i = , j J^. 

254. It frequently happens that the period does not com- 
mence with the first decimal figure, in which case, we consider 
the figures on the left of the period as units. ' On the right of 
these units, we place the vulgar fraction equivalent to l^e pe- 
riod, and reduce the mixed number, thus formed, to an impro- 
per fraction. Lastly, on the right of the denominator we place 
as many ciphers as there are decimal places between the period 
and the comma. 

For example, if we would reduce ^825656, &o.^ or ,3256 to 
Iti equivalent vulgar fraction, as the period b equal to ||, the 

fbction ,3256 is ,32|f . 

Suppressing the comma, and reducing 32|| to an improper 

fraction, we have ^^f^. But, in suppressing the comma, we 
render the number 100 times its former value; we must 
therefore divide ^||^ by 100, which is done (55 and 165) in 
placing two ciphers on the right of the denominator 99. We 

have therefore ,3256 =|f§f 

It is easy to see that when the figures between the comma 
and the period are ciphers, we may proceed at once to express 
the period by its equivalent fraction, and place those ciphers on 
the right of its denominator : also that, in many cases, we may 
reduce the fractiondl equivalents to lower terms. For exam- 

pie, ,002475 = ,f |5 J, = ,g| J, X dW<j = xhi- 

Let this example be proved by reducing ^^ to a decimal. 

Examples, 

1. ,62i = |4,and,227 = /3 

2. ,037 = jV and ,0037 = j^, 

3. ,027 =,«„ and ,00027 =„'ffw 

4. ,729 = 1?, and, 00764 = ,3g?5 

5. ,0099 = T Jt, and ,0002475 = ^^^ 

255. When two figures repeat, the denominator d the frac- 
tional equivalent (253) is 99. But 99 = 9 X H } wherefore, 
if the two figures which repeat be a multiple of 9, as tiie fitc< 
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tor 9 in the numerator will cancel the same factor in the de- 
nominator, the fractional equivalent, in its lowest terms, will 
have 11 for its denominator ; that is to say, will be a number 

of elevenths. Thus, ,27 = -fj. Now the figure 2, in the 
place of tens, is 2 (9 -4- 10 ^hat is, it is 2 nines plus 2 ; and 
this remainder 2, with the 7 units, makes one nine more. 
Therefore, when the sum of two figures, which repeat, is 9, 
add a unit to the left-hand figure^ and the stem %DiU he the 
number of elevenths equivalent to the repeating decvmal fraction. 
Hence also, to have the decimal value of a proper fraction, 
having 11 for its denominator, we have only to multiply its 
num,erator by 9, and the product will be the decimal period. 
Thus, to find the value of -fj, we say 5 X ^ =^^3 therefore^ 

/t =,45. 

tV=,69; fV = ,l*8j W = »27; ^ = ,86; ^ = ,46 
VV = ,64; j\ = fiS; A = ,72 J ^=,81; |?=,96. 

256. If a fraction be given in its lowest terms, its decimal 
value will be finite ; which means exact or definite, tohen its 
denominator is a measure of 10 or of some power of 10 ; that 
is, of one of the numbers in the scale 10, 100, 1000, &c. 
When the denominator is prime to 10, and consequently, to 
every number in the scale 10, 100, 1000, &c., the dedm^jd vor 
lue win be infinite ; that is, (251,) it will be a repeating deci* 
moL For, in placing a cipher continually on the right of each 
remainder, we do the same as to multiply the dividend by 10, 
100, 1000, &o.; consequently, if the denominator is a measure 
of any number in this scale, it must be a measure of the nu- 
merator when multiplied by that number, and hence the quo- 
tient will be exact. Also, when the denominator is prime to 
the numbers 10, 100, 1000, &o., as it is prime to its numerator, 
it will (180) be prime to the product of the numerator multi- 
plied by any of these numbers, and the quotient (251) will, 
consequently, be a repeating decimal. Now the denominator 
cannot measure any of the numbers 10{ 100, 1000, &c. if it 
contains any prime factor which is not common to those num- 
bers ; that is, if it contains any prime factor other than 2 or 
5 ; we may tlierefore (181) ascertain the prim^ factors of the 
denominator y which will determine whether the decimal equiva^ 
lent will be finite or infinite. Hence, the possibility or \\xi- 
possibility of expressing in decimals the value of a \\i\£»xtt«L<^ 

13* ^ 
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tion, depends entirely upon its denominator ; for, if this ooi^-^ 
tains any prime factor other than 2 or 5, it is impossible; if not, 
it is possible. Thus, we may have, in decimals, the exaet 
value of Jg, II, i^, ^i, ^f , |g, \l\, I Ji, &c., but not of \, 

hi \i \h \h hh ih *^- 

257. When the exact value of a fraction cannot be obtained 
in decimals, we can, by the following examination of its de- 
nominator, find how many figures its decimal period wiU con" 
tain, and where that period will begin. 

Before the fractional equivalent of a repeating decimal is re- 
duced to lower terms, its denominator (254) consbts of as many 
nines as there are places in the period, terminated by as many 
ciphers as there are places between the period and die comma. 
Wherefore, as any of the numbers 9, 99, 999, &c. is prime to 
10, if the denominator of the given fraction terminates with 
ciphers, there must be, in its decimal equivalent, as many places 
between the comma and the period as there are terminating 
ciphers. These ciphers may therefore be suppressed and counted 
as so many places. Now, as the denominator of the period 
is prime to 2 or 5, and as either of these is only once factor in 
10, neither 2 nor 5 could be factor in the denominator of the 
given fraction, after the suppression of its terminating ciphers, 
unless 10 were as often factor in the denominator of the frac- 
tional equivalent first found, after the suppression of the same 
number of its terminating ciphers. Therefore, the remainiug 
part of the given denominator, after the suppression of its ter- 
minating ciphers, may be divided by 2 and by 5 as often 
as possible ; and the number of divisors employed will show 
the remaining number of times that 10 is factor in the frac- 
tional equivalent, found as in art. 254; consequently, the num- 
ber of ciphers suppressed, if any, together with the number of 
divisors, will show the number of times that 10 is factor in the 
denominator of tlie first fractional equivalent; that is, the 
number of ciphers in this denominator, and finally (254) the 
number of places between the comma and the period. 

Again, if we divide a unit by any number prime to 10, 
the quotient figures will repeat, as soon as the remainder is 1 ; 
therefore, as any of the numbers 9, 99, 999, &c. is 1 less than 
the corresponding one in the series (succession) 10, 100, 1000 
&c., if we divide a series of nines by the number prime to 10, 
the quotient will be exact, when we have reached the limit of 
the j)eriod. But the depimal value of a fraction is ^e same 
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(165) in wliatever terms it is expressed. Therefore, in dividing 
a series of nines by the remaining quotient, after having ex- 
hausted the factors 10, 5, and 2, found in the denominator of 
the given Action, the division will be exact, when we reach 
the Umit of the period ; consequently, the number of nines di- 
vided will show the number o/Jigures in that period. 

To find whether -f^f^ is finite or infinite, and if infinite, of 
how many places of figures its period consists, as well as where 
it begins, we proceed thus : 

2) 104,0 

2)52 

2)26 

13) 99 (76923 
89 
119 
29 
39 

Having found a factor 13, which is prime to 10, the deci- 
mal will be infinite, (256.) Again, as we have suppressed one 
cipher and employed three divisors, there will be four places 
between the comma and the period, and hence the period will 
begin at the fifth place. Finally, as we have employed six 
nines, in dividing the series to find an exact quotient, there 
will be six decimals in the period. • 

Proof. The value of |8|§ in decimals is ,9990384615. 

For practice, the scholar may examine the following frac- 
tions, and prove as above : 

i^y 53V TS%isy ^^^ If??- 

258. A unit, divided by any of the numbers 9, 99, 999, &c., 
can give no other figure ^253) in the quotient or remainder. 
Therefore, if we except tne case of | = 1, any figure what- 
ever divided by 9, 99, 999, &c., will always give the same 
figure in the quotient and remainder. Now, if by 9, we 
divide a figure in the unit place, which is less than 9, as we 
must first reduce it to tenths, the first quotient figure will be 
tenths, and the repeater will, of course, begin at the comma. 
K we divide any figure whatever by 99, as we must first 
reduce it to hundredths, the first quotient figure will be h\iw- 
dxedihs; and, of cpiiriGiP; we shall have in tVifi ^\eAc^ qI 
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tenths : but, as the remainder is the same figure, which, when 
reduced to the next lower order, does not contain 99, the 
next quotient figure will be a cipher ; consequently, in this 
case also, the period begins at the comma. In the same man- 
ner we might show that, in dividing by any other number of 
nines, the period will begin cU the comma. 

259. Excepting an equal number of nines, if by 9, 99, 999, 
&c., we divide any number of figures, not exceeding the num- 
ber of nines divided by, these figures, in the order in which 
they are given, will be the only figures in the quotient and 
remainder ; and the period will begin at the commit and con- 
sist of a* many places cm there are nines in the divisor. 

For example, if we would divide 678 by 9999, we may con- 
sider the division of each figure separately, thus : As any of 
the numbers 10, 100, 1000, &c., is greater than the corre- 
sponding one of the numbers 9, 99, &c., if any figure has as 
many ciphers on the right as there are nines in the divisor, it 
will contain that divisor. Now, the figure 6, which is 600 
units, must be reduced to 60000 hundredths, before it will 
contain 9999 ] consequently, the first figure 6, in the quotient 
and remainder must be 6 hundredths. The next figure 7, 
being 70 units, must, before we can divide, be reduced tc 
70000 thousandths; consequently, the figure 7 will take its 
place as a number of thousandths, in both quotient and re- 
mainder, on the right of the 6 hundredths already written in 
each. The last figure 8, being units, we reduce to 80000 
ten-thousandths ; consequently, the figure 8, as quotient and 
remainder, takes its place as 8 ten-thousandths, on the right 
of the 7 thousandths already written. Now, as the first figure 
6 is hundredths, there must be one cipher between it and the 
comma; the quotient found is, therefore, ,0678^ which begins 
at the comma. 

When the number of figures in the divisor and dividend is 
fhe same, as we must, before we can divide, reduce the latter 
to tenths, the first quotient figure will be tenths : the period, 
therefore, in this case, evidently begins at the comma. Also, 
from the above, it is evident that, when the number of figures 
in both is not the same, the difference will show the number 
of ciphers between the first significant figure of the period and 
the comma. Wherefore, the period always begins at the 
commay and contains a number of figures equal to the number 
of nines in the divisor. 

260. A proper fraction, the denominator of which if prime 
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to 10, is equal (257) to a fraction, the denominator of which 
is a number of nines, equal to the number of figures in its dt" 
cimal period. Now, each of these two fractions must give 
tiie same decimal quotient : but the numerator does not con- 
tain more figures than the denominator; and we have seen 
above that, in this case, the quotient will be a repeating deci- 
mal, beginning at the comma. Wherefore, when the denomi- 
nator of a fraction is prime to 10, its decimal j^eriod begins at 
the comma. 

For practice, the student may find the periodical decimal 
equivalents of the following fractions, performing the divisions 
as in Art. 243 ; namely, of 

h T5> t\> *°^ TT- 

Also, if he wishes to obtain the fractions again from the deci- 
mal periods, the last of which will consist of 35 figures, he 
may Jmd (254) the fractional equivalent of each, and divide 
hath term^ by their greatest common measure, 

261. If we repeat a decimal period any number of times, it 
will assume for a new denominator, tlie number of nines in 
the denominator of its fractional equivalent, repeated the same 

numher of times. Thus, if we repeat the period , 0678 three 
times, the denominator of the fractional equivalent will be 
999999999999 : and this is evident, because the new nume- 
rator ,067806780678 is the product of ,000100010001X678, 
and the new denominator the product of ,000100010001X 
9999 ; and because, as we have seen, (259,) any number of 
figures, divided by an equal number oi nines, will repeat in 
their exctct order, beginning at the comma. Hence, also, a 
single repeater may be repeated any number of times, and will 
take, for a denominator, as many nines as there are places on 
on the right of the comma. Thus : 

,6 = , 66=, 666=, 6666, &c., or | = fj = ||| = | J5|, &o. 

262. Also, either of the above may (254) be represented in 
mixed form, thus : 

,06786 ; ,067806 ; ,0678067 ; ,06780678, &o. ; and 

,66; ,666; ,6666^6666, &c. 

Here we must observe, that although any period may be so 
expressed as to have any number of figures at pleasure between 
the comma and the period, it is oply with a amg|L« le^^^^Wc 
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that we can niake the period to consist of as many fignres as 

we please ; for example, if, in the expression ,0678, we leave 
out one or more figures, it is plain that, as these do not repeat, 
the value will be changed. Also> if we make the period to 
consist of more than four figures, unless the number is a mul- 
tiple of four, the figures will not follow each other in the same 
order, and hence the order of their units will be changed. 
Therefore, we can only increase the number of figures in a 
period consisting of different figures, hy making the number 
of figures in the new period a multiple of the number in the 
given one, 

263. When the points which designate the period, which we 
call the extremes, are, in several decimal numbers, equidistant, 
that is, when the period in each begins at the same place, and 
has the same number of figures, these numbers are nmilaff 
seeing that their fractional equivalents must (254) have a 
common denominator. When the extremes are not equidis- 
tant, the numbers are dissimilar , because their fractional equi- 
valents have different denominators. 

K we have several dissimilar repeating decimals, which we 
wish to render similar, it is evident that the number of figures 
in some of the periods must be increased ; but this ^262) re- 
quires that the number of figures in the new period snail be a 
multiple of the number in the given one : if, therefore, we wish 
to find a common period for all the given numbers, which we 
must do before they can be similar, it is plain that the num- 
ber of figures in this new period must be a multiple of the 
number in each: consequently, we take the least commvn 
multiple of the number in each, as the most convenient. 

Again, if some of the decimal figures are mixed, we must he 
careful to extend the definite figures, (254 j) namely, those 
between the comma and the first figure of the repeating period, 
90 thai the common period may commence at Oie place next, 
on the right, to that of the lowest definite figure in any of the 
given numbers. Thus, if we have 

,6; ,06; ,639; ,09627 ; and ,47625, 

which we would render similar, we count the number of figures 
in each period, and find respectively 1, 1^ 2, 2, 3, the least 
common multiple of which is 6 : wherefore, the common period 
must consist of 6 figures, and begin at the fourth place, the 
greatOBt number of definite figures being 3 ; that is to say, 
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^095. The numbers^ when rendered Bimilar, will^ therefore; 
stand thus : ,666666666 

,066666666 

,639393989 

,095272727 

^76256256 

Addition of Repeating Decimals. 

264. As we cannot add units of different orders^ to add re- 
peating decimals, we first render them similar. The period 
in each is then the nnmerator of a fraction, and the common 
denominator (261) as many nines as there are places in the 
common period. Wherefore, the numbers being placed under 
each other, we find the sum of the periods, as in whole num- 
bers ; and, if the sum does not contain more figures than the 
common period, — that is, if the sum of the left-hand column 
of the numbers within the period does not exceed 9 — we write 
it underneath ; and, having marked the extremes of the total 
sum, we continue the addition as usual. But, if the sum of 
the left-hand column exceeds 9, we not only carry the left- 
hand figure of this sum to the next column on the lefi^ hut we 
also add this same figure to the right-hand figure of the sum 
total of the periods. The reason of this is, that this left-hand 
figure has as many places on the right oi it, as there are nines 
in the denominator of the period ; and, if we divide its value 
hj the common denominator, which shows the order of its 
units, we shall have the same figure (258) for both quotient 
and remainder. But the quotient is evidently a number of 
units of the next higher decimal order, and the remainder, 
being a number of units of the order expressed by the com- 
mon denominator, has its true value in being added to the 
unit figure of the period. 

For example, if we would add the numbers given in the 
preceding article, having prepared and placed them as directed, 
we proceed thus; ^666666666 

,066666666 

,639393939 

,095272727 

,476256256 

1,944256254 
2 2 
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the addition being performed, from beginning to end, as in 
whole numbers, with the sole exception, that having found the 
snm 22 of the left-hand column of the common period, we 
write its left-hand figure 2 tinder the unit figure 4 of the 
period, to remind us that it must be added to that %ore. 
The sum of the given numbers is, therefore, 

1,944256256 or 1,944256 

The scholar may prove the work by finding (254) the frac- 
tional equivalents, and adding them, as usual in vulgar fino- 
tions, thus : 

I +Tft(+«l8+,Wo=V+l3l?8 = Umm = 1,944256 

If definite or finite decimals be found amongst the numbers 
to be added, it is plain thafWe must extend the definite figures 
of the mixed and repeating decimals, so that the common 
period may begin at the next place on the right of the lotoest 
order of definite figures in any of the given numbers. 

Examples. 

1. 5,237+65,3+16,789+750,037+ ,9286=838,8263999 

2. ,0075+32,f +113,603652+2,987+,2359 = 

149,0128&35269 

3. 25,8+9,541+2,007+,6258+97,97 = 186,04329047^ 

Subtraction of Repeating Decimals. 

265. As we cannot subtract units of different orders, we 
render the numbers similar, as in addition, and place them so 
that the commas may be under each other. Then, if the num- 
ber which constitutes the period in the lower number, be not 
greater than that of the period above it, as we have merely to 
diminish the upper period by a number of units of the same 
kind, the subtraction is performed throughout as in integers, 
except the marking of the period in the remainder. 

But, if the number in the lower period be the greater, we 
consider that, if to the upper period we add a unit of the next 
higher decimal order, this unit is equal to the common deno- 
minator, and in adding this, which is a number of nines equal 
to the number of figures in the period, to the upper period, 
— that is to say, the alt minus 1, — the unit figure of tiiis pe- 
riod will be one unit less, -the other figures of the period will 
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not be altered, and there will be a unit projected one place 
towards the Icfky which is ten with regard to the left-hand 
figure of this upper period. Now, in subtracting in the ordi- 
nary way, as the leftrhand figure of the lower period, with 
what may be to carry, is supposed greater than the one above 
it, we shall have to add ten to this upper figure, and carry one 
to the next lower .figure on the left : now, ^is carrying ^ one 
to the next lower figure on the left, is just what we should 
have to do in consequence of having added a unit of this order 
to the upper numoer. Wherefore, we suppose the unit figure 
of the upper period to he one unit less ; the operation is, in 
every other respect,. ^ same cu in whole numbers, except the 
nutrking of the extremes in the remainder » 

For example^ to subtract 3,28^7 from 8,0235, we render 
the numbers similary and place them thus : 

8,02352352 
3,23575757 

4,78776594 

Then^ as the number in the lower period is greater than that 
in the upper, instead of saying 7 from 12, we say, 7 from 11, 
four. In every other respect, we subtract as in whole num- 
bers, except that in the remainder we mark the extremes of 
the period. 

To prove ihe correctness of the above result, as well as of 
ihoee in the following examples, the scholar may find the frac- 
tional eouivalents, subtract as in vulgar fractions, and then 
reduce the fractional remainder to decimals. In dividing, he 
may proceed as in Art. 243, and, omitting the ciphers on the 
xipiht of the divisor, continue the operation tiU the quotient 
figwre^ begin to rt^ecU. 

• Examples. 

1. 6,6 — 2,6321 = 3,0^45 

2. 23,00^ — 7,35492 = 15,65012558 
8. 42,0036 — ,976§4 = 41,02678 

I 878^0588 — 67,37598 = 310,82984l6§ 

u 
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Multiplication of Repeating Decimals. 

When the repeating decimal is found in ihe multiplicand 
only, and the multiplier is a single figure. 

266. To mulldply a number, is to add it to itself a certain 
number of times; we may, therefore, suppose the period of the 
repeating decimal written under itself a celrtain number of 
times, and the addition performed as in Art. 264; that is, if 
the sum or product of the left-hand order of the period does 
not exceed 9, the whole work is performed as in whole nwi^ 
hers, except ihe m^arking of the extremes. But if the sum or 
product of the highest order of the period exceeds 9, we not 
only carry its tens to the next place on the left, but add them 
as units to the right-hand figure of the period in the product. 

If the period consists of a single figure, as this is a number 
of ninths, we divide its product by 9, setting down the re- 
mainder, which we mark as a repeater : then, carrying the 
quotient, we proceed as usual. For example, to mmtiiply 

6,36 by 6, 

6,35 
' 6 



38,18 



80 



we first say, 6 times 5 is 30. Now this is -^ ; and as the di- 
vision gives the same figure for quotient and remainder, we 
write 3 and carry 3, after which we proceed as with ordinaiy 
decimals. 

We may prove the work thus : 

6,35X10 = 635 = 43^: fip^lO = Vi? 

^ X T = TX = 3^.18 as before, 
pp 1 15 

Again, if we have 5,758 to multiply by 7 : 

5,758 

7 



40,312 



we say 7 times 8 is 56 ; then to fiind the remainder, we cast 
out the nines, saying 5 and 6 is 11 ; 1 and 1 is 2 ; which we 
write and mark. Then adding the 9 cast out as a unit to the 
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5 nines contained in 5, ihe left-hand figore, we cany 6; and pro- 
ceed as nsoal. 

Proof. . 575f =iip ; then SW X f =-HII^ = ^^' 

= 40, 312 as before. 

^Jxamples, 

1. 9,08X9 = 81,8; 5,6X3 =17; and 4,813x5=24,06 

2. ,14 X 9 = 1,3 ; ,2617 X 9 = 2,356, and 3,3x3 = 10 

The scholar will easily see, that when the multiplier is 9, it 
destroys the divisor 9, or denominator of the period ; therefore, 
in the product, the repeater vanishes, 

267. When the period contains more than one figure, we 
multiply as in integers ; and, if the product of the last or left- 
hand figure of the period does not exceed 9, we write it under- 
neath; and haying marked the period, we continue the opera- 
tion as usuaf. But if the product of this left-hand figure ex- 
ceeds 9, we not only carry the left-hand figure of this product 
forward, to be added to the product of the next figure, but we 
also carry it backward, to be added to the unit figure of the 
period in the product. Now, as multiplication is a species 
of addition, the student is referred for the reason of this to 
art. 264. 

For example, 23,168 X 4 = 92,672 ; the multiplication be- 
ing performed exactly as in whole numbers. 

But, if we have 54,0987 to multiply by 8, having multiplied 
the period and found 7896, as the 7 divided by 999 would 
^ve 7 for both quotienC and remainder, we add 7 to the unit 

figure 6, which gives ^03 for the period^ and carrying the quo- 
tient 7; we proceed as usual. Wherefore, 

54,0987X8 = 432,7903 
Proof. 54,0987 X ^=HUi^ X f = ^%W^ =432,7903 

Examples, 

1. 3,142 X 6 = 18,852, and 14,026 X 9 = 126,234 

2. 4,0759 X 8 = 32,6076, and ,00925 X 9 = ,08325 

3. 35,6798 X 7 = 249,7590, and ,0928 X 9 = ,8360 
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WiMD the mohiplia* oonteiaa levenl figiuMu 

268. When the period in the multiplicand contains Imt one 
fi|are; we multiply by eaoh figure of the multiplier, as in art 
266 ; and having found the several products, we coTUinue the 
repeating figure in each to the unit place of the firU partial 
product. Then having found the sum of the right-hand co- 
lumn, which is evidently a number of ninths, we divide this sum 
by 9, setting down the remainder as ninths, and carrying the 
quotient to the next column, after which we add as usual. 

For example, if we have 2,854 to multiply by 125, having 
placed the numbers 

2,854 
125 

11772 
282583 



294,805 

and found the two partial products, in multiplying by 5 and by 
12, as in art. 266, we repeat the figure 8 of the second product, 
80 that it may stand under the repeater of the fiorst ; and hav- 
ing added the first column, we mark the sum 5 as a repeater; 
for it is evident that as both figures 8 and 2 repeat, their sum 
must also repeat. 

269. A mixed decimal, as well as any other, may be multi- 
plied by 10, 100, 1000, &o., hy removing the commay as usual^ 
towards the right ; but if it should extend into, or beyond the pe- 
riod, care must be taken to repeat the period till there are as many 
figures on the right of the comma as are contained in the pe- 
riod. If, in proceeding thus, the order of the figures in ihe 
period on the right of £e comma appears to be changed, this 
IS of no consequence ; because they still repeat, in regular or- 
der, from the place where they begin, to infinity ; and because 
the ratio of increase and diminution is, in integral and de- 
cimal numherSf the sam^. 

Thus : 2,854 X 1000 = 2354,4 ; also, 2,354x100 = 235,435 
As the number 125 is the dghih part of 1000, if we divide 

2354,4 by 8, we shall have the product of 2,854x125. Thus: 

8) 2354,444, Ac . 

294^05* 
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Wiiere we repeat 4 in the dividend, till we find that the quo- 
tient figure 5 will repeat, which we mark accordingly. This 
may serve as proof of the example in art. 268. 

To multiply 6,567 by 25, we place the numbers and multiply 
as before. 

6,667 
26 



32838 
131366 



164,194 

But as the sum of 6 and 8, which is 13, exceeds 9, we divide 
by 9 ; or rather, we say 1 and three is 4, which we write as a 
repeater underneath, and carrying the quotient 1, we proceed 
as usual. 

4) 666,777, &o. 

164,194 

This last operation, which may serve as proof of the pre- 
ceding, consists in multiplying by 100, and dividing by 4, 
because 26 is the fourth part of 100. 

Examples, 

1. 98,5486 X 876 = 81864,9861 

2. 275,0532X927 = 254974,337 

3. ,6847 X 6,578 =3,8466682 

4. ,018798 X 2,9479 = ,0554172446 

270. When there are several figures in the period of the mul- 
tiplicand, we multiply by each figure of the multiplier, as in art. 
267 ] and, having found the several partial products, we con- 
tinue the repeating figures of each, in their proper order, to the 
riffht-hand or lowest place of the first partial product. Then^ 
talking as many of the right-hand columns as there are figures 
in the period of the multiplicand, we consider them as belong- 
ing to the common period, and add them as in art. 264. The 
reason for operating thus will appear plain, if we consider that 
the period in the multiplicand is the numerator of a fraction ^ 

which does not change the denomination of its units in being 

U* 
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multiplied hy any number; the produots, thore^Mre, most all ter* 
minate at the same pkce as this period ; and we must have just 
the same number of repeating figures in the sum of these pro- 
ductSj or total product of the given numbers, as in the multi- 
plicand. 

For example, if we have 68,437 to multiply by 3462 : 



• • 



66,437 
8462 

130874 

3926246 

26174974 

196312312 

226644,408 

As the product of the period by 2 does not exceed 999, ihf 
first product is found as in whole numbers ; its figures 874 
showing the limit of the period. The second product, 392624, 
is first found as in art. 267. If this stood alone, as the pro- 

duct of the multiplicand by 6, its period would-be 624 ; but as 
the multij^ier is 6 tens, this product must be ten times greater. 

Now, to multiply 392,624 by 10, we remove the oomma one 
place towards the right ; and, as this enters the period, we must 
(269) repeat the figure 6, which it passes, by placing it on the 

right of 4. The second product is therefore 3926,246. As 
the next multiplier is 400, we must, in the third product, sup- 
pose the comma to be removed two places, and repeat the figures 
74 of its period. As the last multiplier is 3000, we must, in 
the product, repeat the whole period 312. Thus, the products 
will always terminate at the right-hand place of ^ first pro* 
duct 

The work may be proved by multiplying 66||{ by 3462, 
and reducing the product to decimals. 

If the multiplier had been 34,62, the product would have 

been 2266,44408. 

Eocamples, 

1. 6,i79 X 2222 = 11608,136 

2. 643,3462X69,4=38214,76633 

3. 7,396748 X 2731 = 20197,790402 
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271. Wben there are repeating decimals in both &ctorB, we 
msjjindthe/raciional equivalent of the mtbUipUer ; multiply 
hy its numerator as in tne preceding article^ and divide the 
product hy the denominatoTj taking care to repeat the period 
in the number we are dividing, till we obtain the quotient to a 
sufficient degreed ezaotoess; or till its figvrea repeat^ as may 
be thought proper. 

Or, we mAj find the equivalents of both /actors, multiply 

them as vulgar /ractions, and reduce the /raetional product to 

decimals. The scholar may operate by both methods, and see 

which he prefers ; also, the one will be a proof of the other. For 

• • • • 

example, if we have 81,6275 to multiply by ,358, we may 

operate thus : ,358 X 10 = 3f | = VV^, and ^ -5-10 =Jf g. 

Now, though this fraction might be reduoed| it may be as well 
to let it remain as it is j then^ 

81,6275 
355 

4081876 
285696346 

9)2897,77722722722 
11 ) 321,97524746969 
29,27047704269+ 

haying multiplied by 5, we multiply the first product by 7, for 
35. To divide by 990, we remove the comma one place to the 
left, which divides by 10, and then divide by 9 and by 11, which 
are the Victors of the remaining number 99. 

Or thus : ,358 = |f J = /^V. and-81,6275 = ^^': then, 
HUt X tVh = V/tVAV = 29,27047704269 +, as before. 

Examples. 

1 ,2376X^2 =,0768 

2. 55,7645 X ,3564 = 19,8764826977747279 + 

3. 4,93625 X ,7625=3,7642741913 + 

4. 3,05 X 71,66 X 4,682 = 1014,8177745646 + 
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Division of Repeating DecimdU. 

272. Find the fractional eguivaUnU of the given nwrn^benf 
divide as in vulgar fractions^ being careful to cancel as wwh 

as possible^ and reduce the guotient to decimals, 

• • • • 

If we have 9,2675 to divide by 2fid, we piooeed thna : 
9,2676 H- 2,69 =^^ -J- V/ « ^^^ 
92666 >»_^ 92666 _?2666 _ g^ 

pfif^ ^267 101 X 267 26957 ' ^ 

ExamtpUs. 

1. 63,8-5-12,7 = 5 

2. 289,0597 -?- ,8647 = 798 

8. 53,296457 -5- ,372 = 148,12677644 + 

Or J find the /ra>ctiona2 equivalent of the divisor only ; miuUx- 
ply the dividend by its denominator, and divide the product by 
die numerator. By this last method the scholar may prove 
any of the above examples. He will also see that it is, in 
many cases, the most convenient. 

273. We obtain a convenient method of multiplying or di- 
viding by 5, 5', 5°, 5^, &c., by finding the decimal value of a 
unit divided successiveiy by each of those numbers, as in the 
following table : 

A unit divided by 5 = ,2 
" " 25 = ,04 

« « 125 = ,008 

« « 625 = ,0016 

« " 3125 = ,00032 

&o., &o. 

Now, if we divide any number by 5, it is evident that for 
every unit in it we shall have 2, which is the same as to mul- 
tiply the number by ,2. Wherefore, to divide a number by 
any of the numbers in the left-hand column of the above table, 
we have only to multiply by the corresponding one in the right- 
hand column. 

Thus, to divide 76354 by 625, we have 

76354 X ,0016 = 122,1664, which is easily performed with- 
out even placing the numbers under each other. 
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Again, the dividend 1, divided by the quotient ,2, must (60) 
give the divisor 5 ; oonsequentlj, any number divided by ,2, 
will sive 5 times that mmib^. Wherefore, to multiply by any 
number in the left-hand column of the table, we have only to 
divide h^ the oorremonding wumber on ike righL Hios, lo 
multiply 56479 by 3125, we have 56479 ^ ,00082; which we 
perform by rendering the number of decimals equal in each, 
and suppressing die comma, thus : 

Proof. 

56479 
4 )5647900000 3125 

8) 1411975000 1411975 
176496875 1750849 

176496875 



EoMmfles, 

1. 584629 -*- 5 = 116925,8 

2. 584629 X 6 = 2923145 

8. 6S7«2877 X 25 = 1594821925 

4. 63792877 -f- 25 = 2551715,08 

6. 919287325 -^ 125 t= 7354298,6 

6. 919287325 X 125 = 114910915625 

7. 3587624953 X 625 = 2242265595625 

8. 8587624953 -5- 625 = 5740199,9248 

9. 11358642791 -^ 3125 = 3634765,69312 
10. 11858642791 X 3125 = 35495758721875 

The above example^ may be proved by multiplying or di- 
viding in the ordinary way. 
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SECTION xm. 



TABLES OF MONEYS, WEIGHTS, AND MEASURES, WITH CAL- 
CULATIONS AND ILLUSTRATIONS. 

274. A number, when not applied to any particnlar species 
of quantity, is called absiracL Thus, when we say 3, or 3 
Xlmesy the number 3 is abstract. When applied to a particular 
spooios, as when we say 3 books, 20 bushels, &c., it is called 
a concrete number. See Art 18. 

Hitherto we have treated of numbers only as abstract; but 
wo shall shortly consider their application to the measurement 
and valuation of quantities. We have already observed (3) 
that, to measure a quantity we must compare it vrith some 
known quantity of the same kind, which is called a unit 
Now, as quantities differ in their nature and magnitude, the 
units or meamurea to which they are compared vary accord* 

iiigly. 

a76* A number which is made up of units of different mag- 
uitudM is called a eomjHnmd number.* Thus, 6 pounds 
1& ahQliun and 6 pence is a compound number, because the 
pound difwn from the shilling, and each of these differs from 
ll»p«inT- 

Tna following IWUes will show what relation, or ratio, the 
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different nnits, by wbich ire nsnallj measare quantities, haye 
to each other. 

276. Accounts are kept in England and Ireland, as well as 
in Canada and several other British colonies,— ^and formerly 
were in the United States^ — in pounds, shillings^ pence, and 
farthings; but, though each of these denominations has 
always the same ratio to each of the others, the value of each 
in one country is by no means the same as in every other. 

English or Sterling Money. 

The pound sterling is marked £, the shilling «., the penny 
d., and sometimes the farthing qr, ; these being the initial 
letters of the Latin words libra, solidvLs, denarius, and qua' 
drans, which signify pound, shilling, penny, and farthing 
zespectively. 

4 farthings, qr., make 1 penny, d, 

12 pence, or 48^ 1 shilling, s. 

20 shillings, 240^1., or 960 ^rs 1 pound, £ 

21 shillings i 1 guinea. 

5 shillings 1 crown. 

Farthings are usually written as fractions of a penny ^ 
thus: 

\d. • .one &rthing. 

Jd two &rthings, or half-penny. 

\d, three farthings. 
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•i I . In the Uniiad Saset aeoonmSE are kept in doUan and 
oenic. axfed tLe coini iasadd bj gOTemment are of gold, eilTer, 
and copper : a lai^ propordoo, howercr, of the actoal specie 
correncj is a mixtiire of Spanish, French, Kngiiah, and other 
eoins. The decimal drriBco of the IbDowing TaUe was 
adopted bj the Federal Goremaent^ on acntmnt of the great 
facilitj it affordi in ealeokdon : 

/V2frti/ Jfbiwy. 

10 mills, m.j make 1 cent, cf. 

10 centfi 1 dime, d. 

10 dimes, or 100 eents 1 dollar, t 

10 dollars. 1 o^ E. 

Mills are merely nominaL 



COLO COZXB. IILTKB 

Doable Eagle f20 Dollar lOOctSi 

Eagle 110 . Half Dollar 60ct8. 

Half Eagle <5 j Qoarter Dollar 25ctB. 

Quarter Eagle $2 J j Dime lOcts. 

Three Doll^ piece $3 j Half Dime. 5ct8. 

GoldDoUar fl j Tri-cent piece 3ct8. 

The copper coins are cent and half«ent 

In 12345 mills, how many eagles? How many doUars ? 
Dimes? Gents? Bead the nuinber in dollars, cents, and 
mills. What part of a cent is the figure 5 ? Bead the num- 
ber in dollars and cento. 

278. The unit of each of the different denominations of 
Federal Money, from the highest to the lowest, being formed 
in ike 9ame manner €u the unit of any order in an abstract 
numbery — that is to say, of ten units of the next inferior de- 
naminationy — ^it is erident that the four cardinal* operations 
may be performed npon these, as wpon abstract numbers. 

To find the som of $'29,37 and $156,257, we phice units of 
the same mder under each other, and add ihem as abstract 
nnmbeifl^ thus: 

29,37 
156,257 

185,627 



• Otg^inaUt chief, principoL 
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The lowest denomination being mills, we may consider the 
Bum 185627 as representing a number of mills. Now, in 
dividing this sum by the number of mills in a unit of any of 
the other denominations, it is evident that we may read it in 
any or all of those denominations ; but, as accounts are kept 
in dollars and cents, it is usual to consider the dollars as whole 
numbers, and the inferior denominations as decimals ; there- 
fore, as 1000 mills make a dollar, we divide by 1000, in 
separating, by a comma, three figures on the right, and read 
185 dollars and 627 thousandths, or (as 10 m. make Ic.) 
185 dollars 62 cents and 7 mills. 

Hence, we see that the calculation of Federal Money is the 
same as that of abstract decimals. 

JExatnples, 

1. Find the sum of $5,16; $29,457; $347,20, and $1,627. 

Answer, $383,444. 

2. From $1000,50 subtract $597,237. 

Answer, $403,263. 

3. Multiply $35,637 by 1,25. 

Answer, $44,54625, or $44,55—. 

4. Multiply $379,23 by 25. Answer, $9480,75. 

5. Divide $35,84 by 6,25. Answer, $5,7344. 

6. Divide $12125 by 31,25. Answer, $388. 

279. Gk)ld, silver, jewels, and very costly articles are 
weighed h^ Troy Weighty the denominations of which are as 
follows : 

Troy Weight 

24 grains, ^r., make 1 pennyweight, dwt. 

20 pennyweights 1 ounce, oz. 

12 ounces 1 pound, lb. 

We refer the student to what is said in Art. 4, from which 
he will understand that the grains here spoken of are wheat 
grains, taken from the middle of a full-grown ear. 

280. By the following weight apothecaries mix their medi* 
cines, but buy and sell by Avoirdupois : 

Apothecaries* Weight, 

20 grains, ^r., make 1 scruple, 3 

3 scruples 1 drachm, ^ 

8 drachms 1 ounce, § 

12 ounces 1 pound; tt> 

15 
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ApUkecarie^ Wime Mecuure, 
1 minim. 
60 = 1 floidrachm = ^54 c. in. 

480= 8= l>f. <w.= 1,8047 « 

7680= 128= 16 = 1 /X.= ' 28,875 " 
61440 = 1024 = 128=8 = 1^.= 231 cubic inches. 

Imperial Measure. or. Troj. 

1 minim = ,91 

60= lfi.dr,= 54,7 

480= 8= Ifl.oz. = 437,5=1 02. 

9600= 160= 20 = ljp<. = 8750 =1,25^6. 

76800 = 1280 = 160 = 8 p<s. = l^a;. = 70000 =10/6. 

Tea-cnp = 4 fluid ounces. 
Wine-glass =2 « 

Table-spoon =4 " 

Tea-spoon = 1 fluidrachm = | fl. oi. 

281. By the following weight are weighed things of a gross 
and drossy nature, groceries, chandlers' wares, and metals, ex- 
cept gold and sUTer. Its name, Avoirdupois^ is derived 
from the French words avoir, to have, du, of the, and poids, 
weight ; that is, to have great weight 

Avoirdupois Weight 

16 drachms, dr., make 1 ounce, oz. 

16 ounces 1 pound, lb. 

28 pounds 1 quarter, qr. 

4 quarters, orll2Z68 1 hundredweight, ctot 

*20 hundredweight, or 2240 lbs. 1 ton, T. 
A huDdredweight is sometimes called a quintal. 
The pound Avoirdupois consists of 7000 grains Troy, and is 
to the pound Troy very nearly as 17 to 14. 

282. We have already noticed that 3 barley-corns, placed 
lengthwise in contact, make 1 inch, and 12 inches, 1 foot. 
The foot, thus constituted, is, however, differently divided to 
suit different kinds of measurement. In Carpentry, it is di- 
vided into inchesy and these into halves, quarters, eighths, and 
sixteenths. In Civil Engineering, for the sake of the conve- 
nience of decimal calculation, it is divided into tenths and 

* By some a short ton is sometimei uiedy consisting of 2000 lbs, and a 
short cwt, consisting of 100 lbs. 
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hundredths; and^ in philosophical inTestigationa,' it ifi fre- 
quently divided into inches and lines, as in the following 
Table : 

Long Measure. 

10 lines Eng.^ or 12 lines "Ft., L, make... 1 inch, in. 

12 inches 1 foot, fi. 

3 feet 1 jSiTd, yd. 

6 feet 1 fathom, /a^. 

5| yards, or 16^ feet, i 1 rod or pole, P. 

40 poles, or 220 yards 1 fturlong,yMr. 

8 furlongs, or 1760 yards.. 1 mile, M. 

3 miles 1 league, L. 

A handy by which horses are measured, is 4 inches. 

Though the league and fathom are chiefly confined to mari- 
time^ affairs, they are, by some nations, and particularly the 
French, ofiten used to denote distances on land. 

283. The scholar has seen (211) that a compound fraction 
is the product of two or more simple fractions. But (188) 
every fraction is a ratio ; wherefore, substituting the word 
ratio for the word Jraction, we say that a compound ratio is 
the product of two or m/yre simple ratios. Hence, every comr- 
pound fraction is a compound, ratio. 

A unit of any of the lower denominations of a compound 
number is a fraction of that of the neoct higher, and a com- 
pound fraction of a unit of any order higher than the next. 
For example, a &rthing compared with a penny is \j which is 
a simple fraction. But, as the penny is ^^j of a shilling, the 
farthing, compared with the shilling, is \ of A, which is a 
compound fraction. Compared with a pound, it is \ of y^^ of 
I2>9, which is also a. compound fraction. 

As I is the n^io of a farthing to a penny, and y^, the ratio 
of a penny to a shilling; and as -^^y the ratio of a farthing to 
a shilling, is formed by multiplying 4 and y^^ together, the 
ratio of a farthing to a shilling is said to be compounded of 
the ratio of a farthing to a penny, and of that of a penny to 
a shilling. The ratio of a &rthing to a pound is a ratio com- 
pounded of the ratio of a farthing/ to a penny, of the ratio of 
a penny to a shilling, and of tJiat of a shilling to a pound. 

Thus, I of Jj of jV = i X T2 X 3^0 = vhv > ^^^^ «, ^ J^j is a 
ratio compounded of the ratios ^, -f^y and •^. 



* UinHHmef belonging to the ocean. 
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The ratio of 1 inch to 1 mile is ^jl^jf ', of what latioa is it 
compounded ? 

284. By the followiDg measure are measured cloths, laces, 
ribbons, &c. : 

Cloth Measure. 

2| inches, tit., make 1 naO, n. 

4 nails .\ 1 quarter, gr. 

4 quarters 1 yard, yd, 

2| quarters, or 10 nails 1 ell Hamburgh, E, H. 

3 quarters 1 ell Flemish, KF, 

5 quarters 1 ell English, E.E, 

6 quarters 1 ell French, E.Fr, 

The ratio of 1 inch to 1 jE7. Fr, is ^^ ; of what seven ratios 
is it compounded ? What is the value of each ratio ? 

285. The scholar has already been informed (110) ihat the 
space contained in any sur£use, called its contenty is estimated 
lit squares^ and that the content of any right-angled figure of 
four sides is fo^pd by multiplying its length, taken in any 
measure, by its breadth, taken in the same measure. The 
units of the following Table are those chiefly used for measur- 
ing surfaces ; and, as some of them refer solely to the measure- 
ment of land, the table is called 

Land or Square Measure, 

100 Eng. or 144 Fr. square lines, s. L, make 1 square inch, s.tit. 

144 square inches 1 square foot, <./. 

9 square feet 1 square yd, s.yd. 

30^ square yards, or 272^ «./. 1 pole, orperch,p. 

40 poles in length, and one in breadth . . 1 rood, r. 

4 roods, or 160 poles lacre, a. 

4840 «. yrf«., or 43560 «./. lacre. 

640 acres .- 1 square mile,s.fit. 

In the actual meisurement of land an instrument is usually 
employed, called the 

Surveyor^g or Cfunter^s Chain, 

7,92 inches make 1 link. 

25 links 1 rod, pole, or perch. 

100 links, 22 ycf«., or 66yi 1 chain = 4 rods. 

80 chains 1 mile. 

10 square chains — that is, 10 chains in length, and 1 in 

breadth — make 1 acre. 

100000 square links lacre. 
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The lengthy 10 chains, is 1000 links, and the breadth, 1 chain, 
b 100 links, and 1000 X 100 = 100000, the content of an 
acre in square links. 

286. To find the content of any right-angled piece of 
ground with Ounter's Chain, multiply the length in links hy 
the breadth in the same, and divide by the number of square 
links in an Oscre; that is, point off, in the product, five figures 
on the right for decimals. The figures on the left of the 
comma will be acres, MuUiply the decimals by 4, pointing 
off five, as before, and the figures on the left of the comma 
will be roods, or quarters of an acre. Again, multiply the 
decimals by 40, pointing off a>s before, and, on the left of the 
comma you have the poles. 

For example, the length of a piece of ground is 30 chains, 
57 links, and the breadth ^0 ch. 23 links ; what is its content ? 

3057 
2023 

9171 
6114 
6114 



61,84311 
4 

3,37244 
40 

14,89760 

The content is, therefore, 61 A. 3 R, 15 P., very nearly. 

If you have not Gunter's Chain, multiply the length in 
yards, by the breadth in yards, and divide the product by 
4840 ; or, for greater accuracy, the length in feet by the bread^ 
in feet, and divide the product by 43560. In the above ex- 
ample the length being 2017,6 ft., and the breadth 1335,2 ft, 
I proceed thus : 

2017,6 X 1335,2 = 2693900 — . Then, 

^ffH^ = 61 ^. 3 R. 15 P., veiy nearly, as befbre, 

The ratio of a square Fr.line to a square mile is -^^j^ ^^ ^n^xjiji > 
of what ratios is it compounded ? What is the value of each ? 

28 7 # We have shown the application of the proceeding mea- 
sure to surfaces, or figures which have only two dimensions — 
namely, length and breadth, (for, however irregular or various 

15* 
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their bouDdaries, they may all be reduced to a mean length 
mnd breadth ^) the following is that which is applied to solid 
bodies, or magnitudes of three dimensions — that is, haying 
length, hreadthy and thicknest. The scholar has already seen 
that the content of such is estimated in cubes, and is the pro- 
duct of the length, brecuUh, and thickness, aU taken in the 
same measure. 

Solid or Cubic Measure, 

1000 Eng. or 1728 Fr. cubic lines, c. /., make 1 cubic inch, c. in. 
1728 cubic inches 1 cubic foot, c. ft 

27 cubic feet 1 cubic yard, c.y J. 

40 feet of round, or 50 fi. of hewn timber 1 ton, t. 

42 cubic feet 1 ton of shipping. 

Firewood, 8^. long, Aft, broad, and ) i «j 
4/i.higb, or 128 cubic feet | — • ^ cora, c. 

l^c.ft, or I of a cord, in theN.E. States, 1 foot of wood. 

How many Eng. cubic lines in a cubic mile ? 

Ans. Two hundred and fifty-four quadrillions, three hundred 
and fifty-eight trillions, sixty-one billions, and fifty-six millions. 

288. The following measure is applied to dry articles, 
such as corn, fruit, seed, roots, salt, sand, oysters, coal, &c. 
The principal unit of this measure is the Winchester btishel, 
which is a round vessel 18^ inches in diameter throughout, and 
8 inches deep, and contains 2150| + cubic inches. The dry 
gallon contains, of course, 268| cubic inches. 

Dry Measure, 

2 pints make , 1 quart, qt. 

4 quarts , 1 gsdlon, gaX. 

2 gallons, or 8 quarts , 1 peck, pA;. 

4 pecks, 8 gals,, or 32^to«... 1 bushel, hush. 

As ^|;^g = |, the cubic foot, 1728 cubic inches, is to the 
bushel, 2160 cubic inches, very nearly as 4 to 5. But the 
greater the magnitude of the unit, the less must be the num- 
ber to make a certain quantity, and the less the magnitude, the 
greater the number; wherefore, the numbers are inversely as 
the magnitudes ; that is, the magnitude of the foot being to 
that of the bushel as 4 to 5, the number of feet equivalent to 
a given number of bushels must be as 5 to 4. Therefore, 5 
feet are nearly equivalent to 4 bushels ; and hence we have the 
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following rule, which will he found very useful in rural econo- 
my, commerce, and shipping : — ^ 

To reduce bushels to feet : To the number of bushels add 
4 of itself. To reduce feet to bushels : From the number of 
feet subtract \ of itself. 

If we have 1728 for the given number of bushels, we shall, 
by the rule, find its equivalent in cubic feet to be 2160, which 
is too great by 10, or t^\^ part of itself, the true equivalent 
being 2150. Therefore, in finding by the rule, the equivalent, 
in feet, of a given number of bushels, we must, if we wish it 
exact, diminish it iy 375 of itself 

Again, if we have 21 50 for the given number of cubic feet, 
we shall, by the rule, find, for its equivalent in bushels, 1720. 
But this is too little by 8 bushels, or 3^!^ part of itself, the 
true equivalent being 1728. Therefore, in fiiiding by the rule 
the equivalent in bushels, of a given number of cubic feet, we 
must, if we wish it exact, increase ith^ rij-g of itself 

289. We may however observe, that for any practical pur- 
pose, such as the construction of corn-cribs, caves, bins, grana- 
ries, pits, boxes, &c., for the preservation of corn, roots, or any 
other articles measured by Dry Measure, or for the calculation 
of the capacity of such cribs, granaries, &c., the rule will he 
found sufficiently exact without the addition or subtraction of 
the fractional part. 

Suppose we would construct a crib to hold 1500 bushels of 
com. As com is put away in the ear, and as it requires, in 
measuring, to allow two bushels for one, and one of these well 
heaped, we shall allow 2 ^ times the whole quantity of shelled 
bushels. We therefore say, 1500 X 2^ = 3300 ; adding to 
this \ of itself, we have 3800 + 825 = 4125, the content of 
the crib in cubic feet. Now as this is a quantity of 3 dimen- 
sions, one of which is arbitrary — seeing that the average width 
of a corn-crib is generally not more than 4 or 5 feet inside, that 
the air may pass freely— we find the factors of 4125, or inside 
dimensions of the crib thus : dividing by any convenient width, 
say 6 feet, we have ^-^ = 825, for the area or content of the 
side. Then, if we wish the crib to be of a certain height, or 
length, we must divide the area of the side hy that height or 
that length, and the quotient will be tJie remaining factor; 
that is the length or height accordingly. Thus, if we say 10 
feet high, we have 
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^^ == 82^ feet, for the length. If we say 55 feet long, w« 
have ®^3* =15 feet, for the height of the crib. 

If the crib be made only 4 feet wide at the bottom, it must 
be 6 feet wide at the top, because ^ the sum of these will give 
the average width, 5 feet. 

" What must be the length of a crib to hold 3600 bushels of 
com, the average width being 5 feet, and the height 12 f 

Answer, 165 feet 

What must be the height of a crib to hold 500 bushels of 
com, the average width being 4 ft. 2 in., and the length 40 ft. 
6 in ? Answer, 8 ft 1} in. 

290. If, of several factors, any one be diminished in a cer- 
tain ratio, that is, by a certain part of itself, the whole pro- 
duct a/ those/actors will he diminished in the lame ratio; that 
is, by the same part a/ itself. 

Let P represent the product of the undiminished fisLctors, and ,. 
A the factor we intend to diminish. Then PA is the total 
product. Now, if we diminish A by 4 of itself; thus, A — |, 
the remainder y*, multiplied by P, will be -*f^. But PA — 
^_ 4PA - PA ^ s]PA therefore, the total product of PA is 
diminished in the same ratio as the factor A. 

Having a granary 43 feet long, 10 ft. wide, and 1 ft. high, 
we wish to know how many bushels of grain it will hold. Nov, 
as by the rule (228) we must, from the content of the granary 
in cubic feet, which is 43 X 10 X 10, subtract I of it«elf ; we 
subtract from 10, which is of the factors, | of itself, which gives 
43 X 10 X 8 = 3440 for the content in bushels. But this is 
too little by tjJtj of itself. We therefore say, 
^4^.^ = 16, and 3440 + 16 == 3456, the number of bushels 
required. 

_ . 43 X 10 X 10 X 1728 43 X 1728 owi^oo 

^^^- 2150 =-li;5— =^X"^^ = 

3456 bush., as before. 

Having 6912 bushels of grain, we wish to know to what 
depth it will cover a floor that is 43 ft. long and 25 fb. wide. 

4 ) 6912 

1728 one-fourth added. 

216) 8640 c. ft., by the Rule nU ^o great. 
40 is tjIj, which we subtract. 



8600 tme content of grain in o. feet. 
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43 X 26 = ^^ = 1076 area, or snrface of floor. 

8600 -f- 1076 = 8 feet, the required depth. 
Proof. 43 X 20 X B = 6880, too little by ^U of itself. 
6388/ = 32 ; then, 6880 + 32 = 6912 bushels. 

291. In the heaped bushel, used in measuring fruit, roots, 
&c., it is found that, according to pretty general usage, the 
heaped part is only about \ of the capacity of the vesiel, which, 
as we shall shortly see, is Dy no means a large allowance. But 
custom is law, at least to the calculator ; wherefore, applying 
to this our approximate rule, (288,) as the internal capacity of 
the bushel (called the stride bushel) compared with the cubic 
foot, is as 6 to 4, and the heaped part ^ of 6, or 1, we have, for 
the ratio of the heaped bushel to the foot 6 to 4, or 3 to 2 ; 
hence the following rule : — 

To reduce heaped bushels to cubic feet : To the number of 
heaped bushels, add its half. To reduce cubic feet to heaped 
1>u8nels : From the number of cubic feet, subtract its third part. 

To what length must a pit, 4 ft. wide and 3 ft. deep, be 
dug, in order to contain 3000 bushels of potatoes ? 

Ans. 376 feet. 

How many bushels of coal can be stored in a cellar which 
is 16 ft. long, 10 ft. wide, and 9 ft. high ? Ans. 960. 

292. In England, a bushel of potatoes is used consisting of 
80 lbs. weight Avoirdupois. * This was probably based upon the 
following experiment : Let a tight half-bushel measure be filled 
with good-sized potatoes, by packing them with the hand; 
then, if water be poured into it amongst the potatoes, it will 
contain about 8 quarts before the water begins to run over, 
which proves that, when a half-bushel is thus filled, only one < 
half its solid capacity is occupied by the potatoes ] much less 
when, as usual, it is filled with the shovel. 

If we measure 80 lbs. of potatoes, shovelling them on the half- 
bushel as long as they will conveniently lie, the measure will 
be thus filled 3 times. A bushel, therefore, as they are fre- 
quently measured, will only weigh about 63 lbs. Now, as a 
bushel of good wheat, which weighs from 62 to 64 lbs., is often 
lower in price than a bushel of potatoes, the student will see 
that it is important to estimate as well as calculate. In Maine 
the bushel of potatoes is 60 lbs , Avoirdupois. 

293. By the following measure are measured brandy, spi- 
rits, cider, vinegar, molasses, oil, &c. Honey is sold by the 
pound Ayoirdupois. 
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The gallon contains 231 cubic inches. Ten gallons mike 
one anker. 

Wine Measure. 

4 gills, ^t., make 1 pint,^^ 

2 pints 1 quart, qL 

4 quarts 1 gallon, gcd. 

dl| gallons 1 hsLTTelfbbl. or bar. 

42 gallons 1 tierce, tier. 

63 gallons 1 hogshead, hhd. 

84 gallons 1 puncheon, cmn. 

2 hogsheads, or 126 gallons 1 pipe,^. or butt^ b, 

2 pipes, or 252 gallons 1 tan, T, 

The following measure is used for malt Wqaor onlj. The 
gallon contains 282 cubic inches. 

Beer Measure, 

2 pints, ^fo., make 1 quart, qt, 

4 quarts 1 gallon, gal. 

9 gallons 1 firkin, ^r. 

2 firkins 1 kilderkin, kil. 

2 kilderkins 1 barrel, bar, 

3 kilderkins, or 1^ bar 1 hogshead, hhd. 

2 hogsheads....: 1 butt, b. 

2 butts 1 tun, T. 



SECTION XIV. 

OF TIME, AND THE REGULATION OF CLOCKS — ASTRONOMIGAL 

AND QEOQBAPHICAL MEASURE. 

294. No subject that we can contemplate is of deeper inter- 
est, or more serious consequence to mankind, than time, ^he 
wise in all ages have testified that on the proper improvement of 
it depends our present as well as future happiness ; and, though 
to some it may appear irrelevant to introduce in this place sub- 
jects of graver import than mere calculation, it may not be 
amiss to remind the student, in the words of Don Jos^ de Ca- 
dalso, (in a little satirical work entitled Los Eruditos 4 la 
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Yioleta, published in hononr of those who pretend to great 
knowledge with little study,) that the common object of all the 
sciences^ and their utility to man, maybe divided into two parts: 
one of which is, to obtain a less imperfect knowledge of the 
Supreme Being, by which the heart of man is disposed to ren- 
der him more profound and sincere worship ; the other is, to 
render men more social; for, by imparting to each other the 
productions of their understanding, they become united, as we 
may say, in spite of ocean and distance. 

The word time, though of frequent recurrence in conversa- 
tion, is by no means easy to define. Perhaps we may call it 
the measure of existence or the regular flow of duration. 

Duration, if unlimited, is called eternity : time is therefore a 
limited duration. 

We have already observed (4) that time is measured by 
the revolution of the earth about its axis, which is a sublimely 
)r regular motion. By this revolution, which is from west to 
east, the sun, the fixed stars, and other celestial objects, are 
made, apparently, to perform a revolution round the earth from 
east to west* 

Besides the motion of the earth about its axis, it continually 
revolves ahoiU the sun from west to east, in an elliptical* or- 
bit, at the mean or average distance of about 95 millions of 
miles. The period of this revolution is called a tropical year. 

The mean diameter of the earth's orbit is therefore nearly 
190, or, as we say, in round numbers, nearly 200 millions of 
miles. 

This distance, however, compared with that of the nearest of 
the fixed stars, is a mere pointy so very insignificant, that they 
are seen from any part of our orbit, exactly in the sams point 
of the heavens. 

From the observations of the most skilful astronomers, made 
with the finest instruments, it is concluded that Sirius, or the 
Dog Star, which, from its superior magnitude and brilliancy, 
has been considered the nearest of them all, cannot be at a less 
distance from the sun than ten 'millions of millions of miles ; 
some have supposed that it is not nearer than 800 millions of 
millions ; from- which the student will infer, that with respect 
to the* distance of these splendid orbs from each other, man, 
with all his boasted science, is reduced to mere conjecture; yet 
he must by no means imagine that the observations made upon 

* £llipt{e€U, somewhat oraL 
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the starry hoavens with powerful instraments, have been made 
io vain. Thej haye, od the contrary, been of incalculable 
advantage in establishing many important and useful facts, 
upon which are founded the regulations of the calculation of 
time ; and, more especially, in perfecting the science of nayi- 
gation. They have opened to our view, in an awe-inspiring 
manner, the immensity, beauty, and harmony of the works oi 
the Almighty, profusely disseminated in the fearful depths of 
illimitable space, and thus, by showing man how limited is his 
sphere of action in this vast creation, assured him of the inxig' 
nificance and folly of human pride. 

In a clear frosty night, we think we see with the naked eye 
an innumerable multitude of stars ; but the &ct is that we can- 
not, under the most favorable circumstances, see more ihan 
tu)o or three thousand above the horizon at the same time ; bat 
we are informed that Dr. Herschel saw 588 stars in the field \ 
of his telescope at once, and computed, in a very small portion \ 
of the celestial hemisphere 258000 stars. 

To give the student a clearer idea of the distance of these 
orbs from each other, let us suppose the earth stationary at 
the nearest probable distance, and no doubt we might say 
possible distance, from Sirius, namely 10 millions of millions 
of miles ; that the creation took place 6000 years ago, (the 
year consisting of 365 i days;) and that a cannon ball, shot mm 
Sirius at that time, had continued to move, with its initial ve- 
locity of 1200 feet per second, in a direct line towards the 
earth : we find that it would have travelled 43033090909 Jj 
miles, or not quite the two hundred and thirtieth part of tne 
distance; and hence, that it would require, to perform the 
whole of its flight, upwards of one million three hundred and 
eighty thousand years. 

Let us close this article with the sublime words of the 
Prophet Isaiah, c. 40, v. 26 : " Lift up your eyes on high, 
and behold who hath created these things, that bringeth out 
their host by number : he calleth them all by names, by the 
greatness of his might, for that he is strong in power ; not 
one faileth." 

295. The extremities of the earth's axis — which points, with 
respect to the diurnal revolution, appear stationary — are called 
tJie North and South poles, 

2%e equator is an imaginary line which passes round the 
earth and is equally distant from either pole. 

A line drawn directly over the head of an observer, and 
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pointing north and south, is called a meridian line, or the 
meridian of the place where he stand^. This line, in its ex- 
tension round the earth, passes through the poles, and cuts the 
equator at right angles. 

When a star, in its apparent revolution, passes the meri- 
dian of any place, it is said to culminate^ and the time which 
elapses between any two culminations of a fixed star, or one 
^tire revolution of the earth about its axis, is called a sidereal 
day J from the Latin sidus, a star. 

296. From the time that the sun's centre passes the 
meridian till it returns to the meridian again, is called a 
solar day. 

As the sun is not in the centre of the earth's orbit,'*' the 

motion of the earth in its orbit is somewhat accelerated by a 

' nearer approach to, and retarded by a recession from that 

^ luminary. From this, as well as other causes, the solar day 

is not of uniform length ; it is, however, the medium length 

of a solar day, or average length of all the solar days in a year, 

which is the time shown by a well-regulated clock ; that is to 

say^ we divide the time of a mean solar day into 24 hours, such 

as shown by the clock. This is the time in common use, called 

. by astronomers 

Mean Solar, or Common Time, 

60 seconds, sec. make..'. 1 minute, m. 

60 minutes 1 hour, ^. 

24 hours 1 day, d. 

7 days 1 week, w. 

2 weeks 1 fortnight. 

4 weeks 1 month, mo. 

13 months, 1 day, and 6 hours, ) 1 common or 

or 365 days 6 hours j Julian year, y. 

A labourer's month consists of 26 working days, and a 
mercantile month of 30 days. 

The odd 6 hours of the Julian year are not reckoned till 
they amount to a day ; a common year, therefore, consists of 
•365 days, and every fourth year, called bissextile or leap-year, 
0/366. 

The year is also divided into 12 calendar months, which, in 
number of days, are irregular, as follows : 

* OrJnti the fig;iire oircumsvribed bv the revolution of a planet 

16 
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1st month... January 81 days. 

2d February 28 " 

8d March 81 " 

4th April 80 « 

5th May 81 « 

6th June 30 " 

7th July 31 « 

8th..., August 31 " 

9th September 30 " 

10th October 31 " 

11th November 30 " 

12th December 31 " 

When the year is exactly divisible by 4^ it is leap-year, in 
which the second month (February) has 29 days. 

297. The solar or tropical year is foundy by observatioiii to, M 
consist of 865 d. 5 h. 48 m* 51 sec. 

Now^ as the motion of the earth in its orbit and that on its 
axis are both in the same direction, it is evident that the earth 
must perform rather more than one entire revolution on ii$ 
aads, while the sun, at a mean rate, appears to pcLssfirom any 
meridian to the, same meridian again, and that the saeoes- 
sive increments* will, in one year, amount to one entire rewdu- 
tion of the earth about its axis ; that is, tha earth will, in one 
year, perform one more revolution on its axis than the number 
of apparent revolutions made by the sun io the same time. 
The ratio, therefore, of the sidereal day to the solar, being in- 
versely as the number of each which composes the solar year, 
will be nearly as 365 to 366, or |J|, and, therefore, if we 
multiply 24 hours by 865 and divide by 366, the result will 
be the length of a sidereal day, in mean solar time, very nearly. 

365 V 24 ' 
Thus : — ^^ — = 23 h. 56 m. 4 sec. — , the length of a side- 
real day, or the time in which the earth performs one revolu- 
tion on its axis. 

If we subtract the length of the sidereal from that of the 
solar day, we find that the difference is 8 m. 56 sec, or very 
nearly 4 minutes. Hence, a fixed star will culminate on any 
day nearly 4 minutes, by the clock, sooner than on the preceed- 
ing day. If, therefore, you stretch a meridian line over head, 
and with a plumb line set a post directly underneath, you may 
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Sx in the post a piece of* tin with a very small hole in it, 
through wliich you may ohserve the culmiDation of auy fixed 
star. A star of the first magnitude, and having a good eleva- 
tion, is best; such as Aldebaran in Taurus, Bellatrix in Orion, 
or any other fixed star, which you can easily recognize. Then, 
if, by your clock or watch, the star culminates about 4 minutes 
90oner each night than on tlie preceding y the clock or watch is 
well regulated. 

If, by the clock, the star culminates more than 4 minutes 
sooner, the clock goes too slow, and the excess of time above 4 
minutes is the time the clock has lost. If, on the contrary, 
the star does not culminate till the same hour as on the pre- 
ceeding evening, the clock has gained 4 mtnutes ; and if it does 
not culminate till past the hour by the clock, 4 minutes added 
to the tinne past the hour, will show how much the clock has 
I gained. 

■ * ^298. For the exact time of day, <Ji)8erve, through a screen* 
of 9^lu hind, to protect the eye, the time when the sun's centre 
passes the meridian. This will be the mean solar noon, if the 
observation is taken on or about the \^th of April, the Ibth of 
Jtmey the \st of September, or the 24:th of December, If the 
observation is taken between those times, look at the Almanack 
for the equation of time : then, if the sun is fast of the clock, 
Hihtractfrom the apparent noon; if slov, add to the apparent 
noonj the equation of time, which will give the true time by 
the clock. 

299. The true solar year not being equal to the year of 365 
days 6 hours upon which Julius Csesar established the leap- 
year, (the difference, 11 m. 9 sec, amounting, in about 130 
years, to a whole day,) Pope Gregory XIII. ordered that every 
100th year, which, according to the Julian method, would be 
bissextile, should be a common year of 365 days, except those 
centurial years, which, when we cut off two ciphers on the 
right, are divisible by 4, which were to remain bissextile. 
This is called the Gregorian method, or new style, 

300. If the fixed stars could be seen in the daytime, the 
sun would, by the earth's daily motion in its orbit, from west 
to east, appear to progress among them in the same direction. 
The great circle or path described by the sun among the fixed 

* Very important The omiBsion would certainly iigure the sight of the 
observer. 
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stars, in his apparent aDnaal revolution, caused by the real 
revolution of the earth, is called by astronomers, the ecliptic 
A broad circle of the heavens, about 8 degrees on each side 
of the ecliptic, is called the zodiac, from the G-reek zo-on, an 
animal, because most of the twelve parts into which it was 
divided by the ancient Chaldeans or Egyptians were namd 
after animals. The following are the divisions of the edqrtio 
or circle of the zodiac : 

Astronomical Measure. 

60 seconds (") make 1 minute^ '. 

60 minutes 1 degree, °. 

30 degrees.. 1 sign, c. 

12 signs, or 360°, the whole circle of the zodiao. 

Astronomers apply the above measure in calonlatine the | 
motions and angular distances of the planets and other oekstui^ J 
bodies. ■^#** ■ 

801. A circle is a round figure in a plane, (104,) generated 
hi/ tJie revolution of a finite straight line in that plans^ ahoiU ', 
one of its extremities, which remains fixed; and this fixed 
point is called the centre. The line described by the motioii 
of the other extremity is called the circumference^ ^hiohjBi 
of course, in all its parts, equally distant from the cenirefnA 
hence all straight lines drawn from the centre to the cironm- 
fcrence are equal. These straight lines are called ra4lii of 
the circle, and any one of them a radius. 

If two straight lines cut one another at right angles, (103,) 
they may bo considered as four straight lines which meet in 
one point, making equal angles with each other. Now, if 
round the point in which they meet, a 

called tJie point of intersection, we 
describe a circle, its circumferen^ce 
will he divided into 4 equal parts, 
called arcs. Thus, in the circle 
ahde, the angles at the point c, being 
right angles, are equal to one another, 
and the arcs ae, ed, dh, and ha, upon 
which they stand, are also equal. 

First, it is evident that a straight line drawn through the 
centre, from side to side, divides the circle into two equal 
p;irts. For, in describing the circle, as the distance from the 
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centre c is always the same^ the distance passed throngb on 
cue side of the line must be the same as that passed through 
on the other. Therefi)re the arc hae is equal to the arc h(ie. 
Now, if b(le is supposed to revolve on 5e, till it meets the arc 
bacj it will coincide with it ; that' is, the two arcs will form 
bufr one, because they are equal ; and the point d will coincide 
with the point a, b^use tne angles are right angles. But, 
if we suppose the arc ahd to revolve on ady the point b will 
coinoide-with the point e, for the same reason, and the arc ah 
with the arc ae. Wherefore the four aros are equal to one 
another. Each of these arcs, being the fourth part of a circle, 
ik called a quadrant. 

The straight line ad cfr be, passing throngb the centre, and 
terminated both ways by the circumference, is ealled a diame- 
ter of the circle ; and the arc bae or bde is a semicircle^ or 
■jf^^ circle. 

( Sllft From the above, it is plain that if two straight lines, 

meeting in one point, make one and the same straight line, 

tiiis line produced (continued) will be a diameter of all the 

'" drclM whick can be deicrtbed about that point Also, that all 

. the angles formed by anv number of straight lines meeting in 

L one point, as at e, on both sides of a diameter, must be equal to 

4 riaJU angles, because they will be comprised in the four right 

angles bca, ace, ecd, and deb ; and their number will be equal 

to the number of lines meeting in the point c. If formed on 

one side of a diameter, they will, of course, be equal to 2 right 

angles J and their number will be on^ less than tJie number of 

lines meeting in c. 

308. If two points be taken in the circumference of a circle, 
and we suppose a radius to revolve from one to the other, it is 
plain that ^ radius wiU pass over the arc and the angle 
which it subtends (stretches under) at one and the same time. 
Wherefore, if two arcs be equal, the angles which they subtend 
must also be equal : and, vice versa, if the angles be equal, 
the arcs m,ust also be equal. 

Now, if 360 lines radiate from the point c, on both sides of- 
a diameter, so as to make equal angles with each other, there 
will be 360 angles. Then, if any number of circles be de- 
scribed about the centre c, the circumference of each circle 
will be divided, by the radiating lines, into 3G0 equal arcs. 
These equal angles and equal arcs are called degrees. Hence 
the circumference of every circle, however great or smaU, is 

16* 
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said to consist of 360 degrees, and a quadrant, or right angle, 
of 90. 

304. The arc of a circle intercepted between the extreme 
points of any two radii, is called the measure of the angle which 
they form, with each other at the centre. Thus a quadrant, or 
90 degrees, is the measure of a right angle. Also it is evi- 
dent that every arc of a circle is the same part of the whole 
circumference of that circle^ that the angle which it subtends 
is of four right angles. 

Geographical Measure. 

305. Geographj is derived from two Greek words, Oij the 
earth, and grapM, I write ; and means the ddineaiian and 
description of the earth's surface. 

The exact measurement of the globe we inhabit, is a subject 
of peculiar interest to the astronomer, geo^pher, navigatom 
and engineer, because many important calculations are fq^ided 
upon it. It has, therefore, been attempted by skilful men of 
different nations, and though the results have been varionsy 
they have differed so little from each other, as to leave no doubt 
of their near approximation to the truth. 

The circumference of the earth in the direction of the me- 
ridian, from measures taken in France, is supposed to be about * 
24856 miles, and the polar diameter, or axis of the earth, nearly 
7912. The equatorial circumference ahout 24896 mileSf and 
its diameter nearly 7925. 

Hence a degree on the meridian is 69,04 or 69^^^ English 
or common miles, nearly ; and a degree on the equator about 
69J.* 

306. The degree on the equator, called a degree of longi- 
tude, from the Latin longus, long, (the circumference being 
longer in that direction than on a meridian,) is divided into 
60 equal parts called minutes, and, by some, geographical 
miles. 

Hence, (288,) a common mile is to a geographical mile as 
21600 to 24896, or very nearly as 72 to 83. 

Longitude is either east or west, as it is measured on the 
equator, beginning at the point in which the meridian of some 
remarkable place cuts that line, which meridian is in longitude 
0°, and proceeding east or west round the globe to the point 

* Some suppose the mean diameter of the earth to be nbout 7920 miles, 
which makes the degree at a moan for the whole surface 69J miles, nearly' 
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where the same meridian cuts the equator again ; which last 
point, heing the farthest possible, or opposite extremity of the 
semicircle, is in longittide 180°, or 0°, because all places 
through which the same meridian passes, are said to be in the 
tame longitude. 

807. The degree on a meridian is called a degree of latitude^ 
from the Latin, latuSy wide. 

Latitude is north or souths as it is measured on a meridian 
towards the North or South pole, beginning at the equator, 
which is in latitude 0°, and ending at the pole^ which is in 
lat. 90°. 

Lines passing round the globe, in a direction exactly east 
and west, and, consequently, parallel to the equator, are called 
parallels of latitude; and all places intersected by any one of 
these parallels, are said to be in the same latitude, 

308. Mariners determine the position of their vessel at sea, 
as well as that of any place on the globe, hi/ its latitude and 
longitude. 

Now, though all meridians are equal, the case is very dif- 
ferent with parallels of latitude, which diminish as they recede 
from the equator towards the pole. Hence, if one of these is 
at a considerable distance from the equator, the degree mea- 
sured on i^ is very different from the equatorial degree. For 
example, on the parallel of Philadelphia, a degree is about 46 
nautical, or 53,03 common miles, 

309. The meridian from which the longitude is reckoned, 
or first meridian, is arbitrary. The French reckon from that 
of the Observatory at Paris; the English and Americans from 
diat of the Royal Observatory at Greenwich, near London ; 
and several other nations each from that of its own capital. 
But this is of little consequence, as it is easy to change one 
reckoning to the other. For example, the difference of longi- 
tude between the French and English meridians is 2° 20' 15"; 
and, as the French meridian is east of the English, we say 
that it is in longitude 2° 20' 15" E., while the French consider 
the English meridian in longitude 2° 20' 15" W. Wherefore^ 
to change French longitude to English, add 2® 20' 15" to the 
east longitude, and subtract it from the west, 

310. As the 6quator, as well as every circle or parallel of 
latitude, is divided into 360 degrees, and all these are, by the 
revolution of the earth from west to east, brought succes- 
sively to the mean solar noon exactly in 24 hours, it is plain 
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that the noon of each degree in any of those circles, (where 
day and night alternate in one revolation,) will precede the 
noon of the next degree to the westward, by the 360th part 
of 24 honrs; that is, hi/ 4 minutes of solar time. 

Hence, if we know the longitude of two places, we have 
only to multiply their difference of longitude^ in degrees hy 4, 
which XDtU give the difference of time by the dock at Aose 
places, in minutes. This time, snbtracted from the time at 
the easternmost place, will show that of the westernmost ; or, 
added to that of the last, will give that of the first. For ex- 
ample, suppose that it is noon at the Observatory at Oreen- 
wich, and that we would know the time at that of Paris : 

First, 20 20' 15" = 25^0 = ^i^ i then, -W- X f = -W" 
= 9 m. 21 sec. ^ 

Hence, as Paris is E. of Greenwich, it is 9 m. 21 sec, pctst 
noon at Paris. When it is noon at the Paris Observatory, it 
will, of course, be 28 h. 50 m. 39 sec. of the preceding day at 
Greenwich ; for it is thus that astronomers reckon the hours, 
from, noon of one day to noon of the next. In common 
phrase, we should say 50 m. 39 sec. past eleven A.M., of the 
same day. 

Examples. 

1. When it is noon at Philadelphia, in longitude 75^ W 
W. of Greenwich, what is the time at Paris ? 

Answer, 5 h. 10 m. 25 sec. past noon. 

2. BeiDg noon at Philadelphia, in long. 75° 16' W., what 
is the difference of time, and what o'clock is it at each of the 
following places, taking them in an easterly order round the 
globe, from Philadelphia to Philadelphia again : Figueira, in 
Portugal, in long. 8° 52' W. ; Lemnos, in the Grecian Archi- 
pelago, long. 25° 15' E. ; Pekin, long. 116° 27' 30" E., and 
Cape Mendocino, in long. 124° 7' W. 

h. m. see. 

Answer: Between Philadelphia and Figueira 4 25 36 

" Figueira and Lemnos 2 16 28 

'^ Lemnos and Pekin 6 4 50 

" Pekin and Cape Mendocino 7 57 42 

" Cape Mendocino and Philadelphia 3 15 24 

* When the longitudes are both E. or both W., their difference u the 
iifference of longitude ; but, when one is E. and the other W., their »um i» 
the difference of longitude. When this sum exceeds 180®, aubUuf^ it from 
360°, and the remainder will be the difference of longitude. 
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Also^ it is at Figaeira past noon 4 25 86 

" Lemnos 6 42 4 

« Pekin.. 12 46 64 

" Cape Mendocino 20 44 36 

Or, in other words, if it is noon on the first of Jane at Phila- 
delphia, it iBf at Figneira, 25 m. 36 sec. past 4 in the aftern9on, 
or 4 h. 25 m. 86 sec, P.M. ;* at Lemnos, 6h. 42 m. 4 sec, P.M.; 
at Pekin, it is 46 m. 54 sec. past midnight, or, June 2nd, 46 m. 
54 sec., A.M. ; at Cape Mendecino, it is 8 h. 44 m. 36 sec, A.M. 

8. Suppose that. the ahove places are all situated on the pa; 
rallel of 40** 4' N., — a degree on this parallel being 45,916 
nautical or geographical miles — what are the respective dis- 
tances of those places in such miles^ proceeding eastward, as 
in the preceding example ? 

"" Nautical miles. 

From Philadelphia to Figueira 3048,87 — 

" Figueira to Lemnos 1566,52 -f- 

" Lemnos to Pekin 4187,75 — 

« Pekin to Cape Mendocino 5483,60 — 

« Cape Mendocino to Philadelphia. .2243,03 — 

4. Reduce the distances in the preceding example to com- 
mon miles. 

English miles. 

Answer: From Philadelphia to Figueira 3514,67 

" Figueira to Lemnos 1805,85 

" Lemnos to Pekin 4827,55 

« Pekin to Cape Mendocino 6321,37 

" Cape Mendocino to Philadelphia . 2585,72 



SECTION XV. 

BEDUOTION. 



311. This is the method of finding the equivalent of any 
number of units of a higher grade in units of a lower, or of 
any number of units of a lower grade in terms of those of a 

* P.M., Pott Meridiem, Latin, afternoon. A.M., Ante Meridiem, 
forenoon. 
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hi^'lrer. The first of these two is called reduction deMeefidwjf 
an<i the lust, reduction aiicending, 

IWl. By reduction descending, which is performed bymuU 
iijiUratwn, we find the equivalent of a compoand number in 
units of its lowest order, thus : descending in legular soeoei- 
sinn, from the highest order to the lowest, we redace theiuitB 
of each higher onler to those of the next lower, hjf mvltijin^ 
thrm l^jf tlie number which ihows the ratio of the unii oflh 
hiyh^r to that of the lower ^ taking oaro to add the digit* of ^ 
loicer order to those of the product, which are of the same kind. 
Fur example, to reduce £5 16s. 4 d. to pence^ we proceed thus: 

£ 8. d. 

5 16 4 

20 



116 
12 

1396 






In multiplying hy 20, it is easy to see that the unit figiure 
of the shillings to be added, will always be the unit figure 
of the product ; we therefore say 0, but 6 is 6 j then, twice 5 j 
is 10, and 1 is 11, which gires 116 s. for the yalue of £5 16 s. 

In multiplying by 12, we say, 12 times 6 is 72, and 4 is 
76 ; six and go 7 : then 12 times 11 is 132, and 7 is 139. 
Thus we have 1396 for the number of pence, equivalent to 
£5 16 s. 4 d. 

313. By reduction ascending, which is performed hy divi- 
sion, we find the different denominations of a compound num- 
ber, from their equivalent expressed in units of its lowest order. 

For example, to have the value of 1396 pence in pounds, 
shillings, and pence: as 12 d. make 1 s., it is evident that as 
often as 12 is contained in 1396, there will be so many shillings; 
we therefore divide by 12, and have 116 s. 4 d. for the quotient. 

Again, to bring 116 s. to pounds, we divide by 20 — because 
20 8. make £1 — and we have £5 16 s. for the quotient; which, 
together with the 4d., gives £5 16 s. 4d. for the value of 
1396 d., as was required. 

The operation stands thus : 

1 2) 1396 
2,0 )11,68. 4 d . 
£5 16s. 4 d^ 
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To divide hj 20, we divide first by 10, and then by 2. 
Now, to divide by 10, as we separate, by a comma, one figure 
to the right, the figure separated is tenths; but, in dividing 
these tenths by 2, they will (165) become twentieths— that is, 
twentieths of a pound, or shillings : wherefore, we consider 
the figure separated as signifying a number of shillings. In 
dividing the figures on the left of the comma by 2, if 1 remains, 
as this, divided by 2, is £\ = 10 s., we always write this re- 
mainder 1, as ten, on the left of the figure separated. In 
reducing cwts. to tons, we divide by 20 in the same manner. 

Hence, we see that, to reduce units of a higher order to those 
of a lower, we multiply hy the number which shows how many 
of the lotcer make one of the higher ; and, to reduce units of a 
lower order to those of a higher, we divide hy that same 
number. 

Again, to reduce 4 1. 13 cwl. 3 qrs. 14 lbs. to pounds, the 
operation is as follows : 

T. owl qrs. lbs. 

4 13 3 14 
20 

93 value in cwts. of 4 1. 13 cwt. 
4 

375 value in qrs. of 4 1. 13 cwt. 3 qrs. 
28 



3014 
750 



28 



10514 value in lbs. of 4 1. 13 cwt. 3 qrs. 14 lbs. 

To reduce 10514 lbs. to tons, we proceed thus : 

( 7 ) 10514 

I 4 ) 1502 

4)375 — 2 X7 = 141bs. 

2,0 ) 9,3 — 3 qrs. 

4 1. 13 cwt. 3 qrs. 14 lbs. 

We here first divide by 28, because 28 lbs. make 1 qr. ; 
then by 4, because 4 qrs. make 1 cwt. ; and, lastly, by 20, be- 
hecause 20 cwt. makes 1 1. ; observing that the 8 which we 
separate in dividing by 10, being 3 tenths, will, (165.) in 
dividing by 2, become 3 twentieths ; we therefore consider it 
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owts. : also, the unit which remains in diyiding by 2, being 
4 1. ifl 10 owt.y and is therefore placed on the left of 3^ making 
13 owt. 

Ihiamples, 

1. In 7s. Hi d., how many farthings ? Answer, 382. 

2. In 19 8. ll| d.^ how many farthings ? Answer, 959. 

3. How many oarloycorns will reach round the earth on the 
equator ? (305.) Answer, 4732231680. 

4. How many seconds are there in a solar year ? ^297.) 

Answer, 31556931. 

5. How many cubic inches in a cubic mile ? 

Answer, 254358061056000. 

6. In 29 t. 17 cwt. 3 qrs. 27 lbs. 15 oz. 13 dr., how many 
drachms? Answer, 17145853. 

7. In 382 farthings, how mjiny shillings ? 

|-i Answer, 7 s. 11^ d. 

8. In 959 farthings, how mi^y shillings ? 

Answer, 19 s. ll|d. 

9. In 4732231680 barleycorns, how many miles ? 

Answer, 24896. 

10. Beduce 31556931 seconds to days. 

Answer, 365 d. 5 h. 48 m. 51 sec. 

11. Keduce 254358061056000 cubic inches to cubic miles. 

Answer 1. 

12. Reduce 17145853 drachms, Avoirs., to tons. 

Answer, 29 1. 17 cwt. 3 qrs. 27 lbs. 15 oz. 13 dr. 

314. If, under a given number of units of any order, we 
write, in the form of a fraction, the number which shows how 
many of those units are required to make a unit of some higher 
order ; as this expresses the division of the upper number by the 
lower, it is plain (318) that this fraction, whether proper or 
improper y is a fraction of the higlier order ; because, as often 
as the given number contains this divisor, so often does it con- 
tain a unit of the higher order. Thus, to reduce 7 d. to the 
fraction of a shilling, as 12 d. make 1 s., we say 7 d. = y^- s. 
To reduce 7 d. to the fraction of a pound : as 240 d. make Jtl, 
we say, 7 d.= ^J^ £. To reduce 440 yds. to the fraction of a 
mile, as the mile is 1760 yds., we place this number under 
440, and have -jYe^ ^^ h ^^^ *^^^ required fraction. In effect, 
this is nothing else than to divide 440 yds. by 1760. " But, 
(313,) in dividing yards by 1760, we reduce them to miles ; 
the fraction tSVo ^^ h ^^ therefore the fraction of a mile. 
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815. Erom what has been said, we can easily rednoe all ihe 
inferior parts of a compound number to a fraction of the prin- 
cipal unit. For example, to reduce 17 s. 6 d. to the fraction 
of a pound, we first reduce 6 d. to the fraction of a shilling, 
which (314) gives -j^ = -J s. We then have 17^ s., or -^ s. 
Now to reduce -V- s. to the fraction of a pound ; we divide by 
20 — ^that is, (16o,) we multiply the denominator by 20 — which 
gives ||[, or |, for the fraction required. 

Or thus : we reduce 17 s. 6 d. to pence, which gives 210 d., 
under which we place 240, the number of pence in a pound, 
and have §^f = |) as before. Also, 210 d. and 240 d. are 
homogeneous numbers; and, (188,) by placing 210 over 240, 
we show what part 210 is of 240. But 210 d. is the value of 
17 s. 6 d.y and 240 d. that of £1 : therefore, |Jg, w J, is the 
part or fraction that 17 s. 6 d. is of £1. 

Again, to reduce 2 fur. 26 p. 3 yds. 2 ft. to the fraction of a 
mile, we may proceed thus : 

2 ft. = I X; 3f yd8. = -V- yd- ; '-*«'- ■*-H=- -'»»- ■*■ -»s'- 



A 






26f p.=-^^p^^Q.-^40 = |fur.; 2| fur. = | fur. ; 

-lastly, I -5- 8 = I m. 

Wherefore, the conuMund number 2 fur. 26 p. 3 yds. 2 fib. is 
4 of a mile : or thus . 

% 
2 fur. 26 p. 3 yds. 2 ft. = 1760 feet, and 1 m. = 6280 ft. : 

then H^% = ■{ of a mile, as before. 

Hence we see that, to reduce the lower denominations of a 
compound number to a fraction of the principal unit, we 
reduce its lowest denominatiqn to a fraction of the next higliery 
to which we annex it. We then first reduce this mixed num- 
ber to an improper fraction, and then to a proper fraction 
of the next higher order, to which we cmnfix it, and thus we 
proceed till we arrive at the fraction required. 

Or, we reduce the whole to units of its lowest order, and 
place the result over the number of units of this order con- 
tained in the principal unit, reducing the fraction, if neces- 
saryy to its lowest terms. 

The scholar may operate by both methods, which will serve 
as nroof. 



iSf 
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ExampleM. 

1. Beduoe 19 s. 5} d. to the fraotion of a pound. 

Answer, |JJ. 

2. Reduce 19 b. 10| d. to the fraction of a ponnd. 

Answer, \\\, 

3. Reduce 12 s. 9| d. to the fraction of a ponnd. 

Answer, | j. 

4. What part of a owt. is J of an ounce Ayoirdupois f 

Answer, j^g. 

5. What part of a ton is 6 cwt. 2 qrs. 24 lb. 1 

Answer, i. 

6. What part of a league is 2 m. 7 fur. 89p. 4 yds. 2 ft. 
2^ in. ? Answer g{U. 

7. Reduce 8 R. 6 P. 15 s. yds. b\ s. ft. to the fraction of an 
acre. Answer, -^f^B- 

8. What is the ratio of 1 R. 28P. 28 s. yds. 8|s.f. to8R. 
39 P. 25 s. yds. 6 s. f. ? Answer, f . 

816. Having seen (158) that a fraction may be considered 
as expressing the division of its numerator, as an integral 
number, by its denominator, we can, by perrorming this divi- 
sion, find the value of a fraction of the priilcipal unit, or of a 
unit of any superior denomination, in tern4^ of the inferior de- 
nominations. For example, to find the value of ||A of a 
pound, as this is the same as the nine hundred and sixtieth 
part of £791, we divide £791 by 960 in the following manner : 

791 
20 

960) 15820 (16 s. 5 j d. 
960 

6220 
5760 

460 
12 



960) 5520 (5 d. 
4800 

720 
4 



960) 2880 (3 qrs. or | d. 
2880 



T"^^^*^^ 
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It ifl evident that, when the given fraction is proper, we 
must reduce the numerator to the next lower denomination 
before it can contain the denominator; and, if the product is 
yet too small, to the next lower, &c. In the above example, 
therefore, we first reduce £791 to shillings, and dividing by 
960, we have 16 s. for the quotient, with a remainder of 460 s. : 
this remainder, reduced to pence, is 5520 d.; and, dividing by 
960, we have 5d. for the quotient, and a remainder of 720 d. : 
this remainder, reduced to fiurthings> is 2880 qrs. ; and, di- 
viding by 960, we have 8 qrs., or id. without remainder. 
The value of £2}^ is, therefore, 16 s. D| d. 

This operation may also serve as an illustration of the me- 
thod of (uviding any compound number by a whole number. 

Orthua: •lift = 48) 791 (16 s. 5|d. 

48 

311 

288 



5}d. 

Here, as the diyisor 960 is diviable by 20, we divide, and 
have 48, which we take for a divisor. Now 15820 = 791 X 
20, and 960 == 48 X 20. But, (165,) in dividing the divi- 
dend and divisor both by the same number, the quotient is 
not. altered : wherefore, 791 -y^ 48 will give the same quotient 
as 15820 -s- 960. In like manner 23 rr- 4 will give the same 
quotient as 5520 -f- 960, because 5520 = 28 X 240 and 960 
= 4X240. 

Therefore, in all divisions like the above, whenever the mut- 
tiplier of the remainder wiU divide the divisoTy we may so 
divide, which will very much shorten the operation. 

In the above example, the scholar may observe that, as 960 
qrs make £1, the numerator : 791 represents a number of 
farthings, w^iich may be reduced thus : 

4 )791 
12) 197| 



16 s. 5|d. 

Examples, * 

1. What is the value of £|^i ? Answer, 19 s. 5J d 

2. What is the value of £JJ 7 Answer, 12 s. 9 j d. 



•■1 
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8. What IB the value of £;{| f Answer, 19 s. 10} d. 

4. What is the value of ji^^ of a cwt. 7 Answer, } os. 

5. What b the value of ^ of a ton ? 

Answer, 5 owt. 2 qrs. 24 Ihs. 

6. What is the value of g{U of a leaguef 

Answer, 2 m. 7 fur. 39 p. 4yd8. 2 ft 2|in. 

7. What is the value of j^'^ of an acre? 

« Answer, 3 B. 6 P. 15 s. yds. 5| s. f. 

8. What is the value of f of a mile 7 

Answer, 5 fiur. 28 p. 3 yds. Ofi. 5^ in. 

317. We can, with equal fiwility, reduce the lower denomi- 
nations of a eompound numher to a decimal fraction of the 
principal unit, and this again to the terms of the lower deno- 
minations. 

This is done in the same manner as in the preceding arti- 
cles, except that we divide or multiply decimally. For exam- 
ple, to r^uce 9 d. to the decimal fraction oi a shilling, we 
first reduce 9 d. to the vulnr firactioii of a shilling, which 
gives j':t or 1 3. ; then, reducing | to a decimal^ we have ,75 
for the %raeuon required. 

Or, we divide 9 immediately hy 12, thus : 

1 2)9,00 

,T5 

In the same manner units of any inferior denonmiaftioB an 
reduced to the decimal of a higher denaminalion. 

To fad the value, in pence, of ,75 of a shining wo molti- 
ply by 12, thus : 

,75 
13 

9,00 

•ftd wo have 9d. Soeli epcmdon, IheRfero, ptotes the 
ether. 
Tofedu£e58L6|d. to the dscmal of a pouiid, we operate 

2}1L0 

12) <15000 d> 
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Having found ^5 the value of ^ d., we prefix the 6d., and 
have 6,5 d. for the value of 6^ d. ; then^ to have the value 
of 6^5 d. in the decimal of a shilling, we divide hj 12, and 

have ^54l6 s. ; to which prefixing the 5 s. we have 5^5416 a. 

for the value of 6 is. 6^ d. Lastly, to reduce 6,54l6 s. to the 
decimal of a pound, we divide bj 20; as in Art. 313 ; that is, 
we remove the comma, or suppose it to be removed, one place 

towards the left: and, dividing ,55416 by 2, we have ,277083 
of a pound for the value of 5 s. 6^ d.^ as was required. 

Again; we find the value of £ ^277083 in terms of the lower 
denominations; thus : 

2,77083 
2 

5;54166 
12 

6,56000 

2;0 

To find the value of £ ,277083 in shillings, we remove the 
cornea one place towards the right, and multiply by 2, which 
is the same as to multiply by 10, and again by 2 — that is to 
say, by 20 ; after which, as there are 5 decims^s in the num- 
ber 2,77083; we separate as many in the product; and have 
5,5416d s., which is the same as 6 s. and ,54166* s. Then, to 

find the value of ,54166 s. in pence, we multiply by 12, and 
have 6,5 d. Lastly, we multiply ,5 d. by 4, and have 2 qrs., or 
id. for the product. Wherefore, collecting the different 
denominations we have thus found, we have 5 s. 6 A d. for 
the required value. This last operation proves the pre* 
ceding one. 

In a similar manner, we reduce the inferior terms of a com- 
pound number of any other species to the decimal of a higher 
denomination, and this decimal, again, to the inferior terms. 
Also, we may, in any case, first redttce the given compound 
nurnber to a vulgar fraction of the principal unit, and then 

reduce this fraction to a deeimaJ fraction, 

17* 
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Examples, 

1. Reduce 19 s. 64 d. to the decimal of a pound. 

Answer, £ ,971875. 

2. Beduce 19 8. 10 j d. to the decimal of a pound. 

Answer, £ ,9947916. 

8. Beduce 12 s. 9 j d. to the decimal of a pound. 

Answer, £ ,640625. 

4. Beduce 2 oz. Avoirdupois to the decimal of a cwt. 

Answer, ,00048828125. 

5. Beduce i^ of an ell English to the decimal of a yard. 

Answer, ,89285714. 

6. Beduce 2 qrs. 3i) n. to the decimal of an eU English. 

Answer, ,571428. 

7. Beduce 28 s. yds 2^ s. f. to the decimal of a square pole. 

Answer, ,935064'. 

8. Find the value of ,6697916 of a pound sterling. 

Answer, 13 s. 4| d. 

9. Find the value of ,857142 of an ell English. 

Answer, 1 yd. qrs. 1^ n. 

10. Find the value of ,06428571 of an acre. 

Answer, 10 P. 8 s. yds. 5}^ s. f. 

11. Find the value of ,428571 of a league. 

Answer, 1 m. 2 fax. 11 p. 2 yds. 1 ft Of in. 

12. Bequired the value of ,285714 of a ton ? 

Answer, 5 cwt. 2 qrs. 24 lbs. 

818. We have seen (256) that the decimal value of a frac- 
tion, the denominator of which is prime to 10, will be infinite; 
that is, (251,) it will be a repeating decimal. The decimal 
value of a proper fraction, therefore, having 7 for its denomi- 
nator, will be infinite. Now, in dividing a series of nines by 
7, we find (257) that the period will contain 6 places of deci- 
mahu Hence, in dividing a unit by 7, there must (251) be a 
different remainder at each division, till we reach the limit 
of the period : consequently the several remainders must be 1, 
2, 8, 4, 6, 6. Wherefore, in dividing by 7 any of the num- 
w8 1> 2, 3, 4, 6, 6, the same figures will always succeed each 

w, aa soon aa we find, for remainder, the figure first divided : 
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consequently, in diyiding by 7, any number to which it is 
prime, the decimal period, which (260) begins at the comma, 
will (251 ) always consist of the same 6 figures ; and these 
will succeed each other in the same order, although the period 
will not always commence with the same figure. Thus we 
find that 



4 = ,142857 
§ = ,285714 
f =^ ,428571 
4 = ,571428 



4 = ,714285 
jj = ,857142 
f = 1,142857 
f = 1,285714 



Hence, the student will perceive that the twelfth example 
(317) may be performed as follows : 

Because ,285714 1 = ^ of a ton, or (158) the seventh part 
of 2 tons, we divide 2 tons by 7, thus : 

T. ewt. qn. ]b«. 

7) 2 

5 2 24 

Wherefore ,285714 1. = 5 cwt. 2 qrs. 24 lbs. 

By operating decimally, thus : 

,285714 
20 



5,714285 (See Art. 267) 
4 

2,857142 (267) 

28 



6,857142 
17,142857 (See Art. 268) 

23,999999 
we find the same result. For, as ,99999^ is the same as its 
denominator, it is equal to a unit; therefore 23,999999 = 24. 
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SECTION XVL 



ADOITIOX, SUBTBACnOX, XULTIFLICATIOX, AXB DITIHHHI 

OF O0XPOU5O XTMBEB^ 



AddMm of Compommd Smmihen. 

319. We vrite the gijen numbers under each odicr, so tbaft 
onitf of the sune kind maj be in the sune column, and eom- 
menee by adding the nnitB of the lowest dcnnminatjon- If 
cheir sum does not contain a sufficient number of nnita to eom- 
pose a unit of the next higher denomination, we write it under 
Its kind : but if it contains as mauT unitis as will make one or 
more, we reduee it (313) to that denominatioB, writing the re- 
mainder, if anj, under die units of its kind, and ad£ttg tbe 
Hguiea of the quotient to those of die same order in the next 
higher denominaticm, with whi^we pioaeed in Uke manner. 



En 


rmpfe 


1. 


£ 


B. 


4. 


9Ik 


16 


6 


332 


19 


11 


64 


11 


9 


5S 


9 


6 



4S1 17 S 

As the sum of the penee ia 32, which (313) gires 2s. Sd., we write 
8 under pence, and add 2 to the unh column of shillings : 
then as the sum of ttis is 27, we write 7. and ciny 2 to the 
column of tens. The sum of this is 5, and as each unit in this 
5 is 10 8., two of these will make £1. We therefore take the 
half of 5 for pounds, which pTe< 2 aad 1 over. This 1, which 
m 10ft., we place on the len of 7. and cany the £2 to the 
oolnmnof pounds. 

JEjnuRjMe 2. 

3 3 36 26 8 

36 2 27 19 7 

46 3 13 25 5 

16 3 35 21 6 

25 1 12 12 4 

129 3 6 15 5} 
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Here, the sum of the s. f. is 30, wliicli, reduced (313) to 
s. yds., gives 3 s. yds. 3 s. f. We therefore write 3 s. f. under 
the column of feet^ and carry 3 s. yds. to the column of yards. 
The sum of the yards is 106 ; and, as 30^ make a pole, we 
divide 106 by 30| = if i; that is, we multiply 106 by j^j, 
which gives 4|^, or ^r^j P. Keduciug this fraction of a pole 
to 8. y£., we iiave -fJj X H^ = "V~ = 15^8. yds. We have, 
then, fbr the sum of the yards, 3 P. 16} s. yds. We, there- 
fore, write 15 under s. yds. ; but, as it would be awkward to 
leave a fraction in connection with the s. yds. while we have 
a lower denomination in the question, we reduce } s. yd. to 
feet, in multiplying by 9, which gives | = 24 s. f. ; and adding 
this to the 8 s. f. furst written, we have 5} s. f., which we leave 
under that column. Then, carrying 3 to the column of poles, 
we find the sum 126, and, reducing this to roods, we have 3 B.. 
6 P. Writing 6 under poles, and carrying 3 to the roods, we 
find the sum 15, which, reduced tg acres, gives 3 A. 3 K. 
Lastly, we write 3 under roods, and carry 3 to the column of 
acres, the sum of which is 129. Having completed the addi- 
tion, the sum total is 129 A. 3 R. 6 P. 15 s. yds. 5} s. f. 

3. Required the sum of the four last numbers of the pre- 
ceding example. Ans. 125 A. 3 R. 9 P. 18 s. yds. 8 J s. f. 

By adding this sum to the first number of Example 2, we 
shall again have 129 A. 3 R. 6 P. 15 s. yds. 5} s. f., and this 
serves as proof of the correctness of the first addition. 

In the same manner, the scholar may prove the following 

Uxamples. 

£ B. d. 

79 12 3^ 

32 14 71 

i 59 17 Si 

65 19 7| 43 10 2| 

14 13 6| 86 4 ll| 

83 15 9| 97 13 6| 




£ 


$. d. 


23 


19 44 


81 


6li: 


49 


18 71 


63 


13 10| 


77 


12 9^ 


84 


17 6| 



cwt. 


4"- 


ItaL 


OX. dra. 


13 


2 


18 


12 8 


29 


1 


23 


14. 9 


84 


3 


27 


15 11 


67 


8 


19 


12 15 


45 


1 


25 


14 7 


23 


3 


26 


11 6 
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A, 


R. 


p. 


a. jdc 


cC 


lar. 


Vd- 


«b 


7 


2 


31 


29 


8 


29 


27 


3 


9 


3 


28 


19 


7 


13 


15 


3 


8 


2 


17 


15 


G 


44 


11 


2 


9 


3 


23 


25 


8 


52 


26 


3 


6 


2 


39 


24 


7 


89 


29 


2 


4 


3 


32 


16 


5 


93 


14 


1 



Suhtraction of Compounrl yumh^^rt, 

'VIO. Wo place tho Icra number under the greater in the 
HariH; manner m for addition ; and, commencing with the low- 
eHt ord(;r, wc subtract the units of each order in the less num- 
Inir from the correfipondinf; units of the greater, writing each 
remainder under the order which gave it. But, if the number 
of unitn of any inferior order of the less number is greater 
than the number above it, we add at many uniU to the upper 
numfu'T an will make a unit of the next higher order j and, 
havin;; Hubtractcd the lower number from the sum, we eidd a 
unit to the ufxt hif/Jirr order of tJie lower number. The num- 
iH^ni are thun both increased by the same quantity, which (84) 
doofl not affect their dififorence. 

Examples. 

A. R. p. s.ydR. n.t 

From 129 3 6 15 5} 
take 125 3 9 18 8 A 

3 3 36 26 ^ i" 

Hero, as wc cannot subtract \ = | from \y we borrow a 
unit from the 5 s. f., which is equal to \ : then 4 -{- ^ == |, 
and J — J = }> which wo write underneath. Having bor- 
rowed a unit from the 5 s. f., instead of diminishing this by a 
unit, we add a unit (84) to the 8, which makes 9 : then, as 9 
is ^rtmter than 5, we borrow a s. yd., reducing this to s. f., and 
adding it to 5, wo have 14 : then 14 — 9 = 5, which we write 
uudef s. f. Having borrowed a s. yd., we add 1 to 18, which 
luak<Hi 19 : then as 19 is greater than 15, we borrow a pole, 
whioh» reduced to yards, and added to 15, makes 45| : sub- 
Iraotiug 19, there remains 26] : wherefore, we write 26 under- 
neath^ a«d ri^duviug \ s. yd. to s. f. we have 2 j, which added 
^ tW &| a. £ already found, gives 8. This we leave under 
ef a. £ Having borrowed a pole, we add 1 to 9, 
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which makes 10 : we then say, not 10 from 6, but borrowing 
a rood or 40 poles, 10 from 46, leaves 36, which we write 
underneath. We tiien add 1 to 3, which makes 4, and -bor- 
rowing an acre, or 4 B., we say, 4 from 7 leaves 3, which we 
write nndernesth. Lastly, having borrowed an acre, we add 
1 to 5, which makes 6, and 6 from 9 leaves 3, which; when 
written nndemeicthy'^Gompletes the operation. 

This example isSf^^roof of the second example, (319,) the 
greater number being the snm total of the five numbers added, 
the less, the sum of the four last numbers, and the remainder, 
the first number. ^ 

Note. We may, in all cases, reduce both numbers to a vulvar 
or decimal fraction of the 'principal unit, and find, after sub- 
traction, the value of the result. 

The student may prove the following examples by addition 
and subtraction : 

2. From J of | of £1, take f of | of 1 s. 

Answer, 1 s. 10^ d. 

3. From 3 t. cwt. 2 qrs. 5 lbs. 13 oz., take | of g of 1 cwt. 

Answer, 2 t. 19 cwt. 3 qrs. 27 lbs. 9 oz. 7^ dr. 

4. From 3A. OR. 4P. 9 s. yds. 8 s. f., take -J of 1 A. 

Answer, 2 A. 2 R. 30 P. 29 s. yds. 4 s. f. 72 s. in. 

5. From ,428571 of a league, take | of f of a mile. 

Answer, 5 fur. 5 p. 3 yds. 2 ft. 9^ in. 

6. From 4 of a square mile, take lOOf acres. 

Answer, 356 A. 1 R. 36 P. 5 s. yds. 6f s. f. 

A. B. P. •.yds. B.£ £ feu d. 

(7.) 23 2 21 19 6 (8.) 39 6 Si 

16 3 35 24 7 13 17 9} 



ewt. qrs. lbs. oi. drs. Uur. gaL qt. 

(9.) 22 1 13 7 8 (10.) 13 19 2 

11 3 17 8 11 7 29 3 



Multiplication of Compound Numbers, 

To multiply a compound number by a simple or homoge- 
neous one : 

321. A familiar instance, requiring this multiplication is — 
when a number of units of the same kind is given, and the 
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price of one unit, to find the value of the whoU, the price 
being compound. It is plain that, in iJiis case, we must mul- 
tiply the price of a unit hy the number of uniu. There are 
seyeral methods of effecting this : that, however, wMch seems 
to be most naturally suggested is, to multiply by the given 
multiplier, each order of units, fix>m the lowest to the highest ; 
and, when any product exceeds in value a unit of the next 
nigher order, to reduce it to that order, as in addition .* 

For example, we find the value of 17 yds. at 6 s. 11| d. pei 
yd., thus : 

6 111 
17_ 

£5 18 7} value of 17 yds. 

BeginuiDg with the farthings, we say, 17 X ^ = 61 qn* = 
12| d., we write |, and carry 12 : then 17 times lib 187, and 
12 is 199 d. = Id 8. 7 d., we write 7, and carry 16 : lastly, 17 
times 6 is 102 and 16 is 118 s. =: £5 18 s., which we write, 
and the work is done. 

The work may be proved thus : — 6 s. 11| d. = 335 qrs. = 

£11 J: then /i^^^ jyyyL = £5 18s. 7Jd. 

Or thus : 11| d. = 11,76 d. = ,97916 s., and 6,97916 s. 

= £,3489583: then £ ,3489583 X 17 = £5,9322916 = 
£5 188. 7|d. 

By both these methods the student may prove the following 

EocampUs, 

1. Required the cost of 19 yds. of cloth, at 17 s. 6 d. per yd. 

Answer, £16 12 s. 6 d. 

2. What is the cost of 13 yds. at 18 s. 9| d. per yd. ? 

Answer, £12 4 s. 6| d. 

3. What is the weight of 17 hhds. of sugar, each contaiDing 
9 cwt. 3 qrs. 14 lbs. 8 oz. ? 

Answer, 8 t. 7 cwt. 3 qrs. 22 lbs. 8 oz. 

4. What is the content of a farm consisting of 11 fields, 
each containing 39 A. 3 R. 23 P. 29 s. yds. 8 s. f. Ill s. in.? 

Answer, 438 A. 3 R. 23 P. 27 s. yds. 1 s. f. 141 s. in. 

322. When the multiplier is too large to multiply by at once, 
and can be resolved into 2 or more convenient factors, we mul- 
tiply j successively, by all ike factors, taking them in any order 
which m^y seem m^st convenient. 
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Examjples, 

1. How much land ia there in a township, oonsistiAg of 385 
&imsj each contaiiuBg 129 A. 8 R. 6 P. 15 sq. yds. 5| s. £ ? 

8.11k. A. B. P. •.yds. s.£ 

129 8 6 15 5} 

5.7.11 = 885 



1 


8 8 32 17 31 

7 


7 

• 


62 2 28 . 84 

11 



78 49 1 28 10 Oj 

In the multiplier 385, it is easy to recognize the 8 factors 
5, 7, and 11. We- therefore multiply by these in succession, 
and find that the township contains 78 square miles, 49 acres, 
1 rood, 28 poles, 10 square yards, and | of a^R^re foot, or 
108 square inches. 

2. How much land is there in a township, consisting of 495 
&rms, each containing 568 A. 3 B. 22 P. 6 s. yds. 6X s. f. ? 

Answer, 440 s. m. 

823. When the multiplier cannot be resolved into convenient 
factors, take the nearest composite number inferior to it, by 
which multiply, as in the preceding article : then multiply the 
given compound number by the difference between the composite 
number and the given multiplier. This last producty added to the 
product given by the composite number, is the required product. 

Examples. 

1. What weight of coffee is there in 236 bags, each con- 
taining 1 cwt. 1 qr. 4 lbs. 5 oz. 6 dr. ? 

T. ewt. qr. lbs. os. dr. 

Oil 456 

8.7.11 + 5 = 236 



3 3 13 2 — 3 times 

7 

17 7 14 — 21 times 

11 



14 17 2 21 9 10 — 281 times 

6 1 21 10 14 ~ 5 times 

15 4 15 4 8 — 236 times. 

IS 



sruiPUCAZXov or a>&?r.cij> 



A< t&< £k!ti:ri :(f f;^ ir* sec ecsTBi5ail. spFnig t&al oat 

v^icb. »r&f9 bv ooIt 5 xiEs. ud -:]f vUek It is ewr to see 
tku sHe Ikucs it* S. 7. lai IL Br chae v« BalszplT s m 
tbe zrscgij'Tr iniild. ud a :&» g ro faa 14 1. 17 cwt. 2 qn. 
21 :':V & «& I > ir . wzLih, ':s f2I saa :ke KUzpSeud. ^ 
ui orvi. l77. fl j& l'>s Uir^v&3-&k 5 tbaa das 
Mx=iur. T^Vi3L. :z)05i:r». 15 ?. 4 rrs. •> qs. 15 lbs. 4 cs. 
^ dr.. 3f i^^ lisies loe 3Lx2i^^i5aad. cr wkitts vodki lequiei. 
± B:w fkT ^Z & su mr^ zx 5^ clt^ as 

Azifv^. 1^5i5x.2fEr. l^^ Ijd. 1& 6 
S. H:v zLznl rr&£2 a iLs« 5:i 7S5 Iho. cm' 
dlw^ Spb I e^ 3 •^3. Ips. : uri k^ir ki^ vill it 
a flxiF tbfti 2§ ±V fl j:u lal 15 & ^v55b. iZ^viSi^ ^laOedbie 

Aasv£r. Tht ot uiZ:i ciT nEx is 34f Vb^ 2 pb. 1 gd. 
3 ci$. 1 ;c : &=;i i£A Sf^cl ic iriS^x. ix vill ecrer the loor is 

2r4- Wild a er-mpr-zsi x^tl^sc 5s reiaodi w its liTvest 
d^^'.'OLlzjkiD:::.. cc «:< a irusLiiL. j<r:^ia- or isprgper. cf in prin- 
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r:ir tiiZLji^fv. V 3tzI:::}ilT li. cwx. a qis. 15 lbs. \j 191. we 
i&fcT 7r:iM«i ilxs : It cvx. ^ w^:^ 16 Ib&. = l^o^ lbs. : then, 
IZ^.^",.. 1^1 = i5.7ic,r; 2&. = lii; r. IS ciTL :2 qis. 4 Ibt. 

C^ liis: IS no. S qrs. 1^ lbs. = || J t. : tbgn, ' ^. * - 

= :4|^ = 1£^ 1. IS ciTL d q:^ 4 ]!&., as Wfm 

Bj tiie vsBkl ]&£^£^ : 

IS S 15 

m 

132 IS 2 4 

Wbat vcd^i of irrm is tbsre m 171 loads, ea^ W€^^kaag 
19e«rt. SqB. If Ihs.7 An^wer.lfif'i. 15rwt. fqis. SIbs. 

Xahaplntaan of a ConipoizBd XionlKT bj a Compound 



325. From tbe above, it is mtnifcstt that tbe nnaltipli cation 
*- H Mfom d vnmberB naj be ndnoed to At m^ikiplioar 
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tion of a fraction ty a fraction, thus : Reduce each of the 
^ven numbers to a fraction of its principal unit ; multiply the 
two fractions together^ and reduce the product to the denomi- 
nations required by the nature of the question. 

Examjples, 

1. What is the cost of 6 owt. 3 qrs. 14 lbs. of sugar; at 
£3 5 s. 6 d. per cwt. ? 

3 qrs. 14 lbs. = 8^ qrs. r= J qrs. = I cwt., and 6J cwt. = 
-V-cwt. 5 s. 6cl.=5* s. = -^^-8. = JJ £, and m£ = -\^^£. 

Now, as -^^ is the given quantity in cwts., and -^- £, the 
cost of 1 cwt., it is evident that ■^- X -V" = H^ X -V- = 
Xg jX £ z= £22 10 8. 3| d., is the cost of the whole, as required. 

The student may, by the preceding methods, perform the 
following examples, and prove the work by vulgar and by deci- 
mal fractions : 

2. 187 yds. at 3 s. 6 d. per yd., amount to £32 14 s. 6 d. 



3. 


523 yds. " 4 s. 8 d. 


t( 


« 


122 


8 


4. 


315 yds. " 5 s. 3| d. 


u 


(( 


83 13 


H 


5. 


735 yds. " 19 s. 1^ d. 


u 


it 


702 16 


m 


6. 


1962 yds. " 23 s. 5| d. 


(( 


u 


2303 6 


n 


7. 


2627 yds. <' 22 s. lljd. 


(( 


iC 


3012 16 


H 



8. 11 cwt. 1 qr. 14 lbs. of sugar, at £3 15 s. 6 d. per cwt., 
amount to £42 18 s. 9|d. 

9. 4 cwt. 3 qrs. 14 lbs. of sugar, at £2 10 s. 6 d. per cwt., 
amount to £12 6 s. 2\ d. « 

10. 7 cwt. qr. 19 lbs. of sugar, at £3 14 s. 8^ d. per cwt., 
amount to £26 15 s. 7^ d. 

11. 13 cwt. 2 qrs. 7 lbs. of sugar, at £2 3 s. 9| d. per cwt., 
amount to £29 14 s. 2^ d. 

12. 9 cwt. 1 qr. 12 lbs. of sugar, at £5 11 s. 6| d. per cwt., 
amount to £52 3 s. 10| d. 

13. 29 cwt. 3 qrs. 17 lbs. of sugar, at £7 1 s. 4^ d. per cwt., 
amount to £211 7 s. 4^ d. 

14. 297 1, at £13 12 s. 0^ d. per t., amount to £4039 
16 s. 4^d. 

15. 921 1., at £9 19 s. 1^ d. per t., amount to £9169 
14 s. l|d. 
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Divimm of Oom^pound Numben. 

Division of a Compound Number by a Simple Number : 

826. If the dividend and divisor represent quantities of dif- 
ferent kinds, we first divide the highest order of units in the 
dividend by the divisor. We then reduce the remainder of 
this division to the next lower denomination, adding the units 
of the dividend which are of this denomination : after which 
we divide and proceed with the remainder of this second divi- 
sion as with that of the first. We continue thus to the lowest 
denomination, and, collecting the several quotients, we have 
the total quotient or compound number sought. If the highest 
order in the dividend does not contain the divisor, we reduce it 
to the next lower order j taking care to add the units of this 
denomination. 

JExtxmplet. 

1. If 30 yds. of cloth cost £10 9 s. 4^ d., what is the cost 
per yd ? 

£ s. d. 

10 9 4^ 
_20 2. 

30) 209 s. 44 (6 s. 11| d. 
180 

29 8. 
12 



30) 362 (11 d. 
330 . 

22 d. 
4 



80) 90 (8 qrs. 
90 

As 30 is not contained in 10, we reduce the £10 to shillings, 
and add the 9 s. of the dividend. The sum 209 s. we divide 
by 30, which gives 6 s. for the quotient and 29 s. for remain- 
der. This remainder we reduce to pence, and add the 4 d. of 
the dividend. The sum 352 d. we divide by 30, which gives 
11 d. for the quotient and 22 d. for remainder. This last 
we reduce to farthings, and add the 2 fiurthings of the divi- 
dend. The sum 90, we divide by 30| and have 3 furthings 
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for the qnotient, witbont remainder. Lastly^ we collect the 
several quotients, and have 6 s. 11 j d. for the cost per yd., as 
was required. 

We may also divide by the factors of 30, thus : 

£ I. d. 

5 )10 9 4» 
6 ) 2 1 10^ 
£0 6s.lljd. 

2. If 185 yds. cost £604 6 s. 8 d., what is the cost per yd. ? 

Answer, £3 5 s. 4 d. 

3. K 284 yds. cost £700 4 s. 9 d., what is the cost per yd. ? 

Answer, £2 9 s. 3| d. 

4. K 316 1. cost £4034 5 s. 4 d., what is the cost per ton ? 

Answer, £12 15 s. 4 d. 

5. If 297 A. cost £4039 16 s. Al d., what is the cost per 
acre ? Answer, £13 12 s. J d^ 

6. If 921 owt cost £9169 14 s. 1^ d., what is the cost per 
cwt. ? Answer, £9 19 s. 1^ d. 

7. Divide 78 s. m. 49 A. 1 R. 28 P. 10 s. yds. 0| s. f. by 385. 

Answer, 129 A. 3 R. 6 P. 15 s. yds. 5 J s. f. 

For farther practice, the student may reverse the 6 exam- 
ples which immediately follow the first example of the pre- 
ceding article ; in each of which he may divide the whole cost 
by the number of yards, which will give the cost per yard, 

327. When the dividend and divisor represent quantities of 
the same kind, we must observe whether the quotient should 
or should not also be of the same kind. If it should, we ope- 
rate as in the preceding article. For example, suppose that, 
with £15, we have gained £27 10 s. 3| d., and that we would 
find the gain on each pound. It is plain that this gain should 
be the fifteenth part of the whole gain, and therefore of the 
same name with the divisor and dividend : consequently, we 
divide £27 10 s. 3| d. by 15, and have £1 16 s. 84 d. for the 
required gain. 

328. But, if the nature of the question requires that the 
quotient should be of a different kind, we reduce the divisor 
and dividend to the lowest denomination of the dividend ; 
after which, considering the units of the dividend as being of 
the same kind with those of the quotient that we seek, we 
divide as in- Art. 326. 

18* 
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For example; if we would know how mncb land can be 
bought for £483 5 s. 7 J d., at the rate of £5 per acre, it is 
evident; from the nature of the question, that the quotient 
must be acres and parts of an acre, and that the number of 
these must be determined by the number of times that £5 is 
contained in £483 5 s. 7^ d. Now, aa dissimilar units cannot 
have a ratio to each other, in order to express the ratio of the 
dividend to the divisor both numbers must he rendered JKymo- 
geneous. But this can only be done h^ red%Lcing both numbers 
to the lowest deruyminoMon of the dividend; or (324) the divi- 
dend to a fraction of its princijoal unit. We therefore reduce 
the numbers, thus : £483 6 s. 7A d. = 463950 qrs. ; £5 == 
4800 qrs. The abstract ratio of tnese numbers expresses the 
required number of acres ; that is, ^|S^^ A. = 96 A. 2 B. 
25 P., is the number of acres and parts of an acre required by 
the question. Or thus : 5 s. li d. = £A : then 483A = 
£jj^4^, and JLVa^ -^ 5 = ^%^ A. = 96 A. 2 R. 25 P., as 
before. 

Examjpks, 

' 1. How much com, at 8 s. per bushel, can be bought for 
£26 10 s. ? Answer, 66 bush. 1 pk. 

2. How much cloth, at 4 s. per yd., can we buy for £20 
16 8. 4 d. ? Answer, 104 yds. qr. 1| n. 

3. At £4 per acre, how much land can be bought for £314 
19 s. 6 d. ? Answer, 78 A. 2 E. 39 P. 

4. Having planted 25 bushels of potatoes, and bai^rested 
437 bush. 2 pks., what is the rate of increase ? 

Answer, 17 bush. 2 pks. for each bushel, or 17^ for 1. 

Division of a Compound Number by a Compound Number: 

329. When the divisor and dividend are both compound 
numbers, but of different kinds, we reduce the divisor to a 
fraction of the principal unity and divide the dividend by 
this fraction in its lowest terms ; that is, (212,) we multiplsf 
the dividend by the denominator of this fro/ctionj and divide 
the product by the numerator. 

Examples, 

1. If 15 owt. 2 qrs. 8 lbs. of sugar cost £39 1 s. 2 d., what 
is it per cwt ? 

15 cwt. 2 qrs. 8 lbs. = 15^ cwt = ^^ cwt 
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. « 1. d. 
89 1 2 



109)278 8 2(je210s.2d. 
218 

55 
20 



109) 1108 (10 8. 
1090 

18 
12 



109) 218 (2 d. 
218 

**♦ 

HaTing divided tbe whole cost, £89 1 s. 2 d. by ^^y wHioh 
is the value of the given quantity in owts., we havCi for the 
value of 1 cwty £2 10s. 2 d. 

2. If IS yds. 2 qrs. of cloth cost £2 6 s. 6| d., what is it 
per yd ? Answer, 8 s. 4 J d. 

8. If 14 cwt. 8 qrs. 9 lbs. of su«ir cost £40 9 s. 6 d., what 
is it per cwt. ? Answer, £2 14 s. 7 d. -f- 

4. If 15 1. 16 cwt. of hay cost £712 s.^ what is it per ton ? 

Answer, £4 10 s. 

For more examples the student is referred to examples 8, 9, 
10, 11, 12, 18^ in Art. 826 \ in each of which the whole cost, 
divided by the fractional equivalent of the quantity in cwts., 
will give the pride per cwt. 

380. When the divisor and dividend are of the same kind, 
and the nature of the question require^ that the quotient shall, 
in kind, agree with them, we operate as in the preceding arti- 
cle. But, if the question requires that the quotient shall be 
of a different kind, we reduce the dividend and divisor to the 
lowest denomination mentioned in either, and divide as before. 

Or, we reduce each of th6 given compound numbers to a 
fraction of the principal unit, divide as in fractums, and 
reduce the quotient as usual, 

Examples, 
1. How much sugar can be bought for £39 1 s. 2 d., at 
£2 10s. 2d. per cwt? 

Here the divisor and dividend are of the same kind, but the 
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question demands a quotient of a different kind ; we therefore 
say, £39 Is. 2d.=9374d. 

Also £ 2 10s. 2d. = 6q2d. 

Then ^^j^- is the abstraet ratio of the price of the whole quantity 
sought to the price of a unit of that quantity : but the quantities 
evidently have the same relation to each other that their prices 
have : wherefore, as the denominator 602 represents one unit 
of the quantity sought, or 1 cwt., and the numerator 9374, the 
quantity itself in units of the same order as those of the deno- 
minator, it follows that 

'Wit- ^^- = ^^ ^^' ^ 4^' ^ ^^' ^ ^^ quantity sought. 
Orthus:£39 1 s. 2 d. = 39y3^ = -^^ ; and 

je210s. 2d.= 2^|§ = 2J^\j = fSS = 
then, J^-^ X iM =-Wt- = 15<^*- 2 qrs. 8 lbs., as before. 

2. At £3 5 s. 4 d. per yd., how many yards can you buy 
for £604 6 8. 8 d. r Answer, 185. 

3. At £2 9 8. 3| d. a yard, how many yards can be bought 
for £700 4 s. 9 d. ? Answer, 284. 

4. At £12 15 s. 4 d. a ton, how many tons can we buy for 
£4034 5 8. 4 d. ? Answer, ^16. 

5. At 13 12 8. 04 d. a ton, how many tons can be bought 
for £4039 16 s. 4^ d. ? Answer, 297. 

6. At £9 19 8. 1^ d. a ton, how m^ny tons can be bought 
for £9169 14 s. 1^ f Answer, 921. 

7. At £4 10 8. a ton, how much^ hay can be bought for 
£71 2 8.? Answer, 15 1. 16 cwt 

8. At £3 15 s. 6 d. per cwt., how much sugar can be 
bought for £42 18 8. 9| d. ? Answer, 11 cwt. 1 qr. 14 lbs. 

9. At £2 10 8. 6 d. per cwt., how much can be bought for 
£12 6 s. 2i d. r Answer, 4 cwt. 3 qrs. 14 lbs. 

10. At £3 14 s. 8^ d. per cwt., how much can be bought 
for £26 15 s. 7^ d. ? Answer, 7 cwt. qr. 19 lbs. 

11. At £2 3 B. 9| d. per cwt., how much can be bought for 
£29 14 s. 2^ d. ? Answer, 13 cwt. 2 qrs. 7 lbs. 

12. At £5 11 s. 6| d., per cwt., how much can be boi^ght 
for £52 3 s. lOf d. ? Answer, 9 cwt. 1 qr. 12 lbs. 
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SECTION XVII. 

BRAOnOX AND OALOULATIONS BT COMPLBMENTS. 



Ractice, 

331. Praotics, so called from its continnal application in 
the purobase and sale of goods, is an easy and expeditious 
method of multiplying compound numbers. It consists in 
resolving the lower denominations of a compound number into 
convenient aliquot parts or measures of the principal unit, and 
of each other; and then ascertaining the value oi>each aliquot 
or part| hy taking a corresponding part of the talue of the 
unit or of the value of that part which the a2igtu}t measures, 

832. When one of the given numbers iis simple, either of 
them may he taken for fnultiplicand or multiplier. For ex- 
ample, if we would find the cost of 27 yds. of cloth, at 8 s. 9| d. 
per yd., it is evident that this cost is 27 times 8 s. 9| d. But 
27 units of whatever kind, at 8 s. 9 j d. per unit, will give the 
same result. The number 27, therefore, or multiplier, may 
be referred to the kind of units that we seek, and thus become 
the multiplicand ; that is, H may be considered as £27, 27 s., 
or 27 units of any kind to which we can reduce 8 s. 9| d. For 
it is evident (59) that bo^ tibe given nuoi)>ers must be re- 
ferred to the same kind of unit, before each can thus take the 
place of the other. Assuming £27 for the multiplicand, we 
take parts of £1 for the multiplier 8 s. 9| d., thus : 

2 s. is 7^ of £1 
Is. is 4 of 2 s. 



6 d. is I of 1 s. 
8d. is^of6d. 
8qrs.is| of 8d. 



£ 

27 " ..d. 



2 14s. Od. cost of 27 units, at 2 Operunit. 

1 7 atlO " 

13 6 at0 6 " 

6 0. ;..... at0 8 « 

1 Si iandatOOf " 



^5 2s. 11 jd. total, or cost at 8 9| 

333. When any of the lower denominations is too small a 
part of the preceding aliquot, to give a convenient divisor, we 
ifUrodttce^ a convenient aliquot, atpkaswre^ and bar thepro^. 
duct which it gives, as not belonging to the question : after 
which we proceed as usual. 



TTi -jiasnai lam- wi tost jrvas&t. w^a, lais iJXTTi cnr.p.'e, 

'ant: 

1 li s-i 

1 U S- *«BL M 8s. 9d. 

SLsiif li. ti 1 U *} 

* « 1 ^ «a^ M 0«.0}1 

£5 2 111 cciiuii. 3«.9fd. 

l£.«4.if ^</Xl SU taaLtX ^i.Od. 

Ickiof^s. 250 cBB,tt li.8d. 

l|d.ki</ls..... 1 / # e3S^ at 1 s. Ourcd) 

j4.k|</l|d '0 3 4|ci&at» Oi.l|d. 

6| eott^ii OfL^fd 

X5 2 11} cnt, aft -3 ■. 9} 4 

Or Ah: 

2s.6d.ii|«f£] 'g ^ «. 

li.34iil4fSB.6d.' 3 7 6 eoBft^ai. 28.64 

3d.if |«flB.3d..... i 1 13 9 eon^ai. la. 3d. 

34pm.ii|ar3d. - # ^ # 

j 1 8| cprt, «*...: Oa.Of d. 

2 11| oo^Mk. ^a.9|d. 



38.4d.isiar£l..J^ 



4d.i8V^ar3i.4d. 

14ii 4 ar4d.. 

2qn.ii^afld.. 
IqE. u |of 2q^ 



4 







10 
9 
2 
1 






3 

H 



^ . 




£5 2 11| 

27 8. ftr ^e vraltipBaiid, we nraliiplj by 3 s., 
nitBy 0^2,) and lake parts of 1 s. for 9}d., 



PRAOriGE. 



»5 



6 d. is ^ s. 



e. 

27 



3d. is ^ of 6 d. 
I is I of 3 d. 



3 s. 9|d. 



£4 


l8 


i. 


13 


6d. 




6 


9 




1 


H 



£6 2 Hi 



hr we may proceed thus : 



£ 

1 



7 

3 s. 9jd. 



9d. is j of 3s. 
|d.isy\jof9d. 



4 
1 




1 

3d. 

1 8| 


£5 


2 Hi 



*rom the aboye, the student will see that the method pur 
I may be greatly varied, according to the caprice of the ope- 
r ; alsO; that the best methods to practise, practice alone will 
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Aliquot jHirts of a Dollar, 



eta. 
60.. 

834. 

25?. 

16| 

12; 

6^ 



$ 



Aliquot porta of a ShiUing, 



d. 

6.. 

4.. 

3. 
2.. 



\ 



s. 4. 

10 
6 8 
5 
4 
8 
2 
2 
1 



0. 
0, 
4. 
6, 
0. 
8. 



Aliquot parts of a Pound. 

8. d. 

1 4., 
1 8.. 
1 0., 
8. 
6. 
4.. 
3. 
2. 



i 

•i 
•i 

i 

1 

in 



•A 
T2« 
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Aliquot parti of a Cwt, 
lb. cwt 

56 

28 

16 

14 

8 

7 



Aliquot parts of a Ton. 
ewt. qr. lb. T. 

5 4 

4 1 

2 3 12 4 

2 2 4 

} 120 ^\ 

1 1 tV 



1. 11yds. 

2. 12 yds. 

3. 15 yds. 

4. 16 yds. 

5. 18 yds. 

6. 17 yds. 

7. 19 yds. 

8. 27 yds. 

9. 25 yds. 

10. 33 yds. 

11. 43 yds. 

12. 135 yds. 



at 

u 

u 
(( 
u 
a 
(t 
<( 
(I 
tt 

" 1 



BaxLtnples. 

18 s. 8d. per yd. 



2 

1 

1 

6 

1 

4 

11 

13 

17 

19 

18 



13. 11 cwt. 3qr. 141b. 



14. 
15. 
16. 
17. 
18. 
19. 
20. 



5 
7 
9 
19 
17 
15 
13 



1 
3 
1 
3 

2 





12 

12 

4 

14 


20 

27 



6 
4 
3 

8 
9 
6 

'J' 

at 

« 

u 
u 
(( 
a 
t( 
cc 



£ 
10 

1 

1 

1 

6 
1 

4 
15 
17 

28 

85 

261 

$19 per T. 

56 

61,50 

75,80 

90 

87,50 

69 

49,75 



« 
u 
(i 
a 
a 

iC 

u 
ti 
u 
a 



d. 
4 





9 
6 
4.1 



« 
« 

(( 
(( 

« 



5 
10 







9 

5 

18 
19 
17 
19 



$11,284 
15,00 
24,16J, 
85,19* 
89,48| 
76,56i 
52,8643 
82,933|j 



It is usual in business to take the nearest cent, and to reject 
fractions of a cent ; thus, in this last example, we should call 
the amount 32 dollars and 94 cents. The' studient, however, 
should not, in any case, be satisfied till he has obtained the 
exact answer. 

334. When the quantity is compound^ and the value of its 
principal unit also compound, weJind,&B in the first 12 ex- 
amples of the preceding article, the value of the given number 
of principal units, and then, as in the last 8 examples, take 
parts of the value of the principal unit for ike tower denomi- 
nations. 

To find the value of 11 cwt. 1 qr. 14 lb., at £3 15 s. 6 d. 
per cwt. I we prpceed thus : 



PRACTICE. 



tn 



1 qr. is I cwt. 
5 8. is ^ £...* 



Gd.isj^jjof 5 s. 
14 lb. is ^ qr. 



3 



8. 

15 



d. 
6 



11 cwt. 1 qr. 14 lb. 



83 
2 
2 

2 






15 

15 

15 

5 

18 
9 



I 



value of 11 cwt. at £S 
prod, for 15 s., or 8 times 
5 s. ; i. e. value of 11 cwt. 
at 15 s. 

6 value of 11 cwt. at 6 d. 
10^ value of 1 qr. ' 

5| value of 14 lb. 



£42 18 9| 

We first multiply £3 15 s. 6 d. by 11 ; that is, having 
multiplied 3 by 11, we take parts of 11, considered as pounds, 
for the 15 8. 6 d. Having thus taken 11 times £3 15 s. 
6 d., the value of 1 cwt., we have the value of 11 cwt. Then, 
to have the value of 1 qr., we take j of £3 15 s. 6 d., which 
gives 18 s. 10} d. Lastly, to have the value of 14 lb., or i qr., 
we take i of 18 s. 10} d., the value of 1 qr. Having added 
the several products, we have £42 18 s. 9j d. for the value of 
the whole, as required. Or thus : 



Iqr. isi 



141b. is^ 



d. 



15 6 

11 cwt. Iqr. 141b. 



41 



10 

18 
9 



6 

5l 



£42 18 9| 

We here multiply £3 15 s. 6 d. by 11, as in art. 321 ; we 
then take parts for 1 qr. 14 lb., and having added, we have 
£42 18 s. 9| d. for the whole value, as before. 

Proof, — By Inactions, 

15s. 6d. = 15»s. = ys. =£|J, and £3jJ=:£yV. 
Again, 1 qr. 14 lb. = 1^ qr. = | qr. = | cwt., and 11| cwt. 

= V cwt. Then, V X W =-4If^ =^2 18s. 9| d. 

JBy Decimals, 

15 8. 6 d. = 15,5 s. = £,775 ; therefore, £3 15 s. 6 d. = 
£3,775. Again, 1 qr. 14 lb. = 1,5 qr. = ,375 cwt. ; therefore 
11 cwt. 1 qr. 14 lb. = 11,375 cwt. Then, 11,375 X 3,775 = 
£42,940625, ^d reducing the decimal, we have £42 18 s. 9| d. 

19 
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This method often requires a great many figures, and is there- 
fore very tedious ; the scholar may, howeyer, sometimes use i% 
as proof. 

JEhMtnples. 

1. 4 cwt. 8qr. 14Ib. at £2 10s. 6d. per owt. £12 6 s. 21 d. 
8. 7 19 «' 3 14 84 « 26 16 71 
8. 13 2 7 « 2 8 9| " 29 14 21 
4. 9 1 12 '^ 6 11 61 " 62 3 lOj 
6. 29 3 17 « 7 1 4| «« 211 7 44 

6. What is the cost of 297 T. 18 cwt. 2qr. 71b., at £13 
12 s. OX d. per ion ? Ans. £4049 s. 10 ^U d. 

7. H!ow much w<»rk will £74 2 s. ^Ad. pay for, at toe rate 
of 11 square yards for £1 ? Ans. 816 sq- yds. 4^} sq. f. 



8. If we paT£l for 6 cwt. 2qr. 841b. of potatoes, , what 
quantity should we have for £63 10 s. ^ d. ? 

Ans. 17 T. 11 cwt. Iqr. 81b. 6|o«. 

9. What is the cost of 91 acres at £16 10 s. l^d. per 
acre ? Ans. £1411 1 s. 4^ d. 

10. How much land has the man who pays £16 10 s. 1^ d. 
tax, at the rate of £1 for every 91 Acres ? 

Ans. 1411 A. R. 11 P. 

CcUculatton hy Complements. 

336. As a general discussion of this subject would perhaps 
occupy more pages than are contained in this entire work, we 
shall here chiefly consider the advantages it affords in Practice 
calculations. 

When a quantity is multiplied by any proper fraction, — , it 
is diminished by suchpcurt of itself obib expressed hy the com- 
plement of that fraction, that is, by tks of itself. Thus : 

m 

QX- = -''. Al80,o-^^'"~''^='^~"^+"'* = 
mm' m m 

^. (186.) 

m ^ ^ 

If we put Q = 36, and— = J, we shall have 86 X 3 = 36 

— § of 36=36— 8 = 28. 

836. When m — n==l, that is, when the numerator is 
only one unit^less than the denominator, the above property 
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ailbrds^reat adyantage in calculation, seeing that toe have only 
to subtract — th. For e^mple, if we would multiply 8848 by 

if as the complement of 2 is h ^^ ^^^^ ^t^J ^ subtract from 
848 its eighth, part^ thus : 8848 — 481 = 8867; which is 
easier than tii^ following : 



8848 



8 ) 26986 
8867 



Agun, if we would find the cost of 8848 yds. at 17 s. 6 d. 
per yd., as 17 s. 6d. is £|, we subtract from 8848 its 
eighth, as above, and have £8867 foi' the required cost. This 
is much easier than the following : 

£ 



10 8. is |.... 

6 s. is j.... 
2s. 6(Li8| 



8848 

1924 
962 
481 



£8367 
What \k the cost of 97 yds. at 88| cts. per yd. 7 

Comp. of 88^ =16| la J -9V 
subtracted 16,16| 

80,88^ 

Here 97 yds. at tl, Wotdd be 997. Then as 88 j is g of a 
dollar, and its comp. }, Wef subtract from 97 its sixth part, and 
have $80,88| for tl^e r^qtiired cost. - 

This is certainly more e^tpeditious than the following : 

ots. 

83f 

12X8 + 1=97 

1000. ' 
. 8 

8000 
. 83j 

•80,83^. 
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Ab a mere introdnodon to the use whioh tlie intelligent sta- 
dent may hereafter make of this principle, we here insert a few 



98i 

83; 
75. 
66|. 






Tablet of ComplemerUs. 

Oompw 

A 



■. d. £ Oomp. 

19 11 lie nh 

19 10 m Ti» 

19 9 U /u 

19 8 Is io 

19 6 n A 

19 4 U A 

19 ^§ 

18 9 jl 



«. 

11.. 
101. 
10* 

9.. 

8.. 



i 
i 



i 



1 
Iff 



ewt. 

•ii- 
•if 

f 
■i 



dr. Ibi. 

8 24 

3 21 

3 20 

3 14 

I 12 ^ ^ . 



Oomp. 

1 

•A 

1 



a. «. 

18 8. 
18 4. 
18 0. 

17 6. 
16 8. 
16 0. 
15 0. 
13 4. 

ctvt> qE> 

18 3 
18 2 



Oompi 

1 
•T5 

1 
•12 

•A 
-I 
•i 
-i 
■i 
■I 



17 
17 
16 



2 





15 



Ibw T. Conn. 

2 11 A 

7 1 

Xvl«*aa a • a • W«» aaaaaaa »W 
vaaaaaa a •^aa aaaaaaa a¥ 
vaaaaaaaajra***aaaa a a? 



1. 16 yds, at 

2. 17 « 

3. 19 

4. 25 

5. 37 

6. 45 

7. 55* 

8. 96| 

9. 18| 

10. 87| 

11. 100 

12. 120 

13. 45 

14. 16 

15. 5 



It 
ti 
It 
t( 
tt 
It 
tt 

€€ 
U 
U 
U 
U 
il 



Examplm, 

93| cts $15,00 

874 14,87i 

834 15,83: 

75 18,75 

661 24,66| 

lid ..a£2 Is. 3da 

104 2 8 6| 

10 4 24 

9 14 0| 

8 2 18 6 

198.9d 98 15 

19 8 118 

19 6 43 17 6 

18 9 15 

16 8 4 3 4 
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m Sqr. 241b. at $19 per cwt 918,324 

17. 3 21 " 18 16,87| 

la. 3 20 « 35 32,60 

19. 3 14 « 29 25,374 

20. 3 12 « 31,50 27,00 

21. 18 cwt. 3 qr. lb. at £3 12 s. per T. £3 7 b- 6 d. 

22. 18 2 8 << 4 10 '< 4 3 69 
28. 17 2 " 5 6 8d. " 4 13 4 
24. 17 16 " 23 11 11 " 20 4 6 

337. Let Q be any quantity, — an improper fraction, and 
n — m = d. Then (77) n= m-\-d\ consequently 
— = =QH ; that is, q is increased in a ratio 

expressed by the fraction , which is ^ mpplement of-^ 

or part hy which — exceeds a unit 

888. When n-^msssil, the quantity Q is %ncre€uedhy'-th 

o/ttecZ^thatis,^ = Q+— . Thus 24 X 8=24 + 3 = 27. 

Also, 24 vds. at $1,12^ per yd. = $24 + $3 = $27. 
Here we naye added to $24, the cost of 24 yds. at $1, the 
cost of 24 yds. at $|, which is $3. 

Proof, 

24 
112|cte.. 

2688 
12 

$27,00 

Required the cost of 29^ yds. at $1,33 j per yd. 

Here the supplement is 33| ots. = $j. We therefore add 
to 29|, considered as $29|, its third part, thus : 29} + 9| =? 
$39; Answer. 

Examples. 

1. 18| yds. at $1,331... $25, 

2. 254 '< 1,25... 31,874 

19* 
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8. 87|yds. at 1,16| W4,04i 

4. 43 « 1,12^ 48,37i 

5. 64 " 1,064 ;68,00 

6. 126 " 1,66| 208,33^ 

Here, as it is of no consequence wliich number we take for 
multiplicand, we add to $1,66§ its fourth party which is 41|, 
and have 1,66| + 41| = 92084 or $208,834, for the answer. 



SECTION xvni. 



DUODEOIMALS — BOARD BCEASUBE, ETC. 

Duodecimals. 

339. This rule is used in measuring cord-wood, artifieer's 
work, &c. The foot is the principal measure, and is divided as 
follows : 

1 foot J ft, is equal to 12 inches, or primes, marked thus/ (•^) 

1 inch 12 parts, or seconds " (jJ)* 

1 second 12 thirds (^Y 

1 third, 12 fourths "" (t'u)* 

The inch, or prime, is j\^ of a foot. The second is (A)*, or 
t's of T> = riz of a foo*- The third is (^'j)*, or j\ of ^1, = 
j7j\^ of a foot, &c. 

These parts, from their regular ratio of 12, are called duo- 
decimalsj which name is derived from the Latin duodecim, 
twelve. 

Multiplication of Duodedmah, 

840. From the nature of fractions, wp shall easily perceive 
what parts will be produced in multiplying together apy of ihQ 
above denominations. For example, if we multiply by feet, as 
these are integers (whole numbers,) having a unit for denomi- 
nator, it is evident that the denominator of the part multiplied 
wUl not he altered; thus, 3 feet multiplied by 2 feet, y/nM give 6 
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feet; 8 in. mnltif^ed hj2/i., that is? tIz X ? = t^» ^^ ^ *^- 
Again, 8 sec. mnltiplied by 2 ^., or j^j X f = y|^, or 6 se- 
conds, etc. 

If we multiply by inches^ as the denominator of these is 12, 
ike denominator of the part multiplied toiU become the tame 
ae thai of the next lower denomination ; thos, 8 ft. multiplied 
l^ 2 in. will give 6 in. ; that is, f X i% == -/^j or 6 inches ; 
8 in. mnltiplied by 2 in. ; that is, ^^ X A = tI?' or 6 se- 
conds; 8 sec. mnltiplied by 2 in., or j|^ x ^ = tVI;?' ^ ^ 
thirds, &c. From what has been said, the products of any 
other parts will easily be estimated by one who has learned 
fractions. 

341. As the second is the square of the prime, the third, the 
cube, &c., if we consider the feet as having for their index, 
the inches 1, the seconds 2, the thirds, 3, &c., if we multiply 
these together, the parts produced will have for their index the 
9um of the indices of the parts multiplied ; thus, the index 
of the prime is 1 ; that of the second is 2, and the sum 3, of 
these indices, is the index of the parts produced when we mul- 
tiply inches by seconds. It is the same for any other parts, 
seeing that their product contains the factor -^t^j as often as its 
index contains a unit. 

For example, to multiply 7 ft. 8 in. 4 sec. by 2 ft. 4 in., we 
write the numbers thus : 



7° 


3' 


4" 


2° 


4' 




14 


6 


8 


2 


5 


1 4'" 



16 11 9 4 

and first multiply all the parts of the multiplicand by the 2 ft. 
of the multiplier. Beginning with the lowest denomination, 
which is here seconds, we say 2® X 4" = 8", which we place 
under seconds ; then 2° X 8' = 6', which we write under 
inches : lastly, 2° X 7° = 14°, which we write under feet. 

Then, to multiply by 4', we say 4' X 4" = 16'" = 1" + 4'"; 
we therefore write 4'" one place farther to the right, and re- 
tain the 1", to add to the next product. Then 4' X 3' =12", 
and, adding the 1" retained, we have 13" = 1' -|- 1" ; we there- 
fore write 1" under 8", and retain the V to add to the next 
product. Lastly, 4' X 7° = 28', and 1' retained, is 29' == 2° 
{i^; we therefore write 5' under the primes or inches, and the 
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2 ft. nnder feet HaTmg idded the two prodttcto^ we htre 16 
feet, 11 primesy 9 seconds, 4 thiidB, far the total prodiici. 

342. We have seen (110) that the content of anj super- 
fidea ia estimated in aqnarea, and ia the product of the length 
and breadth, eaeh taken in the flame meaaore. Artifioefs' wiok, 
ioeh as glaidng, painting, plastering, paving, roofing, &e., ii 
nanallj paid bj the aqoare yvd or aqoare loot; and, aa the di- 

Bcm 



mensions are taken in feet and inches, bong gmenJlj 
sored with a carpentei's rule, sodi work is eonvenientlj eaka- 
lated by dnodccimals, Parts less than seconds are eomnumly 
omitted impraetiee, 

Sappose the roof of a green-hoose to be 100 ft. 9 in. long 
and 21 ft. 6 in. wide, what is the amount of gUiing, and what 
will it cost at d cts. per square foot 7 



lOO" 
21 


6 


2115 
50 


9 

4 er 


2166" 


r 6" 



The scholar mnst take particnkr notice, that in the product, 
the prime 1' ia i^ of a sqnare foot, or of 144 square inches, 
and is consequently 12 square inches; that the 6'', beings 
number of hundred and forty-fourths, is 6 square inches, and 
hence, that 1' 6" = -JA -f- ^f^ = Jj^ = g > ^h recollecting 
that 1| d. = I of a shilling, he will see that V &' or 1^ twelfths 
of a 8, f. = I of a s. f. Therefore, 2166° 1' 6" = 2166| . 
8. f. ; which, as dollars and cent:! are decimals, we may ex- 
press thus : 2166,125 s. f. Then, multiplying by 9, we have 
$194,95125 or $194,95| for the required cost 

Examples^ 

1. Snppose a mom to be 47 ft. 2 in. loi^r, uid 13 ft. 6in. 
wide ; what will the ceiling of it cost, at 25 cts. per square 
y»4? Ans. $17,68 j 

2. How many 3^ard8 of carpeting, that is yard-wide, will 
«|mt a room that is 36 ft. 8 in. long, and 25ft. 6in. wido; 
uA what wiU it cost, at $1,12| cts per yard ? 

Ans. lOSf yds., and the cost $116,87|. 
J 5*^ ■tttny square yards ctf paving aro thero in a court- 
^y^^^^^ ^i«^- long, and 66 ft. 8 in. wide ; how many 
« will pave it, allowing eaeh brick, when laid, to oofer a 
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Bpace of 8 in. long and 4 in. wide ; and how much will the pa- 
ving of it oost at 56^ cts. per square yard ? 

Ans. 572| s. yds. ; 23175 hricks, and the ooet $321,87^. 

348. Dnodeoimals may also be applied to quantities of three 
dimensions^ the content or capacity of whicl^ as we have seen 
(170,) is estimated in cubes, and is found by multiplying to- 
gether their lengthy breadth, and thickness. 

Required, the content, in bushels, of a sranary bin, the 
length being 53 ft. 9 in. ; the breadth 6 ft. 3 m. and the depth 
4 ft 5 in. 

53*> V 
6*> 3' 



322 6 
13 5 3" 



335 11 3 square feet and parts. 
4 5 



1343 9 
139 11 8 d'" 

1483«> 8' 8" 3'" content of bin in c.f. 
Subtract i 296 8 11 3 see art. 288. 

1186 11 9 content in bushels, -nl-g 
Add^l^ ,5630 too little (288) 

1192 6 true content in bushels. 

The scholar must here observe with attention, that in the 
product 1483° 8' 8" 3'", the number 1483 is a number of cu- 
Die feet (170) ; also, that each unit in the 8', being X of a 
cubic footj or j^^ of 1728 cubic inches, is 144 cubic mches ; 
each unit in the 8^', being J^^ of 1', or j\^ of 144 cubic inches, 
is 12 cubic inches ; and lastly, that each unit ip the 3'", being 
■j^ of 1', or J^ of 12 cubic inches, is 1 cubic inch. We can, 
therefore, reauce these parts to cubic inches, thus : 8' -j- 8" -j- 
8'" = (8 X 144) + (8 X 12) + 3 = 1152 + 96 + 3 = 1251 
cubic inches, or j^fj = |{| of a cubic foot. 

Therefore, 1483° 8' 8" 3'" = 1483||| cubic feet 

Having reduced the cubic feet to bushels, by the method 
given in art. 288, we have 1192° 6', or 1192| bush, for the re- 
quired content. 
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Praof hjf Fraetwna. 

53° 9' = 53} =^^ 5 6° 3' = 6^ = V 5 4« 5' =4^^ = 
II ; then, subtractiiig \ from one of Ihe fftoton, oamely the 
tactor ^y which makes it ^ = 5, nad adding ,|^ to one of the 
fiiotors, namely to ^J^, which makes it ^^ = 54 ; we hare, 
fix VXf = VXf Xf=^'=1192| for the nmn- 
ber of bushels. 

Parts less thaa thirds are not noticed m common praotioe. 

Examples, 

1. What is the content of a cave, the length of which is 12 
ft. 9 in. ; the breadth 7 ft. 6 in., and the height 8 ft. 8 in. ? 

Ans. 788 c. f. IC 10" 6'", or 788|| c. f. 

2. Suppose that the body of a cart is 7 ft. 2 in. long, inside, 
8 ft. 6 in. wide, and 1 ft. 1 in. deep ; how many times can the 
cart be filled from a pit that is to be dug in the earth, 45 ft 
3 in. long, 10 ft. 2 in. wide, and 6 ft. 1 in. deep ; allowing the 
earth in the pit and in the cart to be equally compact ; and how 
many cubic yards of earth does said pit contain f 

Ans. The cart can be filled 102;j[m, or nearly 108 timeS| 
and the pit contains 103i^j^||, or not quite 104 cubic yards. 

844. The transportation of merchandise in ships la called 
freight, and the freight of all irregular packages, such as bales, 
boxes, j&c. is charged by the cubic foot ; the parts less ihan 
half a cubic foot being neglected, and those amounting to half 
a cubic foot or more accounted a cubic foot each ; that is to 
say, the content of each package is calculated to the nearest 
cubic foot. When the packages are uniform, the fireight is 
charged by the barrel, bag, &c. 

Examples, 

Bequired the content of the following bales, boxes, or pack- 
ages, the length, breadth, and depth being given in feet and 
inches : 

1. 5 ft. 8 in. ; 8 ft. 1 in. ; 2 fb. 9 in. Content, 45 c. f 

2. 6 ft. 2 in. ; 8 ft. 4 in. ; 8 ffc. 1 in. " 68 " 

3. 7ft. 5in.; 4ft. 9in.; 3 ft. 6 in. « 123 ^• 

4. 8 ft. 1 in. ; 4 ft. 10 in. ; 8 ft. 8 in. " 148 " 
. 5. 9ft. 4 in.; 6ft. 5 in.; 5ft. Tin. " 834 *' 

6. Suppose the bushel to contain exactly 2150 cubic inches, 
and that the inside of a box is the exact cube of 5 feet ; how 
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much miut tlie edge of the box be planed down, that it maj 
ocmtain just 100 boshels ? 

An0. -f^f or not quite | of an inch. 

lb Meaattre Card-wood, 

845. The oord by which wood is measured is 128 c. f , or the 
eontent of a pile of wood 8 feet long, 4 ft. wide, and 4 ft. high. 

The content, therefore, of any quantity of cord-wood, is cal- 
culated by comparing it with a pile of tibe above dimensions. 
Hence, the rule, muUtply the lengthy hreadthj and height to- 
gether ^ aUinfeety and divide hy 128, which will give the con- 
tent in ooids. Or rather, set down, in continued multiplication, 
the length, breadth, and height, as a numerator; and 8 X4 X 4, 
the dimensions of a cord, as a denominator, and find the result 
as in multiplication of firactions. 

llequired the content, in cords, of a pile of wood that is 
60 ft. long, 16 ft. wide and 10 ft. high. 

16 X 60 X 10 ^ 15 ^ 5 ^ 75 ^^^^ Answer. 
4X 4X 8 

A cord is sometimes said to contain 8 feet of wood, each 
foot being consequently, 16 cubic feet. Now, on a base 8 ft. 
long and 4 ft. wid^, it is plaiu that every 6. inches in height 
wilfgive 1 foot of wood. For, 8 X 4 X 4 == 16 cubic feet. 

346. When the dimensions are feet and inches, we may find 
the content by duodecimals, and divide by 128. 

What is the content of a pile of wood, the length of which 
ia 20 ft 9 in.^ the breadth 3 ft. 7 in., and the height 9 ft. 8 in. 7 

20° 9' 
9 8 



186 9 

13 10 0" 

200 7 
3 7 

601 9 
117 V 

128) 718 9' 1" (5 0. 5 f., nearly. 
640 

16) 78 (4i 
64 

14 _7 
16 "^8 
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We here divide by 128, for odrdB, and the zemainder by 16; 
for feet of wood. As we only calculate to the nearest foot of 
woody in dividing bj 128, we neglect Ae parts inferior to cubic 
feet, which, as they never can equal A of a foot of wood, can- 
not affect the result. In dividing by 16, as the finaction J ex- 
ceeds i, we add 1 to the feet, whidi gives for the contoit 5 
cords, 5 feet, or 5| ooidS| nearly. 

Eaximples. 

1. What is the content of a pile of wood, 24 ft long, 20ft. 
broad, and 18 ft. high ? Ass. 67^ oords. 

2. What is the content of a pile, 17 fb. 8 in. long, 9 ft 4 in. 
broad, and 10 ft. 7 in hi^? 

Ans. 18 0. 5 £, or 18f oords. 

3. What is the content of a pile, l^e length being 101 ft., 
the breadth 17 ft., and the height 8 ft. ? 

Ans. 107 C. 2^ ft, or 107^^ oor^ 

4. What is the content of a pile, the length being 203 ft, 
the breadth 14 ft. 9 in., and the height 7 ft. 6 in. ? 

Ans. 175 C. 3^ ft., or 175/^ cords, nearly. 

Board Meamare^ ^e. 

In this is included the measurement of planks, scantling, 
rafters, and hewn timber. 

To measure boards, the usual thickness being one inch : 
347. The length, in inches, multiplied by the breadth, in 
inches, will evidently give the number of square inches in the 
surface of the board. This divided by 144, the number of 
square inches in a square foot, will give the content of the sur- 
face of the board in square feet. 

Put I = the length of the board, in feet ; then, Z X 12 = 
the length, in inches ; now put to = the width, in inches, then 
^ X «^ X 12 = the content of surface, in square inches, and 

IXwXl^ IXwXA^ IX ^ ,,. 

144 ' 12 V i^ ^^ ^^\9~ ^^ content in square feet. 

Now, if I = 12, that is, if the board is 12 feet long, then 

I Xyj jL^X'^ 

"~ 22 " ^^ — i^ — =^w ; that is, the numher which shows the 

width in inches/is the numher of sqiiare feet contained in the 
surface of a board, when the board is twelve feet long. 

Again, if t(; = 12, then^^f = L^i^ = Z, or the length. 
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,In other words, when the board is 12 in. wide, eyerj foot in 
length will make a square foot on its surface. 

From the above the following roles may be deduced : 

1. For a board of any length : Find the content of its sur- 
face fgr 12 i^t long; i. e. set down its width, in inches, as 
square feet ; take parts for the surplus or deficient length, and 
add, or subtract, as occasion may require. Thus : for a board 
14 ft. long and 8 in. wide, we set down 8 s. f. content for 13 
ft. Then, 2 ft. being J of 12, we take J of 8 = 1| ; and 8 + 
1 J = 9| s. f, is the required content. 

Had the board been only 10 ft. long, we should, by a similar 
reasoning, have had 8 — 1| = 6f s. f. for its content. 

For a board 16 ft. long, the surplus 4 ft. hieing 4 of 12, its 
width, in inches, taken as s. f. plus -| of the same, is its content. 

For a board 18 ft. long, the surplus 6 ft. being } of 12, its 
width, as before, plus j its width, is its content ; and so, for 
any other length, the parts may be easily taken. 

2. For a board of any width : Set down its length, in feet, 
which is its content in s. f , when the width is 1 foot, or 12 
inches. Then take parts for the surplus or deficient width, and 
add or subtract, as before. 

What is the content of a board, 22 ft. long and 9 in. wide ? 



Gin. is ^... 
din. is|... 



22 s. f., content for 1 ft. wide. 



11 content for 6 in. wide. 

5| content for 3 in. wide. 



16^ s. f. required content, or content for 9 inches. 

Or, as the deficiency 3 in. is } of a foot, we set down 22, and 
subtract its fourth part, thus : 



din. is }... 



22 s. f., content for 1 foot wide. 
5i conteiit for 3 in. wide. 



16} difference, or required content. 
Suppose the board 10 in. wide, we subtract }, thus : 



2 is |... 



22 

^ 



18i 8. f., content 



buppose it 7 in. wide, wo take i for 6 in. wide^ and add | 

of the quotient, for 1 in., thus : 

20 • 
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Gin. 18 i 
lin. is } 



22 

11 
1| 



12{ or 18 8. £, oonteni. 



In A board-yard^ the length of a board is always an eyen nam- 
ber of feet, or is so considered, and the content is calculated to 
the nearest square foot 

ExampUi, 

1. Required the content of a pile of boards 12 fi. long, the 
several widths being as follows : 10 boards 8 in. wide ; 14 
boards 9 in. ; 21 boi^ 12., and 7 boards 16 in. wide. 

Ans. 570 8. t 

2. Required the content of a pile of boards 16 fL long, the 
widths being as fbllows : 19 boards 9 in. ; 25 boards 8 in. ; 13 
boards 11 in. ; 8 boards 15 in., and 5 boards 17 in. wide. 

Ans. 959 8. f. 

3. Required the content of a pile of boards of the foUowing 
dimensioDs; always understood that the first number is thS 
length in feet, and the second the width in inches : 14 by 
8 ; 16 by 9 ; 12 by 7; 14 by 13; 18 by 16; 20 by 13; 18 
by 16; 10 by 7; 18 by 12; 14 by 11; 16 by 18, and 22 
bv 19. Ans. 209 8. fl 

To measure planks, the thickness being more than an inch : 

248. If, without altering the length, we douUe, treUe, &c 
the width of a board, it is easy to see thatire Judl douJUcj tr^ 
hie, <£r. tJfs comifni. 

Also, allowance being made for the saw, it is plain that a 
plank, two, three, &c. inches thick, may be sawn into two, three, 
so. boards, one inch thick, of the length and breadth of the 
plank ; consequently, if we double, treble, &c. the thickness 
of a board or plank, irr shaii doM^y frtbity dbc ih conienL 

It is therefore evident, that if we increase the width or thick- 
ness of a board or plank, by one-half, one-third, &c. of said 
width, or thickness, inr shall incrtase the hoard h^ ome-half, 
one-MiW, <ir. o/ iY$ comttrnt. Hence the following conTenient 
xwle: 

Find how many times 1 inch is contained in the thickness, 
and multiply the width by the quotient. Then proceed as if 
lo Bonasiifa a board of the length of the plank, and of the in 
Braased^width, which wiU give the WMitttit 
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ChtiB, if a plank be 18 ft. long, 8 in. wide, and 1} in. thick, 
ivi say 1} times 8 in. = 8 -}- ^ = 12 iii* ; we then calculate as 
foi a board 18 ft. long and 12 in; wide, and have 18 s. f., board 
measure. Had the plank lyaen If in. thick, we should have 
said, 8 X If = S + ^ = "^^ ^* increased width. Then^ 



2 in. is i . . 



Or thus: 6 is ^.« 



18 s. f., content for 1 ft. wide. 
3 content for 2 in. 

21 s. f.| content of plank. 

14 B. f., content for 12 ft. 
7 content for 6 ft. 



21 



content, as before. 



Had the plank been 2| in. thick, we should have said, 8 X 
2| = 16.+ 6 = 22 in. increased width. Then, 



6ft. is 1 



2- 



22 s. f., content for 12 ft. 
11 content for 6 ft. 



33 



required content. 



Or thus : 6 ft. is 4 ) i»io ^i. ^^ s- ^'t content for 1 ft. wide. 
4 islr^^^^*- 9 " 6in. « 






9 
6 



(( 



6 in. 
4 in. ^* 



33 s. f., as before. 



Suppose a plank is 32 ft. long, 13 in. wide^ and 3^ in. thick, 
13 X §1 = 89 + 3^ = 42^ in., increased width. 



4 ft. is |... 



42^ s. f., content for 12 ft. long. 
3 



126| or X s. f , content for 36 ft. long. 
14 X cont. for 4 ft. subtracted 



112^ or 112| s. L 
Or thus: 6 in. is^... 



4 in. is ^^ of 6 in. . . 



32 s. f., cont. for 1 ft. wide. 
3 



96 s. f., cont. for 3 ft. wide. 
16 " 6 in. « 

I " i in. " 

112| content, as before. 
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Or thtis : 1 in. is ^3. 



82 8. t, ccmt. for 1 ft. wide 
2f cont. for 1 in. «< 

34| cont. for 13 in. <' 



104 
8| 



112| content 

349. As the length, breadth, and thickness 1^ all &cton 
of the content, if we increase or diminish any one of these in 
any ratio, the content wiU he increased or diminished in the 
same ratio; therefore, we may, if we please, multiply the length 
or breadth hy the thickness, as is mast convenient. As the 
length is always an even number, this will often be fbnnd yery 
useful. 

Example, 

Required the content of a pile of planks, the length, breadth, 
and thickness of each being given in the order here named: 
10 ft. by 13 in., by U in. ; 12 ft. by 17 in., by 24 in. ; 14 ft. 
by 12 in., by If i^. j 18 ft. by 13 in., by 84 in. ; 16 ft. by 11 in., 
by 2» in. ; 30 ft. by 13 in., by 4} in. ; 36 ft. by 17 in., by 3J 
in. I 20 ft. by 19 in., by 5J in. " Answer, 679 s. f 

350. We have seen (347) that 1/ is the content of the 

surface of a board in square feet, and (348) that, for the con- 
tent of stuff thicker than 1 in., we must multiply this content 
by the thickness : the product, therefore, of the lengthy hrecdth^ 
and thickness, divided hy 12, or, which is the same thing, 

the product of the width and thickness, multiplied hy ^, is the 

content in hoard measure ; that is to say, it is the number of 
square feet of surface that the stuff would cover, if sawn into 
boards 1 in. thick, allowing no waste in sawing. This will 
also appear evident thus : in dividing by 12, we may suppose 
the width to be reduced to feet; and, as the length is already 
feet, the product of these will give the content of the surface 

207) in square feet; wherefore, (348,) this multiplied by the 
ickness, will give the content in board measure. 

To Measure Scantling : 

351. When the dimensions of width and thickness are firac- 
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tii.jb» , reduoe these io fractiong, and find their prodnet in its 

lowefifi terms. Then multiply this product by -^f reduced to 

its lowest terms, which will give the content. 

Let a piece of scantling be 16 ft. bng and 8^ in. by 2} , 

3^=3;2^ = j|:al8ol = H = |;tlieii3X!X| = y 
= 11| s. f. board measure. 

852. When the area of the end is 12 square inches, tlie 
length of the piece is its content in square feet, hoard measure. 
Also, if the area of the end is a multiple of 12 square inches, 
the content is the same multiple of the length. This is evi- 
dent^ because the denominator of the factor ^ will, in both 

cases, be cancelled. 

Uoccmpie, 

Kequired the content of the following pieces of scantlings 
the length being given in feet, and the breadth and thickness 
in inahes and ^Niotions of an inch : 20 ft. 3 by 4 ; 18 feet 3^ 
by3; 26ft. 3^ by 2^; 16ft., 6 by 4; 28 ft., 5| by4|; 80ft., 
6 by 4 ; 24 ft, 6| by 3|; 14 ft., 6^ by 4f 

Answer, 272 s. f. B. M. 

To measure Bafters, the width being greater at one end 
than the other, but the thickness uniform : 

Add' the greater and less width together, and take half the 
sum for a mean width. Then, with this mean width, the uni- 
form thickness and length, proceed as for scantling. 

Let a rafter be 40 ft. long, 4 in. by 9 at one end, and 4 by 5 
at the other. 9 + 5 = 14, and -V- == 7 mean width. Then^ 
mean area 7 X 4 -i- 12, or f| = | j and, lastly, ^^Jt x J = 
^s> ±:^ 93 j s. f. content. 

Or thus : 28 s. f. = content for 12 ft. ; then 28 X 3 = 84 
content for 36 ft. Now, as 4 is ^ of 12, we have -^g^. = 91 
content for 4 ft. Lastly, 84 -f- 9| = 98^ s. f., as before. 

Example, 

Eeiquired the content of the following rafters : 40 ft., 5 by 10 
and 5 by 6; 28 ft. 6 by 9 and 5 by 4; 24 ft., 4i by 10 and 
4J by 6; 50ft, 5^ by 10 and 54 by 5; 36ft., 6 by 10 and 6 

by 6 ; 48 fti., 4 by 10 and 4 by 6. Answer, 686 s. f. B. M. 

20* 
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To find the Gontent of Hewn Timber in Cubie Feet : 

3^. Pat q = the l^ngtlit and a and 6, the two dimensioDs 
of the end in inches. Then gX^X^Xl^is the content 
in cubic inches ; and, as 1728 or 12 X 12 X 12 cubic inches 
make one eahie foot, it is pbdn that 

g X • X ft X 12 qXaXh . .. . 

12X12X12 = 12X12 =^^^^^^^ 

Hence the role : Multiply the length in feet by die area of 
the end in inches, and d&Vide by 144. But it is much better 

always to write the numbers in die ftrm -^^ s^ — <m ao- 

1^ X 1* 
count of cancelling. 

When the area of die end is 144 sqfuare inehesy Ae lemgA 
of ^ piece is iU content tk c f. 

Let a piece of timber be 86 ft. kng, and 16 in. by 12 on 
die end, then: 

£3camjples, 

1. Beqaired the content in eubie ftet of the foDowing pieees 
of timber: 20 ft., 12 by 12; SO ft., 12 by 10; 18 ft., 10 bj 
9; S4ft., 12 by 11; 36ft., 14 by 10; 40ft., 16 by 12; 32ft., 
18 by 16; 34ft., 13 by 12 ; and the cost at $2,12' per ton 
ofoOcf. Answer, 267 c 1, and the cost $11^4}. 

2. Required the content of the fcUowing pieces, namdy : 
two pieces, each 40 ft., 16 by 14; 3 [Heees, eaeh 36 ft.^ 19 by 
18; 4 ineces^eaeh 20ft, 12 by 11; 3 pieces, 28ft., 16 ly 
14; and 2 pieces, each IS ft., 12 by 10; and die coot at S3 
fer ton. Answer, 12 1. 15 c. ft., and the cost $36,90. 

3. Reqmied the cost c^ 100 pieces, cndi 20 ft., 10 by 9, at 
t21 per ton; 50 pieces, eadi 30 ft., 14 by 14, at $3 pa ton, 
and 75 pieces, each IS ft , 12 br 12, at $1.50 per ton. 

r, 9306,50. 
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METRICAL OR DECIMAL SYSTEM. 
(From Kell^s ** Unirersal Cambist") 

The fundamental standard adopted in France for the metri- 
cal system of weights and measures^ is a quadrant of the meri- 
dian ; that is to say, the distance from the equator to the north 
pole. This quadrant is divided into ten millions of equal parts, 
and one of these parts or divisions is called the Metre, which is 
adopted as the unit of length, and from which, by decimal 
multiplication and division, all other measures are derived. 
The length of the quadrant has been ascertained by MM. De- 
lambre and Mechain, by measuring an arc of the meridian 
between the parallels of Dunkirk and Barcelona, and has been 
found to contain 5130740 French toises. This number, divided 
by ten millions,, gives 36,941328 French inches, which is the 
metrey the element of all the other measures, and which is equal 
to 39,371 English inches. 

In order to express the decimal proportions, the following 
vocabulary of names has been adopted : 

For multipliers, the word Deca prefixed means 10 times. 

« " Becto 100 « 

« « Kilo 1000 « 

" « J^ria 10,000 " 

On the contrary, for divisors, the word Deci ) ^q.i . 

expresses the ) ^ 

« « Centi.. 100th " 

« " mm... 1000th " 

It may assist the memory to observe that the terms for mul- 
tiplying are Greek, and those for dividing, Latin. 

Thus, Decormetre, means ten metres. 

Dect-metre, the 10th part of a metre. 
Hecta-metre 100 metres. 

Centv-mstre, the 100th part of a metre, and so on for 
th« rest. 

The Tnetrej as before stated, is the element of long measure, 
and = 39,371 English inches. 

The arCf which is a square decormetrey (or 100 square metres,) 
is the element of superficial measures. It equals 3,955 English 
perches. 
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The tteirty which is a ealue metre^ is Uie efement of solid 
mcasaresy and =35^17 cubic feet English. 

The Litrty which is the cnbio deei^mtehre^ is the element of 
all liquid measures^ and of ail other measures of capacity. It 
equals 0^6419 En^ish gallons, and the hedditie = 2,8379 
Winchester hushek. 

Lutly, the fframwuy wlucli is the wdglit of a cobie eenti- 
m^tre of distilled water, of the temperatore of melting iee, 
(the greatest condensation,) is the eknnent of all wdghts, tnd 
equals 15,434 En^ish grains, Troy. 



A<nr WeigktM and lieasura of Franetf compared w%A the oldj 
and aho with Engluh WeighiM amd M&oMum, 



'^hl^Iir^^T**^}"^^**^ «28a9167 

Degree (eenteamal) 807S44,4 128091.87 

JfjTUBctreu 8078i,44 S2809.167 

Kilometre. 8078»4i4 3280,9167 

Hectometre ^ 80T,84U ^ 328^09167 

Decametre 30.78444 « 82,809ie7 

Meirt..,:, ^ « _ 3.078444 3,2809167 



Decimetre •■••••••*• M ••••■•.••*••■ %•••••••• 44,8296 •■•>>•*%>*.•••• 4tfy245Jt 

v/eBBflKtre ••**«*«••*«*••*•***•***••• **«••«•■« 4q4wM^9 ■•«>•••«••««■«• 4,iZxOZ 

Himmetre 0.443296 .472452 

SQCiXXOa STPKKIKIAL XKASraK. 



IffTiUre. ^ 9176817,46113 10764414,3923 

EUre..^ ^ 947681,746113 1076441,43923 

Hectare. ^ 94768.1746113 107644,143923 

Deeare. 9476,81746113 « 10764,4143923 

Art. 947.681746113 -^ 1076,44143923 

Deciara 94.7681746113 107.644143923 

Centiare v«*tw cure'... 9.476S174611S 10.7644143923 



SqvtuY decimetre.... 1S,646617 13,500756 



9^««i% centimetra..,.^ 19.651134 22.321088 

j^wa% milKm elre — ..^. 0,19651134 0^2212108 
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MEASURES OF CAPACITT. 

Vrendi Cable Feet Englidi Cubic Feet 

MyrUUtre 291,788619 853,1714696 

KUolHre (metre cube) 29,1788619 86,81714695 

Hectolitre. 2,91788619 8^8)7146945 

Franeh Cubie Inches. English Cabis Inches. 

Decalitre 604,124160 610,2802806 

Lt7r« (decimetre cube) 60,4124160 61,02802806 

DeciUtre 6,04124160 6,102802806 

French Cnble Lines. English Cable Lines. 
CentiUtre 871,126926 1064,6648249 

The litre, which is the nnit for measures of capacity, s=s 2,1136 
English pints, wine measure ; and, therefore, 1 hectolitre equals 
26,41906 wine gallons, or 2,83796 Winchester bushels. Hence 1 
Winchester bushel » 86,236 litres. 

SOLID OR CUBIC MBASURE. 

French Cable Feet Bof^lsh CaUo Feet 

Decastere. 291,788619 868,1700 

Stere (metre ouhe) 29,1788619 86,8170 

Decistere , , 2,91788519 8,5817 

This measure is used for fire-wood, stone, &c. The itere is the 
same as the kilolitre in the preceding article. 



WEIGHTS 



Folds de Mare. BngUsh Troy Weight 

Livres. oi. gros grains, lbs. os. dwt grs* 
Bar (cubic metre of water) 2042 14 14 ... 2679 6 8 8 

Mjriagramme 20 6 6 68,6 ... 26 9 10 20 

Kilogramme 2 6 86,16 ... 2 8 8 2 

Hectogranune 8 2 10,716 8 4 7,40 

Decagramme 2 44,2716 6 10,84 

Gramme 18,82716 16,484 

Decigramme 1,882716 1,6484 

Centignonme 0,1882716 0,16484 

The aboye weights, as before stated, are deduced each from some 
decimal proportion of the metre. Thus the kilogramme corresponds 
with the contents of a cubic Vessel of pure water at the lowest tem- 
perature, the side of which cube is the tenth part of a metre, (this 
decimetre,) and the gramme answers to the contents of a cubic yessel, 
the side of which is £e hundredth part of the metre, (the centimetre ;) 
for tlie eontents iof all cubic Tossels are to each other in a tripHcati 
ratio of their 8id«l, (Euclid, 88, xi.) 
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ASTRONOMIOAL MXASnaXSH 

CENT^SIXAL DIVIBION OF nilX COMPABED WIT& SBXAGESIMAL. 

Oentosiiiud. SozMMloud. 

. H. X. B.- 

1 second .' 0,86^ 

lOOieMnds 1 niinute v 1 96,4 

lOOminutas 1 hour. ^... 2 24 . 

10 hours Iday.... ;..;.; ;;. 24 

gexigesinud. CsntetlBaL 

B. x. 8. 

1 second. 1,1574 

eOseeonds Iminute^ 69 64,4 

60 minutes 1 hour. ; ......^.. 1 15 74 

24 hours 1 day 10 

CENTESIMAL DITIBIOV OF THE CIBOLB COMPABED WnB. BSXAOUDUb 
GentesimaL SexagedmaL 

100 seconds 1 mmnte (of space) 82f 

100 minutes 1 degree 54 

100 degrees 1 quadrants. 90 

400 degrees 1 circle.^ 860 .0 

BAxagorimaL OentednaL 

60 tierces 1 second 8^ 

60 seconds 1 minute of space 1 86|^ 

60 minutes 1 degree .*. 1 11 11( 

90 degrees 1 quadrant 100 

4 quadrants or 860^1 circle 400 

GEOGRAPHICAL AND ITmEBABT MEIBURBS. 

- EngHdi Mte 

^m^iidi'I^ll^^r.^^^^ ^ ^218,867 

A degree (^ part) 69,0429 

Marine league (zV^^ ^ degree).^...^ 8,4521 

Marine mile (minute, ^ of a degree) ... 1,1507 

League of 25 to a degree 2,7617 

A degree decimal (j}|f of the quadrant) 62,18867 

Myriametre (l^ of a degree deeimal).... 6,218857 

Kilometre (minute of adegree decimal) 0,62188 

Mean league (22} to a degree) 8,10698 

Post league (2000 toises) 2,8000 
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TABLE OF MISCELLANIES. 

The size of a printed book is determiDed and expressed bj 
the folding of the paper on which it is printed ; thus, if the 
sheet is folded into 

2 leayes, or 4 pages, it is called folio. 

4 leaves, or 8 pages. quarto. 

8 leaves, or 16 pages octavo. 

12 leaves, or 24 pages duodecimo. 

18 leaves, or 86 pages eighteens, (decimo-octavo.) 

24 leaves, or 48 pages , twenty-fours, (vigesimo-quarto.) 

24 sheets of paper make 1 quire. 

20 quires 1 ream. 

40 quires, brown do 1 bundle. 

10 reams, or 200 quires 1 bale. 

12 skins of parchment 1 dozen. 

6 dozen, or 60 skins do 1 roll. 

12 things of one kind 1 doze% 

12 dozen, or 144 things.. 1 gross. 

12 gross, or 144 dozen 1 great gross. 

20 things of one kind 1 score. 

5 score 1 hundred. 

Load of bricks 600. 

Load of tiles 1000. 

Stone (a weight) ^ 141bs. 

Stone of meat or fish 8 lbs. 

Peck of flour or salt 14 lbs. 

Bushel of rock salt 65 lbs. 

Bushel of crushed do 56 lbs. 

GaHon of train or seed-oil 7j^lbs. 

Gallon of water- /... 8 lbs. 5oz. 6} dr. 

Firkin of butter 56 lbs. 

Barrel of do 224 lbs. 

Barrel of gunpowder 100 lbs. 

Barrel of raisins 112 lbs. 

Barrel of flour 196 lbs,' 

Barrel of beef or pork 200 lbs. 

Barrel of soap 256 lbs. 

Fagot of steeL 120 lbs. 

Fother of lead lO^cwt 

Square of flooring 10 feet square, or 100 square feet 

A palm is 8 inches, a span 9, and a cubit 18 indies. 
A Scripture or Jewish cubit is nearly 22 inches. 
A perch of stone, is a solid pile 16} feet long, 1 foot high, and 1] feet 
thick, containing 24} cubic feet 
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INVOLUTION — EVOLUTION — ^EXTRACTION OF THE 8QUAB1 

ROOT. 



Involutiortj or Raising of Powers, 

354. This consists in the continual multiplication of a qyuif^ 
tity into itsdf. The saccessive products are called thepotoen 
of the given quantity y and eacli shows^ by its appellation^ the 
number of times that it contains tihe given quantity as ikctor, 
the quantity itself being the first power or root. - Thus, let a 
be any quantity ) then, a is the first power or root of all the 
powers of a ; a X ^9 or oa, is the second power or square of . 
a; a X a X ct, or aaa, is the third po^ef or cube of a ; o X 
<^ X ^ X ^9 or aaaaj is the fourth power of a. This 
being the product of two squares, is also called the hiquadnxte^ 
from his and guadrans. Other names have been given to several 
of the higher powers, indicative of their formation £rom the 
square and cube ; but these have generally fallen into disuse, 
and aX^X^X^X^^or aaaaa^ is simply called the fifth 
power of a ; aaaaaa, the sixth, and so on. For the sake of 
convenience, these products are written successively a, «■, a*, 
a*, a', a', &c., and arc read, a, a squared, a cubed, a fourth, 
a fifth, a sixth, &c. The figure on the right is called die index 
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or exponent^ because it shows the Dumber of times that a is 
factor in each product. Hence, it is evident, that if we add 
the indices of two or more powers of a quantity, their sum will 
be the index of the power to which the quantity would he raised 
hy multiplying those powers together. The scholar must re- 
member, that the exponent of the root, or quantity itiself, though 
seldom written, is a unity and must be so considered in adding 
or subtracting the exponents. Thus, a X «*, or aa* = a' ; 
a*a^ = a* ; aW = a* ; aa^a^, aWa* or a^a^ = a^ ; aWa^a% 
ac^a^y aWa*, aWa^ or a*a* = a*. 

355. From the above it is plain, that a quantity may be 
raised to the higher powers in various waySj and the higher 
the power, the greater the variety. Thus, to find the twelfth 
power of 2, as we know that the cube of 2 is 8, we say 8x8 
X 8 X 8 = 4096, which is easier than to perform the continual 

multiplication 2x2x2x2x2x2x2x2x2 X2x 
2X2 = 4096. 

Because either of two numbers taken from their sum leaves 
the other, the index of either of two factors taken from the 
index of their product will leave the index of the other factor. 
But the product divided by either factor gives the other ; there- 
fore, to divide any higher power of a quantity by a lower, we 
have only to subtract the index of the divisor from the index 
of the dividend, and the remainder w4U he the index of the 

guotient. Thus, — =a ; — = a*; — = a' ; — = a* ; also, 

s-=2« = 4: ^ = 38 = 27: Tr = 5* = 625: — — = a». 
2» '38 '57 'a a'a^ 

356. A vulgar fraction is raised to any power hy raising 

each of its terms to that power. For example, the fifth power 

2 /2\* 2* . 32 

of H T^^J ^ expressed thus : ( ^ ) ^^ oii *^^ ^s equal to —^, 

This is obvious from the rule for multiplying fractions. 

A mixed number may be reduced to an improper fraction, 

5' 
and then* involved as a fraction. Thus, (2^)* = (|)- = — 

— -32- — y'l82- 

357. A decimal fraction, whether finite or infinite, is in- 
Tolved by the rules already given for the multiplication of de- 
cimals. We may, however, remark, that a finite decimal may 

be involved as a whole number, after which, the number of 

21 



242 iNVOLCTioir. 

decim&l places, of which the result must conaiBt, is determined 
hv mviliplying the numbtr of deeimalt in the given number iy 
Me index of &e power to which it u raited. Thus, 

(,04)»=, 000064 

HaTinK found that the cube of 4 is 64, as the pven Dumber 
conttuns 2 decimals, we moltipl j 2 by 3, the index, and have 
6 for the oamber of decimal places in the result. Then, as 64 
conttuns only two figures, we subtract 2 from 6, and IJie re- 
munder 4 is the number of ciphers which we must prefix to 
64. The cube of ,04 is therefore 64 millionths, as abore. 

The reason of the above operation will he seen by refieotin^ 
that Bs the &ctors are ali^e, and as the product must oontain 
U manj as are contained iu both, the square will contun twice 
as many as the given number, the cube, 3 times as many, &a. 

The Boholar maj verify the following results : 

3» = 729; 2" =32768; 6' = 78125 
5» 3125 _., 5764801 
i in) 



7» 16807 

G4)» = ,064; (,5)« = , 015625 

(,05)' = ,0000003125 

isjy^sHU; (My 

I| = 2401;(^)'-i-C^)'=^,V 
(2i)T^(2^)»=39i^ 

/Wct-» of the Nine Digits, to the Tenth Power, 
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7th. 
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804fl«17« 


2SUT»49 


lOTSJUMJ 


umma 
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EvoliUiony or JEodraction of Hoots. 

858. Eyolntion is the method of finding a quantity from 
any given power of that quantity , The quantity to found is 
called the root of the power from which it is extracted^ and as- 
sumes its name accordingly : that is^ if found from the square^ 
it is called the square root, if from Uie cube, the cube rooty &c. 

Metraethn of the Square Root. 

359. If the square of a number consists of only two figures, 
its root cannot consist of more than one, and must, in whole 
numbers, be one of the nine digits. This is evident, because 
the product of two &ctors (121) contains as many figures as 
both of them or one figure less ; and therefore, if the root or 
quantity contained two figures, the product, or square, would 
contain at least three. Again, if tn6 square contains three 
figures, the root must contain at least two, because (121) the 
product cannot contain more figures than both factors, which 
would be the case if the root contained only one figure. 

It is evident, therefore, that if the square contains four figures, 
the root wiU contain two) if five figures, the rootvnU contain three, 
&c. ; and, consequently, that the number of figures of which 
the root will consist, may be determined by separating the figures 
of the square into periods of two figures each. 

860. When the root contains more than one figure and has 
its unit figure significant, it may always be considered as a 
number of tens and units. Now a quantity, consisting of two 
parts, is called a binomial, from bis and nomen, a name, and 
the square of a binomial contains the square of each of its terms, 
together with twice their product. Let the root consist of tens 
and units, and let a represent the tens, and b, the units ; then, 
to find the square of the binomial a -j- ^^ we involve it thus, 
(See art 138 :) 

a + 5 
a 4" ^ 



a* + ab 

a» +2ab + 6« 

The binomial a^b, being multiplied first by a, and then by 
5, we have for the sum of the products a' -|- 2ah -{- l^ ; that 
is to say, the square of the tens, the square of the units, and 
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tmice ike product of t?i£ tern and uniu, and this is the fbrmnli 
bj means of wUch the square root is extracted, 

Thia may be esentplified bj figures, thus : in Bqn&ring 12, 
the number of inches in a, foot, we have 144, the nnmber of 
Bquare inches in a square foot : but 12 consists of 10 -}- 2, and 
in squariag this binomial, as above, we have 

10 + 2 

10 + 2 



100 + 20 



+ 4 



100 + (20) 2 + 4 
01 100 + 40 + 4 = 144 ; that is to say, the square of the 
tens, twice the product ik the tens and onits, and the sqnan 
of the units. 

Or we may represent the eqaara fiwt geometrically, thus: 
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361. To extract the square root, therefore, of any number^ 
tbe root being binomial, we reason thns : Of whatever number 
of figures the root may consist, the square of its tens — ^that is, 
the square of the number on the left of its unit figure — must 
bo a number of hundreds, because 10 X 10 = 100, and there- 
fore cannot form any part of the two right-hand figures of the 
square. Again, if the part of the root, considered as tens, 
contains more than one figure, the part on the left of its right- 
hand figure is a number of tens, with regard to that figure, or 
a number of hundreds, with regard to the first : therefore, as 
100 X 100 = 10000, the square of this part, being a number 
of tens of thousands, cannot form any part of the first four 
figures of the square. Continuing to reason thus, it is evident 
that, in order to find that part of the square which contains 
the square of the left-hand figure of the root, we point off the 
figures of the sguare into periods of two figures each, begin- 
ning at the right hand. This, therefore, is the first step. 

As the square of the tens is a number of hundreds, and as 
the square of the units (121) cannot exceed two figures, it is 
evident that the square of the units can form no part of the 
square of the tens. 

Again, the addition of 2 a& to the square of the tens, cannot 
increase the root of the tens, by a single unit, because this 
unit would be 10, and the difierence between a* and (a + 10)* 
is 20a -|- 100 ; which, as 5 is less than 10, is greater 2a5. 
Therefore, having pointed off the given number, to find the 
first figure, or tens of the root, we extract the root of the greaU 
' est sguare contained in the left-hand period of the square^ and 
place it as we do a quotient figure in long division. This is 
the second step. 

We square the root found, and subtract its square from the 
left-hand period of the given number. To the right of the 
remainder we bring down the next period of the square. This 
is the third step. 

The number last formed is called the new dividend. 

Having subtracted the square of the tens, or a", it is evi- 
dent that the remaining part of the square contains 2ah -\- 1^. 
It is also evident that, as 2ab is a number of tens, it cannot 
form part of the right-hand figure of the new dividend, for 
which reason we point off that figure^ and consider the part on 
the leflb as containing 2a X &• Now the figure already found 
in the root is a; we therefore double it, and place the product, 
as % drmoTy on the left of the new dividend. Then, as the 
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product of two Dumbers, divided by one of them, gives the 
other, we divide the left-hand part of the dividend by the 
double of the root found, which is 2a, and the quotient, or 
unit figure &, we place in the root, on the right of a, and also 
on the right of the divisor 2a. This may be caUed die fourth 
step. 

Lastly, we multiply the divisor by the quotient figure &, 
and it is easy to see that as this figure is placed on the right 
in the divisor, we have in the product the square of h and 
2ab. This, therefore, completes the square. We then sub- 
tract, and if the given number is a perfect square consisting 
of two periods there will be no remainder, and the work is 
done. This may, therefore, be called the last step. 

If in multiplying the divisor by by the product is greater 
than the new dividend, tee diminish b tiU the subtraction 
becomes jpossible. 

Examples, 

Hequired the square root of 225 : 

a+b 
2,25 (15 square root 
a»= 1 

2a 4- ^ = 25 12,5 new dividend. 

12 5=2a5+fc« 

*** 

Proof: 15X15 = 225. 

In this example, the first step is to point oflF the two right- 
hand figures 25 of the square ; the second, to find the greatest 
square in 2, which coDstitutes the left-hand period, and as this 
is 1, or rather 1', (169,) we place its root 1 in the quotient, 
as in division. The third step is to subtract the square of 1, 
or a", from 2, the left-hand period, and to bring down the 
period 25 on the right of the remainder, which makes the new 
dividend 125. The fourth step is to point off the right-hand 
figure 5 of this dividend, and divide 12, the part on the left, 
by 2 tens, or 2a,- the double of the root found. Now, though 
the divisor 2 is contained 6 times in 12; as we must place 6 
on the right of the divisor 2 tens, in order to have the square 
of the units, it is easy to see that because 6 is not contained 
6 times in 5, the figure pointed off, the product would be too 
great We therefore place only 5 in the root, and on the right 
of the divisor 2 tens. The last step is to multiply the divisor 
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25 by 5, the unit figure of the root, which gives 126 ; that is 
to say, 2ah -{- fe*. We then subtract, and as there is no re- 
mainder, we find that 225 is a perfect square, and the square 
of 15. To prove the work, we square the root 15, which gives 
the square 225. 

362. From what has been said^ we easily perceive that, if 
the square cansists of more than two periods, the root will 
contain more than two figures. In this case, we find the two 
first figures of the root, as in the preceding article. Then, if 
we seek another figure in the root, it is evident that the two 
figures already found are tens with regard to that figure. It 
is also evident that the square of the part of the root already 
found, which, in accordance with the general formula, we ma^^ 
call a", has already been subtracted from the given square : ' 
seeing that we have subtracted the square of its tens, twice 
the tens multiplied by the units, and the square of the units. 
Therefore, in seeking a new figure of the root, we bring down 
the next period to the right of the remainder, which ^rms a 
new dividend ; and as this dividend, from what has been said 
above, contains 2ab -\- &^, — that is to say, the double of the 
two figures, or tens, already found, multiplied by the unit 
figure which we are seeking, and the square of that unit figure, 
it is plain that, to find the new figure, we must point off the 
unit figure bf the new dividend ; and, taking the double of 
the two figures, or root, already found, for a new divisor, the 
new figure will be found in dividing the left-hand part of the 
new dividend by this divisor^ and the operation is completed 
as before. 

Having thus taken away the square of the tens of the root, 
which now consists of three figures, and may be called a, 
together with the square of the units, and twice the product 
of the tens and units, we have taken away the square of this 
root ; and it is easy to see that, in seeking still another figure 
of the root, the part qn the left— that is, the three figures now 
found — will be a number of tens with regard to it ; and as the 
square of these three, or a', has already been subtracted, we 
farm a new dividend.^ double the root already found, for a 
divisor y and proceed to complete the operation, as usual. 
Wherefore, in seeking a new figure of the root, the double of 
' the root already found, or 2a, is the general divisor ; and to 
form this, we have only to double the right-hand figure of the 
preceding divisor, carrying a unit, when necessary, to the 
next figv^re 0191 'the left. In this manner, therefore, wo can 



.^^ 



248 EXTRACTION OF THE SQUAKE BOOT. 

extract the root of a square consisting of any nmnber of 

periods. 

Example. 

Beqoired the sqoare root of 81632489796 : 

8,16,32,48,97,96 (285714 
4 



48 


41,6 




884 


565 


823,2 
282 6 


5707 


4074,8 
39949 


67141 


7999,7 
57141 


571424 


228569,6 
2285696 



863. The square being formed by the multiplication of a 
quantity into itself, the root of a sqoare is one side of tlie 
figure^ or U is the number whichy multtplied into itself , wiU 
produce the given square. A prime number, therefore, not 
being diTisible by any other number, cannot be the square of 
any whole number, and therefore cannot have an integral 
^ root. "^For example, we cannot, in whole numbers, have the 
square root of 2 ; because no whole number multiplied by 
itself will produce 2. Again, as the square of 1 is 1, it is 
plain that the square root of 2, if possible, must be a quantity 
between 1 and 2 ; it is, therefore, 1 and a fraction. Suppose 
this mixed number reduced to an improper fraction and ex- 
pressed in its lowest terms : then these terms are prime to 
each other, and the square of this fraction ; that is to say, 
the square of the numerator divided by the square of the de- 
nominator must be equal to 2. But we have seen (179) that 
the squares, cubes, &c. of numbers, prime to each other, are 
still prime to each other ; and, therefore, it is impossible that 
they can have any common factor, much less is it possible that 
one can be a multiple of another. From this it is evident that 
the square root of 2 cannot be expressed by any definite num- 
ber, whole, fractional, or mixed. 
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In the same manner it may be shown that the square root 
of any prime number whatever is impossible. These roots are 
therefore called surd*y irrational, or incommensurable.'^ 

364. We have seen that the construction of decimals is the 
same as that of whole numbers ; hence^ a finite decimal num- 
ber, whether fractional or mixed, may be read as a number of 
units of its last decimal order. The part on the left of the 
last decimal order is therefore a number of tens with regard to 
that order. Hence also it is plain that, if we fix upon any 
figure in a decimal number, the whole of the figures on the 
left, including the integers, constitute a number of tens with 
regard to that figure ; consequently the square root of a deci- 
mal number is extracted, by means of the formula a* -j~ ^^^ 
-f- b^y precisely in the same manner as that of a whole number, 

365. As we point off a whole number, beginning at the 
right, it is plain that, having extracted the root of the integral 
part of a decimal number in the usual manner, we must, to 
form a new dividend, bring down a new period ; that is to say, 
two decimal figures ; and, as these (359) will give but one 
figure in the root, we must, for every decimal figure required 
in the root, have two decimal figures in the square. This is 
evident also from the multiplication of decimals, (234.) To 
extract the square root of a decimal number, therefore, we 
begin at the comma and point off the integral part, as usual, 
towards the left; then, recommencing at the comma, we point 
off the decimal part into periods of two figures each, proceeding 
toward}^ the right, and making ns many periods on the right 
of the comma (234) as we would have decimal figures in the 
root. This we can easily do by placing ciphers on the right 
of the decimal part 

366. From the above we easily infer that, though we cannot 
definitely express the value of the mixed number which is the 
square root of 2, or that of any other surd, we can approach 
to it, decimally, as near as we please ; that is to say, so 
that the error in the square may be less than any assignable 
quantity. « 

This we shall endeavour to elucidate. Suppose the root, 
already found, to be integral, its last figure being units, and 
call this part of the root a. The part wanting to complete 
the root, or b, is (220) less than a unit. Suppose it a unit * 

* Absurd. f Not to be measnrecL 
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then, as 2ah is (361) the only part of the square which can ' 
affect the square of the tens — that is, of the root found ; and, 
as 6 is a unit, 2ab is the same as 2a : and therefore, as this 
is too great, the difference between the square of the root found 
and the true square, can never equal the double of the root 
found ; even when the unit b is integral. But we are now 
speaking of ^ as fractional; and as a number multiplied by a 
fraction is ^335) always diminished, it is plain that if 5 == A 
— that is, it we extract the root to one place of decimals — the 
part lacking in the square must be l&is than -^ of twice the 
root fowndy or tfaaa 4 of the root found. If we extract it to 
two places — that is, ii 6 == y^^ — the part lacking will be lets 
than J J If of twice the robtfoundy or than ^ of the root found. 
In the same manner, if we have 3, 4, 5, 6, &c. decimals in 
the root, the part lacking in the square will be within -Aj^^ 

6j}jiJiy snUof -50^^15159 &c. o/ the root found; and hence, by 
the number of units of which the integral root will consist, 
we can jvdge beforehand of the error in the square^ and ex- 
tract the root accordinglt/ to any proposed degree of exactness. 

Examples, 

1. Bequired the square root of 2, so that the square of the 
root may be within 79^7^7^ of the number 2. 

By the above reasoning, if we extract the root to 4 deci- 
mals, its square will differ from 2 by less than ^^^j^^ of its 
integral' root ; much more, then, will be within ^ A^, and con- 
sequently within j^jiji of the number 2. Wherefore, placing 
8 ciphers on the right of the 2, as decimals, or, which is 
better, conceiving them to be so placed, we proceed thus : 

2(1,4142 Proof: 1,4142 

1 1,4142 



24 10,0 28284 

9^ 197988 

281 40,0 i^n%% 

281 1,99996164 

2824 1190,0 
1129 6 



28282 6040,0 
56564 

3836 
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The square of 1,4142 is, therefore, not only within y^j^^^ of 
the number 2, as required, but differs from 2, by less tnan 
T^ J^,^ of a unit. 

9. Required the square root of 143, such that the difference 
between the square of the root and 143 shall be less than j^^^g 
of a unit. 

We first consider whether four places of decimals will be 
sufficient To ascertain this, as we ^ow that the root will be 
nearly 12, and that the square of the root extracted to 4 places 
will be within ^|^^ of the integral root, we diyide 11 by 5000, 
thus : 7JJ9, which fraction, being greater than jAi;) shows 
that the error in the square may 1^ too great. Then, as 5 
places will, by the aboTO reasoning, give the error within 
7lA/o9> which is much less than j^^^^ of a unit, we are sure 
that ihe root extracted to 5 places will be as near as we re- 
quire ; that is to say, the difference between its square and 
148 will be less than y^^^ of a unit. 

We therefore extract the root to 5 places of decimals; as 
follows: 

143, (11,95826 
121 



229 


220,0 
2061 


2385 


1390,0 
1192 5 


23908 


19750,0 
19126 4 


289162 


62360,0 
47832 4 


2891646 


1452760,0 
14849876 



17772 4 

Ejiowing that the square root of 143 must, in whole num- 
bers; be 11; the square of 12 being 144, we place 11 in the 
root; at pnoe, with a comma on the right ; and, haying suV 
traeted its square, we double it for a divisor; and proceed M 
umaL 

To Terify the above method of ascertaining the approsxma- 
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tioD of the square of the root to the troe square, or proposed 
number, we will now square the root, supposing it to contain 
four decimals, thus : 

11,9582 
11,9582 

239164 
956656 
597910 
14230258 



142,99854724 
143, 



,00145276 

Whence we perceive that the error is too great, as was pre- 
dicted. 

Let us now square 11,95826 : to do which we may consider 
the part 11,9582, the square of which we have already found, 
as tens, or a, and the last figure 6, as units, or b. The square 
of this binomial then contains a* -f" 2a6 + ^* Now 

11,9582 = -VWuV ; and the figure 6 = TUiftuu; therefore^ 
^ = JJiJpU15J5 X T(jTftyTyT> =,0000000036 

,,, . , , , 142,99854724 

and the sauare found above, a* = = 

4uait; luuuu uuuvc, u 142,9999822276 

Having added the several parts, the sum, which is the square 
of 11,95826, is not only true to within a thousandth, as was 
predicted, but even to less than a ten-thousandth. The scholar 
may verify the square, thus formed, by squaring 11,95826 in 
the usual way. 

367. The periods of the square show not only the number 
of figures in the root, (361) but also the order of those figures. 
For, as the square of the le&hand figure is contained in the left- 
hand period, whatever may be the number of periods or figures, 
the square of any figure is contained in the period which an- 
swers to its ordinal place; that is, when a period is brought down 
to form a new dividend, the order of the figure resulting from 
its division, is found hi/ heg inning at the right hand and count- 
ing on the periods of the square, as if they were single figures, 
unitSf tens, hundreds, dhc, till we rest on the period brought 
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down ; the name pronounced on this is the order of the figure 
resulting from its division. Consequently, when any ne^ di- 
vidend, after pointing off its right-hand figure, does not contain 
the double of the root, or general divisor, we muU place a ciphe? 
in the root and on the right of the divisor, bring daWn another 
period f and proceed as usual. 

368. The square of tenths being hundredths, (234^) the squar* 
of hundredths, ten-thousandths, &c., it is plain, that the ordei 
of the decimal figure, resulting from the division of any deci 
mal period, may be determined by beginning at the comma ana 
counting on the periods , as though they were single figures, till 
we rest on the period in question, tenths, hundredths, thou- 
sandths, &c. ; and therefore, that the above rule, for placing a 
cipher in the root, applies also to decimals. This is analogous 
to the rule for placing a cipher in the quotient in division. 
(151.) ■ _ 

For example, if, in extracting the square root of 143, as in 
the preceding article, we seek another decimal figure, as the 
new divisor is 2391652, and the new dividend, after cutting off 
a cipher on the right, is 1777240, we find, that this decimal 
figure must be a cipher; we should therefore, to continue the 
operation, place a cipher in the root and on the right of the 
divisor, and another period, that is, two ciphers, on the right 
of the new dividend. The new divisor would then be 23916520, 
and the new dividend 1777240000, with which we should pro- 
ceed as usual. 

369. Having obtained several figures of the root, we can, 
simply by division, find a^ many more, minus one, as follows : 
Form the new divisor, as usual, place one cipher on the right 
of the remainder, instead of two, for a new dividend ; then if 
the divisor is not contained in it, place a cipher in the quotient, 
or root, as we should do in the ordinary method ; cut off one 
figure on the right of the divisor, and divide by the divisor thua 
diminished. Should the divisor be still too great, place another 
cipher in the root, and cut off anothet figure, and so on, till the 
divisor is contained. Then proceed fia the division, as in ar- 
ticles 244 and 245, cutting off a figure of the divisor, at each 
partial division, and taking notice in the multi|mcation, of 
what would be to carry from the figute last cut off. Thus con- 
tinue the operation till the quotient contains as many figures, 
minus one, as were previously found in the root ; or, which is 
the same thing, till the divisor consists of only two figures, or 

three figures, if the double of the first figure of the root exceeds 

22 



'v., 



vW 



254 VXTRAGl'ION OF Xai^ SjUABB BOOT. 

10. The figures of the quotient, including the ciphers, if any, 
are so many new figures to place in the root, on the right of 
those previously found. 

870. The student will perceive, that by this method, we do 
not subtract the square of the part of the root which we are 
seeking. But we have seen (361) that this cannot affect the 
square of the tens ; therefore, it cannot affect the dividend 
which wc are dividing. Again, in the division, as we place a 
figure in the quotient before we cut off a figure from the divi- 
sor, and, subsequently, a figure, foi^very figure cut off, it is 
pluin, that in limiting ourselves to one figure less than the root 
already found, we shall, at the end of the operation, have, at 
least, two figures of the divisor left. Now, as the operation 
could (247) be carried one place farther and give the quotient 
correct within a unit of the next decimal order, this method 
will always give a true result. 

For example, having found the first seven 'figures 11,95826 
of the root of 143, as in art. 366, we find the next six figures 
of the root thus : ^ 

23,9,1,6,5,2) 1777240 (074310 

103084 

7418 

243 

4 

The new divisor not being contained in the new dividend, 
we place a cipher in the quotient. We then cut off one figure 
from the right of the divisor, and, as the divisor thus reduced 
is contained 7 times, we place 7 in the quotient. Then, as the 
figure 2, which is cut off, multiplied by 7, gives 1 to carry, we 
say, 7 times 5 is 35, and 1 is 36 } 36 from 40 leaves 4, which 
we write underneath and carry 4, as is usual in this mode of 
contracting a division. We thus, in multiplying each new di- 
visor by its quotient figure, add what is to carry from that 
figure of the divisor which was last cut off. In other respects 
we proceed as usual. Having obtained the six figures 074310, 
we place them on the right of the root found, which becomes 
11,95826074310. As wg now have 11 decimals, its square 
(366) will be within ^ijtjotiJtjtjtjtjtj ^^ ^^^ integral root ; hence, 
it will differ from 143 by less than jciiuooOTJUTJ ^^^ unit. 

To have more fiijuros in the root, by the above method, we 
square 11,95826074310, and find that the square, which ia 
142,9999999999066641976100, is not only within juijuiF^yiiif u« 
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of the number 148; as was predicted^ but even within 

We then find the difference between this square and 143. 
Now this is evidently the same as the difference between the 
number on the right of the figure 9 which is most remote from 
the comma, and a unit of the order of this 9. This difference, 
that is to say, the difference between any number and its alt, 
is the arithmetical complement of that number ; we therefore 
write the number 665641976100 and find for its arith. comp. 
334358023900. Now a cipher placed on the right of this, 
forms the new dividend, and the double of the root or new di- 
visor is 2391652148620. But as the equimultiples of two 
numbers contain each other as often as the numbers do, we 
omit the cipher on the right of the divisor, and also the cipher 
which we should place on the right of the complement, which, 
therefore, we take for a new dividend, and proceed, as in the 
previous division^ thus : 

23,9,1,6,5,2,1,4,8,6,2) 334358023900 (13980211298 

95192809038 

23443244580 

1918375243 

5053525 

270221 

31056 

7140 

2357 

206 

15 

and placing the quotient, as before, on the right of the root, 
we have 11,9582607431013980211298 for the root; the square 
of which, as we now have 22 decimals, will (366) differ from 
143, by less than one hundred quintillionth of a unit. The 
square in effect is 142,99999999999999999999902525357183- 
936726844804 ; which, as we have 21 nines, differs from 148 
by less than a sextillionth of a unit, and is n3arer than was 
predicte(i« 

371. At the next operation, we could easily find 28 new 
figures of the root, which would then contain 47 figures, and its 
square (366) would consequently differ from 143 by less than 
a ten-trededUionth of a unit; and, consequently, the number 142 
would be followed by at least 48 nines. Thus, though the root 
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can be found within any prescribed limit; it never can be exactly 
ascertained. 

The student will, howeyer, have acme idea of the minuteness 
of the unit which would then be wanting to complete the square, 
when he is informed that, if we suppose the whole globe we 
inhabit to be composed of sand, such that a cubic inch would 
contain ten millions €^ grains, a ten-tredecillionth of the globe 
would be less than the billionth part of one of these extremely 
luinute grains, which part, could the grain be so comminuted, 
could never be discovered, even by the aid of the most power- 
ful microscope. 

872. If we square a fraction, the numerator of the square is 
the square of the numerator of the fraction, and the denomi- 
nator of the square, the square of the denominator of the frac- 
tion. The square of a fraction, therefore, is the sqttare root of 
its numerator f divided by the square root of its denominator ; 
consequently, to find the root, when the numerator and deno- 
minator are squares, we extract the root of each, and the work is 
done. But, as this is seldom the case, for a general rule, we 
nidi.y find its equivalent decimal fraction, and extract the root 
of the latter J taking care to have twice as many decimal places 
on the right of the comma, in the equivalent, or square, as we 
would have decimals in the root. Also, from what has been 
said in the preceding articles, it is plain, that if the first period 
on the right of the comma consists of ciphers, the first figure 
of the root, that is, the figure in the place of tenths, will be 
a cipher, and that, if we have several such periods in succes- 
sion, on the right of the comma, we must place one cipher in 
tlie root for each, that is to say, between the comma and the 
first significant figure ; and, if on the periods of the square, we 
count, as though they were single figures, tenths, hundredths, 
thousandths, &c., the first significant figure of the root will be 
of the order pronounced on the period from which it is derived. 

378. The following rule is also general : Multiply the nu- 
merator of the given fraction hy its denominator, and divide 
the square root of the product hy the denominator. This last 
rule is thus explained : if we multiply both terms by the de- 
nominator, we do not alter the value ; therefore, the square 
root of the new fraction is the square root of the given one. 
But the square root of the new fraction is the square root of its 
numerator (which is the product mentioned in the rule) di- 
vided by the square root of the denolninator ; that is, by the 
denominator of the given fraction. 
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To extract the square root of -^^y we take the square root of 
9 for a numerator, and the square root of 25, for a denomina- 
tor. The square root of 5*^ is therefore |. Proof : f X | =3®y 

But, if we require the square root of |, as neither term is a 
square, we multiply 3 by 7, and, if we want the root so near 
that its square may differ from f^ by less than a hundred-thou- 
sandth of a unit, we extract the root of 21 to 6 places of de- 
cimals, and divide it by 7. For, though the root of 4 must (207) 
be greater than if, it cannot equal a unit, because its square 
would then be a unit, or more ; therefore, the square of the 
root, being within \ of the root found, that is, within ^ of a 
unit, for one decimal, -^ for two, &c., (366,) will, if extracted 
one place farther than the proposed Ihnit, always be within that 
limit, and it is eyidently the same for any proper fraction. 

Operation, ^ 

21 (4,582575 + square root of 21 
85 50,0 7 )4,582575 + 

fm2 ^2360,0. ,654653 + square root off 

91,6,4 ) 52760 (575 

6940 

526 

68 

The work is here contracted by omitting to write the pro- 
ducts, as well in the extraction as in the division : the subtrac- 
tion being in both cases performed mentally. 

Or, we proceed thus : 



f— ,428571 


(318) and extracting the root as follows : 




,42857i (,654653 + 


125 


68,5 


1304 


607,1 


13086 


8554,2 


1309,2) 


70268 (53 




4808 




881 



We have the same result as before. 

The 6nly difference between the extraction of the root of this, 

and the extraction of that of an ordinary decimal is, that in 

22* 
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exteadini; the opermtioa, instead of annexing eipherSy we re- 
jp^at im their proper order, the jigures of the period. 
To Teii^ the aqpproximatioa, we aqnare the root thns : 

,6^4653 

1963950 
3273265 
3927918 
35351262 &4 times. 
3927918 



,428570550409 

The ^ffeienee hetween this squreand f is ,000000878162-f , 
which plainly shows that it is within the prescrihed limit. 

374. The sign y/, called the radicai ngn^ from tha Ladn 
radix J a root, is placed on the left of a qnantityy to denote the 
extraction of some root of that qnantitj. Alone, it signifies 
the sqnare root ; and any other root is designated by placing 
over the sign an index c<»responding to the index of the power^ 
the root of which is to be extracted. Thus, for the sqnare root, 
we write y/, orf/ j for the cube root, ^ j for the fourth root, 
y, and 80 on. ffence, y^^\ = /^ ; |/«|| = « } ; y^ = |. 



Examples. 

1. v^2209=47 

2. ^4096 = 64 

3. 1/32761 = 181 



4. |/51529 = 227 

5. |/5764801 = 2401 

6. 1/328115878596 = 572814 

7. Required the square root of 5, so near, that its square 
may differ from 5 by less than a ten-thousandth. 

Ans. 2,23606. 

8. Required the square root of 13, so near, that its square 
may differ from 13 by less than a hundred-thousandth. 

Ans. 3,605551. 

9. Required the square root of 3, so near, that its square 
may differ from 3 by less than a millionth. 

Ans. 1,7320508 -f 
10. Required the square root of 19, so near, that its square 

may differ from 19 by less than a quadrillion th. 

Ans. 4,3588989435406735 ) the square of which differs 

from 19 by 45539 145116639775 hundred-nonillionths, or rather 

IcHS than half a quadrillionth. 



SXTBAOriON OF THE SQUABB BOOT. 260 

Keqnircd the square root of the following fractions, so near, 
that the square of each root may differ from the fraction which 
gave it by less than a millionth. 

11. i/l = ,9128709 14. |/JL = ,8528028 

12. t/| = ,8164965 15. {/^ =,2773500 

13. i/l = ,8819171 16. [/^l^ = ,0316385 

17. Having ten square lots of ground, the first containing one 
acre, the second, two, the third, three, &c., to the tenth inclu- 
sive ; required the length, in ft. and inches, of one side of each. 
Ans. No. 1. 208 ft. 84 in. + " 

No. 2. 295 ft. 2 in. - 

No. 3. 361 ft. 5» in. + 

No. 4. 417 ft. 5 in. -- 

No. 5. 466 ft. 8 in. - - 

18. Having 6 acres of ground which we wish to plant with 
apple-trees, in equidistant rows, at right angles to each other, 
at what distance must the trees be placed, so that we may have 
20 on the first acre, 30 on the second, 40 on the third, 50 on 
the fourth, 60 on the fifth, and 70 on the sixth ? 



No. 


6. 


511 ft. 8 in. — 


No. 


7. 


552 ft. 2 in. + 


No. 


8. 


590 ft. 4 in. — 


No. 


9. 


626 ft. 14 in + 


No. 


10. 


660 ft. 



4th at 29 ft. 6 in. -f 
5th "26ft.llin.+ 
6th " 24ft.llin,+ 



Ans. On the 1st acre at 46 ft. 8 in. -f- 
" 2d " 38 ft. 1 in. + 
" 3d « 33 ft. 

19. Wishing to plant 529 trees in equidistant rows, at right 
angles to ea<3h other, so that the orchard may fbrm a square, and 
have 35 trees to the acre; we would know the number of rows, the 
number of trees in each row, the distance, in feet and inches, 
from tree to tree, and how much land the orchard will contain. 

Ahs. 23 rows ; 23 trees in each ; 35 ft. 3 in. -|- apart, and 
15 A. 18 P. -f- in the orchard. 



SECTION XX. 



XSTBAOnON OF THE OUBB BOOT— EXTEAOTION OF THB 

BOOTS OF ALL POWEBS. 



Ihctrcuition of the Cube Root, 

375. The cube of a number being a product in which tjie 
number is three times fiustor, the cube root of a number is (he 
nwrnbeTj which being written three times and wwohfedf prth 
duces the given nwnher. 
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Now the cube of one figure can never consist of more than 
three figures, (121,) neither can the cube root of a number ex- 
pressed by three figures consist of more than one figure ; for, 
if we suppose it to consist of two, its square (121) must con- 
tain at least three, and its cube four or five. The cube root, 
therefore, of a number, which is a perfect cube, and which 
does not contain more than three figures, must be one of the 
nine digits, and may easily be found by the table of powers. 
(357.) 

376. If the cube consists of more than three figures, the root 
will contain ttoo or more, because the product of two numbers 
cannot contain more figures than both factors. Now, if the 
root consists of two or more figures, we may consider it as a 
binomial, that is, as consisting of tens and units ; then, calling 
the tens a, and the units b, we shall cube a -f- 6 by multiplying 
its squarQ; which is already known, by a -f- 6, thus : 

a» + 2ab + J" 



a» + 3a«6 + 3aJ« + fc» 

from which we find, that the cube of a number, consisting of 
tens and units, contains the cube of the tens, ihree times the 
sqibare of the tens multiplied by the units^ three times the tern 
multiplied by the square of the units, and the cube of the units. 
By this formula, which shows the constituent parts of the cube, 
the cube root is extracted. 

377. We may also verify this formula arithmetically, by ap- 
plying its several parts to the dimensions of a foot ; namely, 
(10 -f- 2) inches, thus : 



a» = 108 ^ 1000 ^ 

3a«6== 3X10'X2 = 600 
3aZ>« = 3 X 10 X 2» = 120 

2^= 2« =8 



cubic inches. 



The sum of the several parts being 1728 cubic inches, the 
true content of a cubic foot, shows the correctness of the 
formula. 

378. We may also verify the formula geometrically by con- 
>ttotiiig a cube according to its several parts, thus : 
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Let cfi be represented by the following cnbe : 



3a*&i by the three following parallelepipeds : 






Zdb^j by the three following parallepipeds : 



^ 



a ^ 



^ ^ 



^ 



and 5* cubed by the following cube : 




All these solid figores combined, form the foUowing figorci 
which is the cube of a -f- ^ • 
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To extract the cube root of a number by means, of the for< 
mula just established; we reason as follows : Every number, 
consisting of two or more significant figures^ may be considered 
binomial, and the cube of its tens — that is, the cube of the num- 
ber on the left of its unit figure — must be a number of thou- 
sands ; because 10^ = 1000, and therefore cannot form any 
part of the three right-hand figures of the cube. Again, if 
the part of the root, considered as tens, contains more than one 
figure, the part on the left of its right-hand figure is a number 
of tens with regard to that figure, or a number of hundreds, 
with regard to the first; therefore, as 100» = 1000000, the 
cube of this part, being a number of millions, cannot form any 
part of the first six figures of the cube. Continuing to reason 
thus, it is evident, that in order to find that part of the cube 
which contains the cube of the left-handTfigure of the root, we must 
point off the figures of the cube into periods of three figures eouihj 
beginning at the right-hand. This, therefore, is the first step. 

Again, the addition of the minor parts of the cube to the 
cube of the tens can never increase the root of the tens by a 
unit, because this unit would be 10, and the difference between 
a' and (a + 10)« is 3a« X 10 + 3a X 10« + 10», which, as 
10 is greater than i, is greater than 3a'6 -|- 3a6* -J- i». There- 
fore, having pointed off the given number, to find the first 
figure, or tens of the root, we eoctract the root of the grecUest 
cube contained in the left-hand period oi the given number, and 
place it as we do a quotient figure in division. This is the se- 
cond step. 

We cube the root) and subtract its cube from the left-hand pe- 
riod of the given number, and, to the right of the remainder, 
we bring down the neoct period of the cube. The number thus 
formed is called the new dividend. This is the third step. 

Having subtracted the cube of the tens, or a*, the remain- 
ing part of the cube contains 3a»6 + 3a&* + &». We must 
therefore endeavour to find these three parts, add them together, 
and subtract their sum from the new dividend. Now the root 
a is a number of tens, and as 3a"6 is a number of hundreds, 
it cannot form part of the two right-hand figures of the new 
dividend. We therefore^otw^ off those twofigures, and consider 
the part on the left as containing 3a*6 ; that is, the triple square 
of a multiplied by b. Then, as the product of two numbers, 
divided by one of them, gives the other, we square the root, 
multiple/ its square by 3, and place the product for a divisor, on 
the left of the new dividend,- Wo then divide the left-hand 
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pari of the new dividend by the divisor, and place the quotient 
or unit figure b, in the roof, on the right of a. This is the 
fourth step. 

We next draw a line under the new dividend^ and, under- 
neath this, we place the remaining parts of the cuhe in order, 
as we find them from the formula. We first multiply the di- 
visor by b, and, because 6" is a number of hundreds, we place 
two ciphers on the right, which evidently gives ^a^b, and place 
the proluct under the line. We then square b, multiply the 
square by 3a, and placing a cipher on the right, because a 
is a number of tens, we write this product under the other. 
Lastly, we cube b, and having written its cuhe under the line, 
we add the three parts together, and subtract their sum, from 
the new dividend. As this completes the cube of the two 
figures of the root already found, it may be called the kst step. 

If the sum of the three parts should exceed the new divi- 
dend, h is too great, and must be diminished till the subtrac- 
tion becomes possible. Also, the subtraction shows whethei 
the given number is, or is not, the exact cube of the root ob- 
tained. For, as the sum of the minor parts completes the cube 
of the root, if this agrees with the new dividend, that is, if the 
subtraction leaves no remainder, the given number is the exact 
cube of the root found. If the subtraction leaves a remainder, 
the given number is not the eocact cube. 

379. We will now cube 27, and then, by the formula, ex- 
tract its root. Thus : 

27 X 27 X 27 = 9X9X9X9X3 = 6561 X 3 = 19683 

a,b 
19,,683 (2,7 
a? =z 8 greatest cube in 19 



ial divisor. 3a* 

3a«i = 

3a6« — 

b^ = 


12 116,83 

84 00 

29 40 

3 43 



116 83 

This operation, having been sufficietly explained in the pre- 
ceding article, needs no farther development. There is, how- 
ever, a difficulty, too obvious to be neglected, which is, that as 
the divisor, which is. 12 hundreds, is contained 9 times in the 
116 hundreds of the new dividend, the scholar would, if not 
further assbted, naturally place 9 in the quotient, and wouldj 
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aflcr completing the minor parts, find the quotient too great 
He would next try 8, and, after again performing the operation, 
would again find the result too great ; and, as this difi&oultj 
very frequently occurs in extracting the cube root, he would 
find such useless trials very discouraging. This difficult? we 
shall endeavour to obviate as follows : The minor parts of the 
formula being 8a'6 -|- Sa^" -|- &*, if we divide each term by 5, 
we shall have for the general divisor 

8a»4-8a6+ft» 
Now the second term of this divisor — ^namely, Saby com- 

pared with 3a', is..-5-=- = — ; and, therefore, if we increase the 

oa a 

lUvtsor 3a' I'n this rat to y or nearly in this ratio, we shall, with 

the divisor so increased, obtain the figure b of the root, in all 

cases, much nearer the truth than with 3a' alone, and sa?e 

the trouble of many useless trials. For instance, in the above 

example, we should see how often 12 is contained in 116 ; we 

find 9 times : this 9, which should be 5, we place 'over the 

root already found, which is a, or 20, and thus we have ^ = 

-77^, for the near ratio of & to a. Now as this fraction u 

greater than 4i we may safely add to the divisor 12 one-thiid 
of itself, which is 4. Then, instead of dividing 116 by 12, we 
divide II G by 16, and have 7 for the quotient, which is the 
true figure of the root. 

Again, if we extract the root of the cube of 19, as above, we 
shall find the aforesaid difficulty still increased. Thus : 

19 X 19 X 19 = 361 X 19 = 6859 

a, ft 
6,S59(1,9 
1 the greatest cube in 6. 

IWtial divisor Sii' = 3 5S,d9 new dividend. 

Sti'ft 27 00 

3.1?' 2i 30 

J» 729 

5S59 

ll<9^ ih^ ptotial divisor S<]', which is 3 hnndRds, is con- 
tMwd iu iW 5S hundnNls <>f xho new dividend 19 times; but 

^^H rt^Hime to the ntio — , we place 19 over a, which h 
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10; thus, |§ ; and; as this greatly exceeds a unit; or whole^ 
we find that the remaining part of the general divisor exceeds 
3a'i and therefore the divisor 3 must be doubled. Where- 
fore, instead of dividing 58 by 3, we divide it by 6, which 
^ves 9, the true figure sought. This operatiooi which, after 
a little practice, will easily oe performed by the scholar men- 
taUy, will occupy scarcely any time, and save much labour. 

380. From what has been said, (878,) we easily perceive 
that, after pointing off the given number into periods of three 
figures each, the left-hand figure of the root will be tens, if 
the number contains two periods; hundreds, if it contains 
three ; thousands, if it contains four, and so on : and, there- 
fore, if any new dividend does not contain the divisor, toe 
must pktce a cipher in the root, bring down a new period to 
the right of the dividend ; place two ciphers on the right of 
the divisor — because in squaring the root we sJiouM have two 
ciphers in the product — and proceed as usual. 

Example, 



86700 



4,965,203,816 (1706 

1 


89,65 


2100 

14 70 

3 43 


3913 


52 203 816 


52 020 000 


183 600 
216 


52 203 816 



Observe that, generally, it is only in finding the second 
figure of the root that we meet with the difficulty mentioned 
in the preceding article. In the above example, as the dou- 
ble of the divisor 3 is contained 6^ times in 39, we place 7 in 
the root. The reason for placing rather more in the root, in 
some oasesi will be seen when we consider that the lesa the 

23 
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figure is which follows a, the less will be the ratio — ; oodsc- 

quently the Rouble of the divisor, which supposes this a ratio 
of equality, or unit, beins somewhat too great, will give tbe 
quotient somewhat too litue. Haying found 17, the two first 
figures of the root, in seeking a new figure, these two figures 
become a, or the tens of the root. The triple square of 17, 
which is 867, is therefore the second divisor. For, as in the 
square root, in completing and subtracting the minor parts of 
the cube acoording to the formula, we have already subtracted 
the cube of the root found; and, therefore, after the first 
extraction, we have conttnualli/ thote parts to r^pectL When 
to the right of the remainder 52, we have brought down 203, 
which makes the new divdend 52203, and have pointed off 
the two right-hand figures, as the divisor 867 b not contained 
m 522, we place a cipher in the root ; and, as the triple square 
of 170 would evidentlv be 86700, we also place two ciphers 
on the right of the divisor 867, and proceed as usual. 

381. The scholar may, if he pleases, after finding the second 
figure of the root, complete the general divisor 3a* -|- 3a6 + 5*; 
in doing which he must observe that, as 3a* is a number of 
hundreds, Sah, a number of tens, and &*, a number of units; 
the unit figure of each succeeding part must stand one place 
farther towards the right than the unit jvgure of the pre- 
ceding. 

Example, 

4,965,203,816 (1706 
1 



39,65 



3913 



8a« =86700 -) 522038,16 
Zah = 3060 
6»= 36 



1 



8700636 522088 16 

382. We have seen (363) that the square root of a prime 
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Dumber is impossible, and it is evident that the same mode 
of reasoning will show that its cube, or any other root, is like- 
wise impossible. We can, however, as in the square root^ 
extend the root decimally, so that the difference between its 
cube and the given number may be less than any amgnahlt 
quantity. Now, as the root is three times factor in the cube, 
it is evident that, for every decimal figure in the root, we 
shall have three times as many decim^xh in the cube; and, 
therefore, we must constitute three times as many decimal 
figures on the right of the comma, as we would have decimals 
in the root. Also it is plain that, as the cube of ,1 is ,001, 
the cube root of the first three figures on the right of the 
comma,^ will give the tenths, or first decimal figure of the root ; 
that we must, as in the square root, begin at the comma t^ 
separate the decimal part into periods, which must contain 
three figures each ; that the order of each decimal figure in 
the root may be determined by beginning at the comma, and 
counting on the periods, tenths, hundredths, thousandths, &c., 
till we rest on the period which gave it^ and, consequently, 
that toe must place a cipher in the root when the divisor is 
, not contained in the new dividend, as in integers. 

383. To ascertain how far we must extract the root, so that 
the cube of the root may be within a certain limit, we reason 
thus : Suppose that we have found the root in inte^rs, and 
call it a : the part wanting to complete the root, or 6, is less 
than a unit. Let h equal a unit : then, as the cube of the 
units cannot occupy more than three places of figures, it cannot 
affect the cube of the tens, which is a number of thousands. 
The only part, therefore, of the cube, which can affect the 
cube of the tens, is 3a'& -|> 3a('. But, as 5 is a unit, Za h 
-|- 3a6' = 3a' + 3a = (a' + a) 3. Wherefore, as & is too 
great, the difference between the cube of the root found, or 
cube of the tens, and the true cube, or given number, cannot 
exceed (a} -f- «) 3, even when the unit b is integral. But, if 
we extract the root to one plaoe of decimals, b will become ^ 
if to two places, y^^ ; if to three, 71^9, &c. ; and^ therefore, 
the part wanting to complete the cube will be less than j^, 

liu* i^JiJiy ^^' ^^ (^* ■+" ^) ^i accordingly. If, therefore, 
having extracted the root in integers, we add this root to its 
square and multiply the sum by three, y^^, y^|^, j^^^, &c. of 
this product will show within what limit we shaU find the 
cube of the root, when it is extracted to one, two^ mree^ &o. 
places of decimals. 
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384. To abridge the operation; we may obserre that; as we 

progress in the extraction of the root; the ratio — mentioned 

above, (379,) is continually decreasing. Thns^ if the root 

contains two figures — is less than a unit ; if three, it is less 

than j\f ; if four, less than y J^^, &c. ; and therefore, if we form 
the divisor 3a', and place one cipher or figure, on the right 
of the remainder, instead of three, we may, by division, as 
in the square root, find as many new Jigurea of Me root as toe 
have alreaudy fouiidy minus two figures. 

The following may serve as an illustration. As -> is the 

part by which, as we have shown, (379,) the divisor should 
be increased, in' order to give the quotient within a unit, the 
number by which we are dividing b somewhat too small, and 
our quotient will, consequently, be somewhat too great ; but, 
we have seen in the example above referred to, that wh^ 

there are two figures in the root, — is less than a unit; when 

there are three figures, it is less than -j^, &o. ; hence it is evident 

that, in general, — is less than -th of the quotient; that is, 

a Q^ 

than a unit of its last, or right-hand figure. 

Now, suppose we are dividing 9900 by 100, the quotient 
being 99, if we diminish the divisor 100 by less than -^^ of 
the quotient, — that is, by less than a unit, — ^it is plain that 
the quotient 99 cannot be increased by a unit, and will, there- 
fore, be within the limit proposed. 

Analogous reasoning will show that the above abridgement 
may in all cases be safely applied. 

JSxamjple. 

Suppose we would extract the cube root of 7, so that the 
cube of the root may differ from 7 by less than a millionth of 
a unit. 

It is evident that the root, in integers, is 1 ; and, therefore, 
that (a^ -}- a) 8 = 6. Wherefore the cube of the root, with 
one decimal, will be within ^; that is, within a unit; with 
two decimals, within yg^, or ^-q of a unit, &c. of the number 
7 : consequently, to nave the root, so that its cube may" be 
within the proposed limit, we must extract it to one place 
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farther than that limit. The root miut therefore oonttdn 
7 decimals. 

7, (1,9129811 
1 


27 y 

81 j 


60,00 


651 


58 69 


1083 -) 


1 410,00 


108871 


1 088 71 


109443 -) 


321290,00 


10965764 


219 115 28 


10967232 ^ 

61624 I 

81 j 


102 174 720,00 




1097239521 


98 751 556 89 


10977669,2,3) 


3 423 168 110 (811 
129 896 341 
20 119 749 
9 142 190 



The root is therefore 1,9129311, and its euhe is 
6,999999091331611107231; which, as was anticipated, differs 
from 7 hy less than a millionth of a unit. 

Again, taking the arith. comp. of th^ part on the right 
of the successive nines, and placing a cipher on the right, 
we form a new dividend : and taking for «' divisor 3a*, as 
usnal, we can, hj division, find six n^ore figares of the root; 
that is to say, two less than the nnmher already found, as follows : 

1097791618004163) 9086683888927690 (827728 

304350944894386 

84792621293554 

7947208033268 

262666707235 

43108383635 

10174685095 
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It is evident that, as the root, which isnow 1,9129^11827723, 
contain? thirteen decimals, its cube should, according to the 
reasoning pursued above, differ from 7, by less than a unit 
of the twelfth decimal order — ^that is, by less than a trillionth 
of a unit — ^which it does in effect, the actual number being 
6,999999999999021854419906611437426682067. 

The scholar will see that, by again taking the arith. comp., 
and proceeding as above, he could now, by division, find 
twelve more figures of the root, and so on, to any degree of 
approximation : and that thus, though we can continually 
approach to the number 7, we never can obtain its exact root. 

386. As the cube of a unit. is a unit, (.170,) the cube root of 
a fraction must be a fraction : for, if its root could be a unit, 
or more, the cube of this root — that is to say, the fraction itself, 
would be a unit or more^ which is absurd. Now, as the fraction, 
which is the root, is three times factor in the cube, its numerator 
is (206) three times factor in the numerator of the cube, and its 
denominator three times factor in the denominator of the cube. 
Therefore, to find the cube root of a fraction, when both terms 
are perfect cnbes, we have only to find the cube root of each 
term, and place that of the numerator over that of the deno- 
minator. But, as we seldom find both terms perfect cubes, 
for a general rule, we reduce the fraction to a decimaly and 
find the cube root of its decimal valucy by the methods already 
g^ven. Or, we multiple/ the numerator by the square of the 
denominator^ and divide the cube root of the product by the 
denominator. This is done upon the supposition that wo 
have multiplied both terms by the square of the denominator, 
Twhich does not alter the value of the fraction,) and then 
ciivided the cube root of the numerator by that of the deno- 
minator, which is the denominator itself. 

^Iso, we shall always find the cube of the root of a fraction 
within a certain limit, by extracting the root one pla/^e farther 
than that limit. This will easily be seen by referring to the 
reasoning applied; in the preceding article^ to the limit of the 
cube root of 7. 

Example. 

Suppose we would extract the cube root of ^, so that the 
cube of the root may differ from ^ by less than the hundred- 
thousandth of a unit. We extract the root to six places of 
decimals, thus, (818 :) 
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147 

105 
25 



1 



,4285 71 (,7539 
343 . 

855,71 



15775 


788 75 


16875 ■) 
675 f- 

9 3 
1694259 


66 96428 
50 82777 


1701027 ") 
20331 y 

81 3 

J 70306091 


1613651571 
15 32754819 



17050956,3) 


808967520 (47 


■ 


126929268 




7572574 


Hence the root 


is ,753947 + 


r thus: 


3 X 49 — 147 




147, (5,277 




125 


75 ■) 


220,00 


SO V 





7804 


156 08 


8112 ■) 
1092 f- 
49 3 
822169 


63 920,00 
67 551 83 


833187 ") 

11067 y 

49 3 
83429419 


6 368 170,00 
5 840 059 33 



83540187 ) 

7) 5,277632 
,753947 + 



528 110 670 (682 
26 869 548 
1 807 492 
136 689 
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For the cube root of f , therefore^ we have ,753947 -f- > ^ 
cube of which is ,428570676309809123 ; and, as this cube 
agrees with the decimal value of i(, to the fifth decimal iDeln* 
aive, it is evidently within the limit proposed. 

The student should prove the following 

ExampUt, 

1. ^24389 = 29 

2. ^5929741 = 181 

3. ^132105539357 = 5093 

4. Required the cube root of 3, so that the onbe of the root 
may differ from 3 by less than a ten-thousandth of a unit. 

Answer, 1,44224. 

5. Required the cube root of 1729, so that the cube of the 
root may differ from 1729 by less than a thousandth of a unit 

Answer,* 12,002314. 

In this example the operation may be abridged by placing 
12 in the root, at once, seeing that 1729 only exceeds the 
cube of 12 by a unit Also the three last figures, 314, may be 
found by division. 

The student should always find for himself the limit of ^e 
root, by the formula (a« + a)3, and verify it by cubing 
the root. ' 

6. Required the cube root of 1685176, so that the cube of 
the root may differ from the number by less than a hundredth 
of a unit. Answer, 119,0004. 

The reason why this root reaches the limit with so few 
decimals is, that the next two figiires of it are ciphers. 

7. Required the cube root of 10795861, so that the cube 
of the root may differ from the number by less than a thou- 
sandth of a unit. Answer, 221,013648891. 

Let the cube root of the following fractions be extracted sp 
that the cube of the root of each fraction may differ from the 
fraction which gave it by less than the millionth of a unit. 



8. -^1 =,8735804 

9. Vs =,9499142 
10. ^y\ = ,7688809 



11. ^ J«5 = ,5358322 

12. Wl ==,9196413 

13. ^ If =,9852919 



386. As the index of the power to which a quantity is 
raised shows the number of times that the quantity is factor 
in that power, it is plain that, when the index is even, 
the number of factors is even ; and, therefore, Uie power may 
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be considered as tlie square of the product arising from the 
involution of half the number of factors : consequently, if we 
take half the given index, the quotient will show to what 
power the quantity is reduced hy taking its .square root 
Ag^n, when the index is a multiple of 3, it is plain that the 
power is the cube of the product arising from the involution 
of one-third of the number of factors; consequently, if we 
take one-third of the given index, the result will show to 
what power the quantity is reduced hy taking its cube root. 
Wherefore, in general, if we divide the index of a higher 
power of a quantity by 2, 3, 4, 6, &c., the result will show 
to what poioer the quantity is reduced hy taking its square 
rootf cube root, fourth root, fifth root, &o. 

887. Hence, the roots of all those powers,. the indices of 
which are powers of 2, may be found hy the square root alone, 
Th]^, to extract the fourth root, that is, to find a quantity from 
its fourth power, we first extract the square root, which gives 
the square of the quantity sought : we then extract the square 
root of the square, which gives the quanllty itself. If we 
would extract the eighth root, the square rpot of the eighth 
power gives the fourSh power ; the square root of the fourth 
power gives the square, and the square root of the square, the 
quantity itself 

888. In like manner, the roots of powers, the indices of which 
are powers of 3, may be found hy the cube root alone. Thus, 
the cube root of the ninth power, gives the cube, and the cube 
root of the cube, the quantity itself. If we would extract the 
twenty-seventh root, the cube root of the twenty-seventh pow- 
er, gives the ninth power ; the cube root of the ninth power 
gives the cube, and the cube root of the cubci the quantity 
mnight. 

889. Again, we can, hy the square and cube root combined, 
find the roots of those powers, in the indices of which 2 and 8 
•re the only factors. For example, to find the sixth root, we 
should extract the square root of the sixth power, which gives 
the cube ; then the cube root of the cube, which gives the quanti- 
ty sought. Or, first extract the cube root, and then the square 
root. For the twelfth root, we may first extract the square 
root, which will give the sixth power ; the square root of the 
nxth power, will eive the cube, and the cube root of the cube 
the quantity sougnt. 
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Extraction of the Roots of all Powen, 

390. When the index of the power is prime to 2 and 3, and 
consequently cannot be resolved into those factors, we can no 
longer obtain the root merely by the square and cube roots, 
and must, therefore, have recourse to another method. 

The scholar has already seen that we obtain the formula for 
extracting the square or cube root by considering the root un- 
der the form of a binomial, which binomial we square or cube 
accordingly. Now in raising a binomial successively to the 
higher powers, a law is found to exist in the formation of the 
terms of those powlers, by means of which we obtain a general 
rule or formula for extracting the roots of all powers. 
^A. Let the binomial be a-\-hj as usual. Then if we raise 
a -|- 6 to any power, we shall find that the first term ib a, raised 
to the given power^ and the last term 5, raised to the same 
potoer. Also, if we subtract a unit from the index of the 
power, the remainder will show the number of intermediate 
terms J which consist o/ab, the index o/a, decreasing, and that 
o/b increasing, each bi/ a unit at a time. The index of b in 
the second term, being a unit, is not written. The number of 
terms, therefore, is one greater than the index of the power. 
Thus, if we would raise a -f- 6 to the seventh power, we have, 
according to the above, the following eight terms : a% a*6, a*i*, 
a^JP, a»6*, a^¥, ai», b^. 

391. To have the number which precedes each of the inter- 
mediate terms, called the coefficient, we observe the following 
rule : The coefficient of the second term is the index of the 
power. For the coefficient of the third term, multiply/ the co- 
efficient of the second term by the index of a in that term, and 
divide the product by 2. For the coefficient of the fourth 
term, multiply the coefficient of the third term by the index of 
a in that term, and divide by^. In the same manner, to find 
«ny coefficient, multiply the coefficient of the preceding term 
by the index of a in that term, and div^ide by the numher of 
terms to that place inclusive. Thus, for the coefficients of the 
above series of terms we have 

for the second term, 7, the index of the power. 
« third « ^-^^ = 21 

" fourth " ?1^=:35 
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forihe fifth term, ?^^ = 35 

4 



" seventh " X^ =7 

6 

The seventh power of a -|- ^ is therefore, a'' -j- 7o*t + 
21a»6» + 35a*ft» + 35a»6* + 21a»6* + 7ab^ + IP, 

392. When the power is odd, the number of terms, being 
one more, is even ; and there are two middle terms, which have 
each the same coefficient. The coefficients which succeed the 
middle ones are the sam>e as those which precede them, taken 
in an inverted order. When the power is even, the number 
of terms is odd, and there is, consequently, hut one middle term, 
the coefficients succeeding which are toe same as those which 
precede it, taken in inverted order. Wherefore, we do not 
calculate die coefficients /artTier than the middle one. 

393. A general formula, for raising a binomial to any power, 
according to the above method, is obtained as follows : Sup- 
pose we would raise a-{'h to a, power signified by any number 
n. Then we have 

_^n(n-l)(n--2)(n-3)^^, ..'... +6-. 

This general formula, which was discovered by Sir Isaac 
Newton, and is therefore called Newton's Binomial Theorem, 
fumishoB a general rule /or extracting the roots of all powers. 

As in the square and cube roots we obtain the divisor from 
the second term of the formula, in which b first appears in its 
simplest form, so, from the second term of the general formula, 
in which b is still found in its simplest form, we obtain the di- 
vimyr for finding b in any root whatever. In finding the secon d 
figure of the root, by means of this divisor, which is na^^^, we 
are, however, subject to the same kind of difficulty which was 
experienced in finding the same figure in cube root; and this 
we shall endeavour to obviate in the same manner as we did in 
the extraction of that root. Thus, having first divided the se- 
cond and third terms of the formula by (, to find two terms of 
% general divisor^ we seek, in its simplest form, the ratio of 
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^ ^^ — - a'^^h to na*~^ To find this, we first multiply both 



terms by 2, and have n (n — 1) a*'~*6 and 2na*^. We 
then divide both by na^~*y and have (» — 1)6 and 2a. The 

ratio sought is therefore ^ — ^ — - . Now to inor^ase the divi- 

sor na!'^~^ in a ratio as near to the ratio ^^— ^ — - as we can, we 

2a ' 

must observe, that 6 cannot exceed 9, and that when, from the 

formula, we find that the divisor will be considerably increased, 

it is better to dimimsh h hy at least a unit. 

894. To extract the root of any power, therefore, we pro^ 
ceed as follows : As 10» = 100, 10« = 1000, 10* = 10000, 
10^ = 100000, &0., it is evident, that in raising to any power, 
the tens of a binomial root, there will be as many ciphers' on 
the right as there are units in the index of the power ; and 
therefore, to extract any root whatever, it may be shown, as in 
the square and cube roots, that we must point off the figures 
of the number into periods of as many figures each cu thert 
are units in the index of the power. This is the first step. 

Seek the greatest figure, which, raised to the given power, 
is contained in the left-hand periodj and place it in the root. 
This is the second step. This first figure, as well as its re 
quired power, may easily be found by injecting the table of 
powers. 

Eaise the first figure of the root to the given power, subtract 
the result from the left-hand period, and to the right of the 
remainder, bring down the left-hand figure of the next period 
for a new dividend. This is the third step. The reason for 
bringing down only the left-hand figure is, that as we raise the 
root found, which is a number of tens, to the next inferior 
power for a divisor, we should, as in the square and cub^ root, 
have to cut off as many figures on the right as there are units 
in the index of the given power, minus one ; that is, as many, 
minus one, as are contained in a period. 

Then, for a divisor, raise the figure found in the root to the 
power next inferior to the given power, and multiply the re- 
sult by the index of the given power. This is the fourth step. 

Then in finding the second figure of the root, increase the 
divisor, as directed above, in order to find b nearer the truth, 
than by na**^ alone. This is the fifth step, and very import- 
ant, seeing that to make several useless trials, in very high 
powers, is no trifling embarrassment. 
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Next, inyolve the root to the given power, subtract the re- 
sult from the two first periods of the given number, and to tho 
right of the remainder bring down the left-hand figure of the 
next period, to form a new dividend. This may be called the 
last step. For considering the whole root now found as a, 
we form the divisor 7wi*~*, and take all the steps in succession 
as before, except the fifth, which, after the second figure, will 
not often be needed, observing to subtract the root, when in- 
volved, from as many periods as there are figures in the root. 

395. With respect to the extraction of the root of a vulgar 
or decimal fraction, the -scholar can find no difficulty, seeing 
that the methods of operating, for any root whatever, are ex- 
actly analogous to those pursued in the square and cube roots. 
The limit of the approximation of any root may also be found, 
as in the cube root. Thus, for the fifth root, the formula being 
a* -+■ 5a*6 + 10a»6« + lOa^h^ + oab* + 6*, and the interme- 
diate terms ba*h -|- 10a*6* -|- 10a*6' + 5a6*; if we consider 
6 = 1, we have, for ascertaining the limit, the formula, 6a* 
+ 10a« + 10a» + 6a, or (a* + 2a^ + 2a» + a)5. 

Now if, when we have found the root in integers, we involve 
it, ^d form a number, accordipg to this formula, y^^, y^^j, j-^^f 
&c. of the number thus formed, will show within what limit 
we shall find the fifth power of the root, when extracted to 
one, two, three, &c. places of decimals. 

Again, for the limit of the fifth root of a fraction, suppose 
the root to equal a unit, which is evidently too great, then as 
(a* + 2a» + 2a« + a)5 is less than (1 -f 2 -f 2 -f 1)6, that 
is, less than 30, for one decimal, the limit will be within f f , 
or 3 units; for two decimals, within y'^; for three, within j^jc ; 
that is, within y^^. Hence, we shall find the fifth power oi the 
root of a fraction within any limit, bi/ eoctracHng it two place* 
farther than that limit. In a similar manner, the limit may 
be found for any other root. 

396. The ratio ^^ — ^ — — isj in this root, x- or, — . Now, 

2a ' 2a a 

26 
if the root contains 2 figures, — is less than 2 units : if the 

^ a 

root contains three, it is less than -^ ] if four, it is less than 

y J^ ; that is, than y^ ; consequently, having found ia number 

of ngures of the root, we may venture to find, by division, as 

many more, minus three, as we have already found. As a 

general rule for all powers, we may always find, by division, 

24 
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as many morefyures at we have already /aumd, fmtmmtAe 
nwmber gifinified hy n — !• 

ExamjpiUe. 

1. Required the fifth root of 847288609443. 

84,72886,09443 (243 
na« = 80 32^ 

80+48 = 128 627 



(24)»= 7962624 



5102620 DewdiTidend 



na*^ =. 1658880 new di¥iflor, a being 24. 

(243)» = 847288609443 

Here, na*^ or fui*= 80; and m 80 is eontained in 527, 
SIX tunes, we have 6 = 6. But as ^^ — ^- — == i- = — = 

ig=f we increase 80 bj | of itsdf , that is, by 3 X 16=48, 
and have 128 for the corrected divisor. This divisor gives 4, 
the troe figore of the root, which, in all probability, would not 
otherwise be fiwnd by the student, till after two nseless trials. 
2. Bequiied the seventh root of 797458652269191873293- 
6169. 

7974,5865226,9191873,2936169 (3609 

Corrected divisor 

6103+4080= 9183) 57875 



78364164096 



16287476352000000) 138170113091918732 



7974586522691918732936169 



In this example, as the divisor 5103 is contained 11 times in 

57875, we first assome 6 = 9. Then, as the divisor must, by 

the formula, be greatly increased, we diminish 6 by a unit 

-^ . (It— 1)6 66 36 . ^. 1 3 X 8 

The irnuo ^ 2a 2^ = -^ is accordingly, -^^ = f; 

h^Me, we increaw the divisor 5103 by | of itself, which thus 
W o m es 9183, This divisor gives 6 = 6, which is the true 
S|Ut«^ the root AstheseeottddiviscH-yWhich is 15237476352, 
ll Ml «MlMMdn tka Mv dividmid 13817011309, wn pkoe a 
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cipher in the root. Now, in forming the new divisor, we have 
the same significant figores with six ciphers on the right Also 
in forming the new dividend, by subtracting (360)^ from three 
periods, and bringing down another figure, we have the same 
dividend as before, with seven new figures of the given number 
on the right. Wherefore, having placed a cipher in the root, 
instead of forming the last new divisor and dividend, we should 
evidently find the figure 9 of the root, equally well, either by 
annexing one more figure to the dividend; or by suppressing 
one figure of the divisor. 

3. Suppose we would have the fifth root of 7, so that the 
fifth power of the root may differ from 7 by less than a thou- 
sandth of a unit. We proceed thus : 

7 (1,47577 
1_ 

)60 



na— * = 5 Xl=5 

cor. div. 6+8 = 13 

(14)^X5 = 192080 
^ = i= 21342 

new cor. div. 213422 
(147)« = 



147* X 5 = 
(1475)* = 



537824 



1621760 new dividend 



68641485507 



13585144930 new dividend 
2334744405 " divisor 



6981682607421875 

183173925781250 dividend 

23666720703125 divisor 

17496880856275 remainder 

By the formula ^ 'Z » which, in this root, is — , we cor- 
•^ 2a ' a 

rect the first and second divisors, assuming, in each case, ^ = 8, 

which is, as it should be, a little too great, and obtain, in 

both cases, the true figure of the root. Also, as the root in 

integers is 1, we find by the formula (a* + 2a* + 2a* -f a)5 

or (1 + 2 + 2 + 1)5 = 30, that the limit of the root will be 

within f J, or 3 units ; for one decimal, within -Ar, for two, 

^within yji,; that is, within j\j, for three, &c.,and hence, that 

*ihe root must be extracted two places farther than the limit. 

In raising the root successively, to the fifth power, with one, 

iW0| three, &c. decimals, which we do in the operation, ife 
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shall find the several results to agree with the respective limits 
established by the formula. Thus, 5,37824, which is the fifth 
power of 1,4, is within 3 units ; 6,864, &c., which is the fifth 
power of 1,47, is within y^ ; 6,9816,' &c., which is the fifth 
power of 1,475, is within yJi^, that is, within -^ ; and so on 
for the rest. 

Having found the figures 1,4757, we suppress one figure of 
the divisor, and venture to find, by division, one more figure, 
which is 7, and, without continuing the operation farther, we 
raise 1,47577 to the fifth power, and have 6,9999250187372- 
420137021657, which not only differs from 7 by less than a 
thousandth, as was proposed, but by less than a ten-thousandth 
of a unit. 

4. 1/281950621875 = 195 
'368484741360099 = 819 
67815984221231616 =246 
'4850833677308998938550332032 = 9018 
squired the fifth root of y*^, so that the fifth power of 
the root may differ from y^y by less than a thousandth of a 
unit. 

Ans. ,91356, the fifth power of which differs from y\ by 
less than a ten-thousandth of a unit. 

9. Required the fifth root of |, so that the fiflh power of 
the root may differ from | by less than a ten-millionth of a 
unit. 

Ans. ,922107911, the difference between the fifth power of 
which and | is ,000000017414005424186469844153340045- 
905861156, which is evidently less than a ten-millionth of a 
unit. 

10. Required the seventh root of 13, so that the seventh 
power of the root may differ from 13 by less than a thousandth 
of a unit. 

Ans. 1,44256. The seventh power of this root being 
12,99981583631852561343253184235175936, is evidently 
within the required limit. 
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SECTION XXI. 

or AN EQUATION — GEOBfSTRICAL PROFOETION — COMPOUND 

PBOFO&TION. 



Of an EqvLatixm, 

397. When two quantities, each consisting of one or more 
terms, have the sign = between them, the whole expression 
is called an eqwitixm; thus, each of the expressions a = 6, 

is an equation. 

The expression on the lefb of the sign = is called the first 
member; that on the right, the second member. Each quan- 
tity contained in either member is called a term. 

Now, it is plain that, as the members of an equation are 
equal, we may add to or subtract from each the same or 
equal quantities : also, that we can multiply or divide each by 
the same or by equal quantities without disturbing the equa- 
tion ; that is to say, the resvZts willf in each case, be equal. 

898. Any term, in either member, may be removed (trans- 
posed) to the other member, by merely changing its sign 
when so removed. For if it is a positive quantity, it is, when 
removed, evidently subtracted from the member from which it 
is taken ; and, in placing it in the other member, its subtrac- 
tion from that member is signified by placing be/ore it the 
negative sign. Again, if it is a negative quantity, we must, 
in removing it, consider that we have added a quantity equal 
to it to that member from which it is removed, because 8uch 
addition (95) would only destroy it ; and, in placing it in the 
other member with the sign -|-, we signify its addition to that 
member also. Wherefore, as equals added to equals, or sub- 
tracted from equals, must give results which are equal, the 
equation is not disturbed. Thus, in the equation ^ -f~ I — I 
=: |, if we remove the negative quantity — | to the second 
member, and change its sign, we have 3 + I = i + i- 
Again, if we remove j to *the first member, and change its 
sign, we have J -f | — 4 = |, or i + i = !• Hence also 

24* 
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it is plain that all the signs of both memhers may he changed 
tDithout disturbing the equation, 

399. An equation is cleared of fractions by multiplying both 
members by each denominator successively y or by the least com' 
mon multiple of aU the denominators of those fractions. 
Thus, in the above equation, 4 -j- -J == |y ^ we multiply both 
sides by 6, we have 3 -f- 2 = o. 

400. When the data of a mathematical question — ^that is to 
say, the quantities expressed or implied in its enunciation — are 
put in equation, the solution of the equation is often the solu- 
tion of the question. 

An equation containing one simple unknown quantity is 
solved by bringing aU the terms involving the unJeninon quan- 
tity to one side of the equation, and the knovm quantities to the 
oAer ; at the same time, by the above methods, reducing the 
equation to its simplest form. The unknown quantity being 
expressed in terms of quantities which are known, thus becomes 
known. 

It is not the province of common arithmetic to treat of this 
subject at large, but of Universal Arithmetic, or Algebra, to 
which the student is referred for its full development ; it is 
merely introduced in this place to enable the student more 
clearly to comprehend some important parts of arithmetic. 

JSxamples, 

1. Suppose that into an empty cistern, the capacity of which 
is 1800 gallons, the water runs during a heavy shower for some 
time at the rate of 30 gallons per minute ; and that, by the 
increase of the shower, it then runs into it at the rate of 55 
gals, per minute, until the cistern is full. During how many 
minutes must it run at the rate of 55 gals, per minute, that the 
cistern may be filled in 50 minutes Kom the commencement 
pf the shower, and what part of the cistern is filled in each in- 
terval of time ? 

Let X = the required number of minutes ; then 50 — x 
= the number of minutes during which the water runs at the 
rate of 30 gals, per minute. Also 55x = the number of gal- 
lons received by the cistern after the increase of the shower, and 
(50 — x)30 = the number of gals, previously received ; then, 

55x + (50 — a;)30 = 1800, or 55a; + 1500 — 30x = 1800, 
or 26x = 1800 — 1600 = 300 ; wherefore, x = ^pf = 12. 

Hence the water runs, during 12 minutes^ at the rate of 55 
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gals, per minute, and oonseqaently daring 88 minutes at the 
rate of 80 gals, per minute; then we have 

55 X 12 = 660 gab. filled after the increase of the shower ; also 
30 X38 = 1140 " before the increase 

1800 whole number of gallons, or content, 
consequently, -^^^ =>^ = part filled after the increase. 

also ^Q ' = — = part filled before the increase. 
Proof. ^^ + ^ J = jg == 1, or the whole cistern. 

2. Suppose that a man and his son can together cut 24 cords 
of wood in 6 days, and that the man alone can do it in 10 
days ; in how many days can the son alone perform it, and how 
much wood does each cut per day ? 

Ans. The son can perform it in 15 days ; also, the man cuts 
2§ cords, and his son 1| cords per day. 

8. What number is that, the square root of wnich is double 
its cube root? Ans. 64. 

4. What number is that, of which half the cube root is equal 
to 4 of its square root ? Ans. 11,890625. 

Prove this result. 

Geometrical Proportion — Rule of Three^ or Golden Rule, 

401. The ratio of two quantities is often expressed by two 
points, one above. the other, placed between them. Thus, 
6 : 8 signifies the ratio of 6 to 8, and is read 6 u to 8 ; a \h^ 
signifies the ratio of a to 6, and is read a is to 5. The scholar 
already knows that the value of the first of these is j =2, and 

Cb 

that the value of the last is expressed by j-. 

The two homogeneous quantities put in ratio are called the 
terms of the ratio; the first term is called the antecedenty and 
the last the consequent. Thus 6 and a are the antecedentSi 
and 3 and &, the consequents of the above ratios. 

402. A proportion is the eoepreition of the relation eocisttng 
between the terms of two e^juai ratios. Thus, 8 : 4 and 6 : 8 
form a proportion, each ratio being equal to 2. Four points 
are placed between the ratios thus — 8 : 4 : : 6 : 8, and the pro- 
portion is read 8isto4a«6t8to8. Now it is plain, that as 
the value of each ratio is 2| the first term bears the same rela- 
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lion to the second that the third does to the fourth. When- 
ever, therefore, it may he said of four quantities, that the firflt 
is to the second as the third to the fourth, the^ are in propor- 
tion. When this cannot be said, they are not in propartionj 
the ratios being unequal. The first and last terms of a pro- 
portion are called the extremes, and the two middle terms the 

403. Let a : bi le: dhe an j proportion whatever; then as 
J- = y, if we multiply both fractions by h, the denominator of 

the first fraction, which evidently will not disturb the equality, 

he 
we have a =: -r-. Again, if we multiply both sides of the equa- 
tion by <f , we have ad = bc; that is to say, in every proportion 
the pntduct of the extremes is equal to the product of the means. 
This may therefore be called the fundamental property of a 
proportion, 

404. We have seen (108) that the product of any two ab- 
stract numbers may be considered as representing the content 
or surface of a rectangular parallelogram. The product of the 
extremes and the product of the means may therefore be con- 
sidered as representing two equal rectangles ; hence, doubtless, 
the name gtometrical has been applied to this kind of propor- 
tion, as well as to the ratio upon which, it is based. 

If any object that, in applying this kind of proportion to the 
solution of mercantile questions, there would be evident im- 
pn^prioty in supposing a quantity of tobacco to be one side of 
a parallelogram, and the price of another quantity of tobacco 
the other; we should remember that this applicatioI^does not 
change the fundamental property in the abstract, and that it is 
hy tiiking the ijiven numbers in an abstract sense that we are 
ablo to apply the principle to the solution of such questions. 

405. When three terms of a proportion are given, the fourth 
is, by the fundamental property explained above, easily found. 
Fiv the product of two numbers, divided by either of them, 
giviHji the i^her; and as the product of the extremes is the same 
a» that of the means, the product of the extremes, divided hy 
0ithtr mextH^ if ires ^e other mean ; also, the product of the 
mrtiiM, diridtfi by either extreme, gives the other extreme. 
Now, as in all mercantile questions, which are solved by means 
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of geometrieal proportion, three terms of the proportion are 
nren to fiad the fourth, the nile for finding this term ia c&I)ed 
Thi Ritle Of Tbbbs. 

Ag^u, becange this nile is the basis of the calcnlatloa of 
Interest, Disconnt, Barter, Exchange, &c. &e., it is, on account 
of its estensiTO applioation, called The Qoldkn Rvls. 

406. If each of two equal products be resolved into any two 
&ctors, ihose/aetors are reciprocally prBportional ; that iB, if 
A and B be the two equal products, either factor of A is to 
either iactor of B as the remaining factor of B to the remain- 
ing &ctor of A. 

As the superficial contents or areas of two equal parallelo- 
grama are two equal products, the two &ctors of each product 
being the length and breadth of the patallelogram which it 
represents, if A and B be two eqaal paratlograms, the two 
dimensions of A are reciprocally proportional to thoee of B ; 
that is, either dimeneion of Kit to either dimetiti/tn of "S at 
iheremaining one of 3' to the remaining one of A.. 



B 



y 



Let D andy be the two factors of 
A; and 5 and x those of B. Now 
pS'^gx; divide by y, and we have 

p ^— : divide by q, and we have 
— ^ — . But — is the ratio of p 
to q, and — the ratio of x toy ; and 



these ratios being equal, (402,) we have the proportion p : g 
;: X : y; that is to say, the factors of the two products are 
reciprocally prop6rtion^, those of one product being the ex- 
tremes, and those of the other the w^ant, of the proportion. 
Now jjy and gx may be any equal products whatever ; also p 
and y any factors whatever of the one, and q and x any fac- 
tors whatever of the other ; wherefore, the demonstration is 
general. 

407. ABtheabovedemonstrationappliesto the parallelograms 
A and B, it is evident that tA« ndea ■which are the dimauiotu 
oftV)0 equal paraUelogramt are reciprocally proportional ; 
dioae of one parallelogram being the extremes, and tboee of tho 
oUuFt the meani. 
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408. When the sides which are the dimeDsions of one pa- 
rallelogram are reoiprooallj proportional to those which are 
the dimensions of another^ fAe two parallelograms are equal. 
For, in this case, the dimensions of the one are the extremes, 
and those of the other the means of the proportion ; and (403) 
the product of the extremes and that of the means are equal ; 
that is to say, (107) the areas of the paraUdograms are equal 

We have seen ahove that either fiictor of A is to either fi|c- 
tor of B as the remaining one of B is to the remaining one of 
A. Now it is evident^ that as A and B are equal, we may 
change their position, and say either factor of B is to either 
&ctor of A as the remaining one of A to the remaining one 
of B. Wherefore, supposing the factors of A to be j? ftiid y, 
and those of B, q and a;, as before, and putting py == qoa^ we 
have the following proportions : 

p I qii XI y 

p : X : : q : y altemando 

t/ : X : : f : p 

y : q : :'x :p 
putting qx =py, q: p i i y : x invertendo 

q : y : :p : X 

X I y I :p : q 

X :p : : y : q 

From the second of these proportions we see that the terms 
may be taken in alternate order. This is called altemando, or 
alternately. From the fifth we see that the terms of the ratios 
may be Inverted, which is called invertendo j or inversely. Also 
from an inspection of the whole, we see that in every propor- 
tion we may change the places of the means, or those of the eX' 
tremes; also, that we may take the means for the extremes^ 
and the extremes for the means ; because, in all these changes 
the extremes are the factors of one product, or the dimensions 
of one parallelogram, and the means those of the other. 

409. Again p -\- q \ q i : x -\- y i y. For, if we putp : q 

II X : y in equation, we have — = — ; and if we add a unit to 

i if 

Q V V Q X V 

each, which unit is equal to — or ~, we have ^-+ — = — h -» 

a y 9 2 y y 

tf I o X I t/ 
and hence, (202,)-*^—^—^ = — ^-^} that is, j) + j : y : : x + y 

: y. This is called componendo, which means that four pro* 
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portionals are proportional hy composition ; that is, the first , 
together with the second^ is to the second^ as the third, together 
with the fourth, is to the fourth. 

410. AhOfP — q : q : : x — y : y. For, if instead of add- 
ing, we subtract a unit from each member of the equation, 

— :^— , we have-^ ~ = — : and hence, ^^ 

1 y 9, 9, y y 2 

= ) that is, p — q\ q\ \ X — y : y. This is called 

dividendo, which means that four proportionals are proportional 
by division; that is to say, the difference between the first and 
second is to the second, as the difference between the third and 
fourth i4t to the fourth. 

411. Things which are equal to the same Uiing are equal 
to one another ; therefore, two ratios which are each equcU to 
the same ratio are equal to one another. Now, (409) as 

p -{- qi q : I X'\- y I y alternando 
p-^-qix-^-yiiqiy 
But, (410) p — qi qi i X — y : y and alternando 
p — q '. X — y: ' q' y 

Hence, as the ratios P'\- q - x-{-y and p — q i x — y are 
both equal to q i y, they are equal to one another ; consequent- 
\j,P'\'q'X'\-y : : p — q : x — y ) and alternando, i> + ? 
:» — q I raj-f-y -^ — y) tbat is to say, when four quanti- 
ties are proportional, the sum of the terms of the first ratio is 
to their difference, as the sum of the terms of the last ratio to 
Aeir difference. 

412. Again, supposing p greater than q, as (411) 

p — q : X — y • • q 'yj and (408) 

J : y : : p : x; then (411) 
p — q : X — y : :p : x alternando (408) 
p — q 'P ' • X — y : X and invertendo 
p *p — q : : X : X — y; that is to say, the fii^st is to 

its excess above the second, as the third is to its excess above the 

fourth, 

413. If we put the proportion p : q : : x : y in equation, 

n X 
thus : ^ = — , because (397) the equality is not disturbed by 

multiplying or dividing both sides by any number, — = — ; 

-^= -^, &c. : also ^ = o-i «T- = ^7- &<5-; *o^ ^^^^e (406) it is 
q y' ' 2q 2y' 6q 8y ' 



288 GXOMsraioAL proportion^ or rulb (^ thsb. 

evident that 2p : q : :2x : y 

Sp : q : : Zx : y, &c,y also that 
p :2q : : X I 2y 
p :Sq : : X iSy, See., 
firom which we infer, that in any proportion the antecedenti 
maybe both multiplied or both divided by any number with 
out disturbing the proportioUf and that it is the same with the 
consequents. Also seeing that magnitudes have the same ratio 
to one another which their equimultiples have^ that 

2p : Bq : :2x :Sy 

Bp : 4q : :Sx : Ay, &c., and therefore^ the 
antecedents m<iy be both multiplied or both divided by one num- 
ber, and the consequents by another without disturbing the pro- 

t) X 

portion ; that is y— : 40g^ : : j^ : 4%, &c. Again, alter- 

nando, as 2p i2xiiBq:By 

Zp iBx II 4tq : 4y, &c., it is plain that the 
terms of each ratio may be both multiplied or both divided by 
any number, or the terms of one multiplied and those of ike 
other divided by any number, without disturbing the propor^ 
tion. 
414. If we have any two proportions 

a : b : : c : d and 

p : q : : x : y, we may add them together 

term for term, subtract one from tlve other y term for term, also 

multiply or divide one by the other, term for term, without dis- 

Ot c r) oc 

turbing the proportion. For -- = — , and — = — ; and adding 

an c CE 

equals to equals, — + — = — -I : then reducing to a common 

b q d y 

denominator, and multiplying both sides by that denominator, 

we have (a-\-p)d -f (a -f- p)y = (fe -f- q)c-\-(b + q)x; or 

(a + p)(d -^ y) = (b '\- q) {c -{- x,) Then, as tne factors are 

reciprocally proportional, (406,) a -^-p :b -\- q::c'\'x: d-^-i/. 

a c m X 

Again, as j- = — and — = — , taking equak from equals, 

an ex 
we have t* — =3 > *^^ reducing and multiplying as 

Defore, we have (a — p)d^ — (a — p)y = (b — q)c — (b — q)xj 
or (a — p) (d — y) = (b — q) (c — x,) and as the factor^ are 
reciprocally proportional, we have a — p : b — q : : c — x: d—jf. 
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Again, as ^= 1 and^= - (397) ^X^=^X -) that 

is, •^= ;t-j a^<l hence (402) op : 5 j : : cos : e?y. 

Also, as oc? = 5c and py = qXy (403,) it is plain, that ad 
ibc : :py : qx, and alternando, ad :py : : be : qx, and putting 

this in equation, we haTe^=^,or(p(|)= (^)Q;) 

then, as the factors are reciprocally proportional, — : — ::—:-. 

p q X y 

We have therefore added, snhtracted, multiplied, and divided 

the given proportions, term for term, without disturbing the 

proportion, as was proposed. 

415. As the first term of a proportion has the same relation 
to the second that the third has to the fourth, if the first is 
equal to the second, the third must be equal to the fourth ; if 
the first is greater than the second, the third must be greater 
than the fourth, and if the first is less than the second, the third 
must be less than the fourth. Therefore, inversely, if the fourth 
term is greater than the third, equal to it, or less, the second 
must be greater than the first^ equal to it, or less, accordingly. 

416. We have already observed that in many arithmetical 
questions, three terms of a proportion are given to find the 
fourth. Two of the three given quantities are of the same 
kiml, and the remaining one is of the same kind as the answer. 

To solve a question of this nature, we write the quantity, 
which is of the same kind as the answer, for the third term, 
with the sign as : : before it ; that is, on the left of it. Then, 
from the reading of the question, we determine whether the 
answer or fourth term should be greater or less than the term 
written; if the answer should be greater, the greater of the 
two remaining terms must be the second ; but, if the answer 
should be less, the greater of the two remaining terms must be 
the first. 

Having arranged the three terms, we divide the product of 
the meaiifl by tibe given extreme, which (405) gives the ex- 
treme sought, or answer. 

Examples. 

1. If 11 bushels of com cost 95, how much must I pay for 
13 bushels at the same rate ? 

25 
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11 : 13 



bath, tnuh t 

:: 5 



1 1)65 

•5,90 j?, or $5, 91 — 

Qaestions of this Datnre may be said to consist of two parts, 
one of whioh is a supposition, and the other a demand. 

Now, it is from Oie demand that we discover the nature of 
the answer, or fourth term. Thus, in the above example, the 
demand is, how much (money of course implied) must I pay ? 
We therefore place $5, the term which is oi the same kind as 
the answer, in the third place, thus — : : $5 ; then, fivm a 
comparison of the mppo^Uion with the demandy we easily see 
that the answer must be greater than $5 ; because 18 bushels 
must cost more than 11, at the same rate ; we therefore place 
13 for the second term and 11 for the first. Then, by mul- 
tiplying 13 and 5, which are the two means, we have 65, which 
(403) is also the product of the two extremes, and, diyiding by 
11, the given extreme, we have $5,90|^, or (5,91 — ' for the 
other extreme, which is the fourth term of the proportion, or 
answer. 

2. Having paid 95,90|f for 13 bush, of com, bow much 
should I pay for 11 bushels ? 

13 : 11 : : ^,90jf 

n 

13) 65,00 ($5 Answer. 
65 

8. If for $5,90||, we have 13 bushels of com, how much 
should we have, at tne same rate, for $5 ? 





$5,90}? = $ff; then, 




65 5 


13 :,i in 11 


biub. 


11 ' 1 • • 


= 11. Answer. 



Having expressed all the terms fractionally, we signify the 
multiplication of the two means by placing the sien X between 
them. Then, to divide by the first term, (213,) we multiply 
by its reciprocal. 
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Thus a Kale of Three question is reduced to one multiplica- 
tion of fractions ; and, as this affords great oppoi tunity for can- 
celling, it is perhaps, in general, the very best mode of opera- 
ting. 

4. If I have paid $5 for 11 bush, of com, how much should 
I have for $5,90|ft ? 

bush. 

$5,d0}¥ = $ff ; then, $f : (f f : : y and 

MX A X ^ 7 ^^ 

The scholar may accustom himself to make similar changes 
in any question solved by proportion. Also, the several ope- 
rations will serve as proofs of each other. For further proof, 
he may put the proportion in equation^ or find the product of 
the extremes and thai of the meanSy which (403) rmist be equal, 

417. When, by the method pursued in the preceding article^ 
we have assigned each of the three terms its proper place im 
the proportion, though we consider the two first terms as form- 
ing the first ratio, it is evident that in reality (he^ do not 
form a ratio with each other, until reduced to units of the 
tame magnitude, or to fractions of the principal unit, in which 
state we can operate upon them (324) as upon abstract num- 
bers. For example, suppose that we pay 3 d. for half a peck 
of apples; what quantity can we buy at the same rate for £5 
sterling ? 

3 : 5 : : i 

Having arranged the terms, we say, as 3 d. is to £5j so is 
the quantity bought for 3 d. to the quantity that can be bought 
for £5, which is doubtless correct. Now the value of the ra- 
tio 3 : 5, if the quantities were alike, would be | ; but this is 
evidently not the ratio of 3 d. to £5. Wherefore, we must re- 
duce £5 to pence, or 3 d. to the fraction of a pound, in order to 
have the true ratio. Reducing £5 to pence, therefore, we have 
£5 = 1200 d. Then, as ^ peck is ^ of a bushel, we have 

d. d. bush. * 

3 : 1200 : : I or, (413) multiplying the two antecedents by 
8, and dividing the two terms of the first ratio by 12, we have 

d. d. bush. bush. 

2 : 100 : : 1 : 50. Answer. 

Again, by reducing 3 d. to the fraction of a pound, we have 
*d=3lD=^- Then, 
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£. £. bosh. 

A : f : : ^. Then (413) multiplyiiig ihe two antecedeate by 
oO; we have 

1 : 5 : : 10 : 50 bosh. Answer. 

dl8 The product of the two means, divided bj the given 
extreme, is the fraitional repre$entcUion of the fourth term or 
amturer. Wherefore, after establishing the true ratio between 
the two first terms, because the two means are the two factors 
of the numerator, and the given extreme the divisor or deno- 
minator, it is plain that upon the principle of cancelling, we 
ma J, without aSectinff the answer, divide either mean hif the 
given ejctremej or the given eoctreme hg either mean, or 
either mean and the given extreme both bg the $ame number. 
Also, that either mean and the given eaireme mag be both muU 
tiplied bg a»g number; because this is only mnltipljing the 
two terms of the fractional result| each bj the same number, 
which does not alter its yalue. 

419. If, after establishing the true ratio of the two first 
terms, we would, to fi^ilitate the operation, reduce the third 
term to a different form, as it is a hcUxt of the numerator, it 
is evident (165) that in operating upon this term, we operate 
directlg uj)on the answery or fourth term ; that is to saj, if we 
multiply or divide the third term by any number, we mvitijpily 
•r divide the anturer bg the wame number; or, if we reduce the 
third term to any denomination, the annoer will be of the 
9ame denominationy the terms of the first ratio being consi- 
dered abstract 

£jtample»» 

1. If 6] yds. of doth cost 13 s. 4 d., how much wiU 81 
jds. cost, at the same rate ? 

(>j=:y;then ^:^::13 4 

JC8 

\Ve hero divide the second term by the first, to do which, 

we first obsiene that 81 contains 27 three times; then, as it is 

plain that the fourth part of 27, or V, should be contained in 

ol just 4 times as often as the whole 27, we say, that ^ ^ 

eontuiued 4 times 3, or 12 times; we therefore write 12 under 

81, and multiply 13 s. 4 d. hy 12, which gives £8 for the an- 
swer. 
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Hence^ we infer that if a whole number is divisible by the 
numerator of a fraction^ it is divisible hy the fraction ; for, to 
obtain the quotient, we have only to multiply the result by the 
denominator of the fraction. 

2. K I pay £8 for 81 yds., how many can I buy for 13 s. 4d. f 

13 s. 4d.=£f ; then 

£. £. yds. ydB. 

a( : ^ : : 81 : 6^5, or 6| yds. Answer. 

3. If, for 13 s. 4 d.| we have 6| yds., how many can we 
bay with £87 

6j = Y and 13 s. 4 d. = £| ; then 

£. £. yds. 
tf 27 

^ : }( : : -T- : 81 yards. Answer. 

Here, as the first term | should be inverted, the denomina- 
tor 3 is a multiplier ; wherefore, as the two divisors 4 and 2 
cancel 8, we have 3 X 27 = 81, the answer. 

4. If 81 yds. cost £8, how much should we pay for6|yds.f 

ydf. yds. £. £. £. . 

^fi : ^ : : 8 : ^^ = | ==13s. 4d. Answer. 



12 
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420. The length and breadth of the floor or wall of a room 
of regular form, and the length and breadth of carpet, paper, 
or other material which is to cover it, being evidently the di- 
mensions of two equal parallelograms, are (406) reciprocally 
proportional ; consequently, if we wish to find the length of 
carpet, of a given breadth, that will cover a floor of given di- 
mensions, ike breadth of ihe carpet is to either dimension of the 
floor as the remaining dimension of the floor to the length of . 
the carpet or quantity sought. The dimensions of the floor 
are therefore the means, and their product, or area of the floor, 
being also the area, that is, the product of the length and breadth, 
of the carpet, must when divided by the given extreme, or breadth 
of the carpet, give its length, which is the other extreme. 

JJ^ow, the breadth of the carpet is generally referred to the 

yardy as the standard unit, and the duuensbns of the floor to 

10 
to the foot ; wherefore, if we put — for the fractional width of 

a 

carpet in yards, or general divisor, and I and b for the dimeQ. 
uons of the floor in feet, -^ and --- will be the same diu^^^^ 
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sioDs in yards. Then^ inverting the divisor^ as usual in pro- 
portion^ we shall have for the general formula — Xo X q-i or, 
•^ = length of carpet in yards. 

421. As either mean may ber divided by the given extreme, 
we may divide either the length or hreaddi of the floor hy the 
given breadth of carpet, when this can be done, taking care to 
reduce both to the same name, and multiply the qttotieni 
hy the other dimension, for the required length of car^ 
pet in feet. In this last case, the quotient is the number of 
breadths of carpet, and the remaining dimension the length of 
each, which may remain in feet or be reduced to yards at op- 
tion. Also it is evident, that in this case only can the floor be 
carpeted with an ezaot number of breadths, and oonsequently 
without waste. 

When practicable, it is of course best to express both dimen- 
eions of the floor in yards. 

Examples, 

1. How many yards of carpeting, | yd. wide, will cover a 
floor 27 ft. long by 18 ft. broad? 

yd. ft. ft. yd. yds. yds. 

I : 18 : : 27, or ^iZ. : : 9 : 72 yds. Answer. 

yd. yds. yds. 

Or, -r : l« ; : 6 : 72 yds. Answer, as before. 

' ^ 12 ^ ' 

Here, taking the room lengthwise, we have 8 breadths, eaeh 
9 yds. long. Or, taking it crosswise, we have 12 breadths, 
each 6 yds. long. 

2. How many yards of carpeting, 1^ yds. wide, will cover a 
floor 45 ft. long by 23 ft. broad ? 

yds. ft. ft. yds. yds. yds. 

4 it 28 
f :45::23, or}:15:: V;andj-X yX-j = 92 yds. 

^ ^ Answer. 

Here, as | is contained in 15 just 12 times, there will be 12 
breadths, each 23 fib., or 7 yds. 2 ft long each. Also, the same 
carpet could not, in the other direction, be applied without waste. 

422. Another problem of some importance is, to ascertain 
the breadth of carpet, approximate to a given breadth, that will, 
without waste, cover a floor of any given dimensiond. 
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First, divide either dimension of the floor hy the given breadth 
of carpet reduced to feet, for the approximate number of 
breadths ; then taMng the nearest whole number ^ divide the 
same dimension by the number of breadths^ which will give 
the required approximate breadth of carpet. 

Example. 

What breadth of carpet, nearly a yard wide, will, without 
waste, coyer a floor 19 ft. by 13 ft. ? and how many yards will 
it take ? 

First, ^* = 4J ; then, taking 4 for the number of breadths, 
M = 3^ ft., or 3 ft. 3 in. for the required breadth of carpet. 
Hence, there will be 4 breadths, each 19 ft., or 6 J yds. long, 
and 4 X 6J = 25J yds. the required length. Or, as y ft, 
= II yds., thus : 

yd*, yda.* ycte. yd. yds. yds. yd«. yds. 

il • ¥ • • ¥ ; ^r, (189) 1 : 4 : : igS : V = 25 J, as before. 
Again, ^ = 6|, and, taking 6 for the number of bread ths, 
we have ^^ =3J ft., or 3 ft. 2 in. for the required breadth of 
carpet; that is, there wiU be 6 breadths, each 13 ft. or 4j yds. 
long, and 6 X ^i = 26 yds. the required length. Or, as ^^ 
ft. = |§ yds.; thus : 

ydi. yds. yds. yd. yd». yds. yd. yda. yds. 

II •• V • •• V^ ^ 0-^^) 1:6:: V, or*! : 2 : : 13 :26 yds., 
as before. 

From which we infer, that if we would carpet the floor length- 
wise, with carpet nearly yard wide^ we must choose a carpet 
8 ft. 3 in., or rather more than 1 yd. qr. 1 n. wide, of which 
it will require 4 breadths, each 6 yds. 1 ft. in length, making 
25} yds. Also, if we would carpet it crosswise, we must choose 
a carpet 3 ft. 2 in., or rather less than 1 yd. qr. 1 n. wide^ 
of which we require 6 breadths, each 4 yds. 1 ft. in lengthy 
making 26 yards. 

Froof, 

78 ft. X 3i ft. = 247 ft. area of last carpet. 
76 ft. X 31 ft. = 247 ft. " first carpet. 
13 ft. X 19 ft. = 247 ft. " floor. 

423. Haying seen (402) that when the measures or sides 
of two equal parallelograms are placed in reciprocal proportion, 
those of the one become the means, and those of the other the 
extremes ; it follows that when the area of any given parallelo- 

»See Article 210. 
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grmm is divided bj one side of another pmllelogimiii, of equal 
area*, the quotient will be ike oiker side of thai other parol- 
leloijram. We mnst, howeTer, obserre that the given area and 
given side most be of the same name ; that is, if the given 
ana \i expresfied in iqaare yards, the length of the given side 
most be expressed in yaids ; if the given area is expieased in 
square feet, the length of the given side must be expressed in 
ftet, ke. Also, that the given area mst be a muiiijUe of the 
4yiren ndey if we wirii the reank to be a whole miml». 

Suppose that from one side of a large field we would evt off 
a |Heee of ground of a given bundlh, aaj 120 ft., which shall 
contain jnst an acre. 

Theareaofaaaereina.£is 43560, and 1^^=363 

feet, the TCq[nired length. 

Or, to ascertain whether the length wifl be a whole nnmber, 
we may resolve 43560 into ita prime fiuton 2x^X2x3 
X 3 X 5 X 11 X 11. and then Ke, if by the involntioB of any 
of these fiMtors, we can form 120. Wefi^that2 X ^ X2 X3 
X 5 = 120 : conseqpMBtlv, the prodwet of the other fiMtois 
3 X 11 X 11 = 363 ft.is the i4»i«d length. 

424. When die first of three given numbers is to the secnnd 
as the second is to the third, we say that the numbers are la 
cc'itttn ttal prpportum. Hie third is called a th ird proportional 
1^** the tw^nra^ and theaeooDd a wkeam proportiomal between the 
^nrtt and thinL Wlien we say, as the first is to the second, so 
is the second to the thiid» the second, b^ii^ both antecedent 
of the bst lado, and cMseqnent of the first, forms of it£elf the 
two means, the pi\>duet of which is the square of the second; 
coii9e(|iiently, (405.^: to find a thiid proporaoDal to two given 
nnmbers, we j^mty ^ last amd diride ly theJirwL Or, which 
is the suoe thing, w mvJtJj^y fJ^ laa hif iU ratio to the/nt. 
We mn§t« how^ever. obserrf-, ihu the second must be a multi' 
pJt tv» m.^«^ or'thfjrrti^ or both mnA be catnposed of 
pown^ i\f tbe same'prime nvmbera. ctkerwKe (179) the third 
Iv^.^$v\monal cannot be a whj;ie number. 

Tins, to find a third prtfionuBal to 2 od 6, we say ?^ 

^ 1^ the nnmber sovsht. Par a ihM proposlioiial to 8 and 
»^ which are ptime ik> «ac^ «iher. we have f*= V = l^Ji 
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425. As in tbe preceding article, the product of the extremes 
is equal to the product of the means; the product of the first 
and third is equal to the square of the second ; wherefore, to 
find a mean proportional hetween two numbers, v)e take tlie 
square root of their product. 

Thus, to find a mean proportional between 3 and 27, we say, 
8 X 27 = 81, and j/Sl = 9, the required mean. 

426. Let A, B and C, be any three numbers, the ratio of A 

to B is — , and that of B to C is — . Now, — X — = — 5 that 
B ' B "^ 

is, the ratio of A. to G is compounded of the ratios A to 3 and 

BtoC. 

A B 

427. When the numbers ar^ in continual proportion — = — ; 

and therefore — X - = — > or, -— = -. Hence also — == — . 
bbo^'b^o c«o 

This is called duplicate ratio. Therefore, when three num- 
bers are in continual proportion, the ratio of the first to the 
third is duplicate of the ratio of the first to the second, or of 
the second to the third; that is to say, it is the square of either 
of those ratios. 

428. When there are four numbers A, B, C, D, the ratio 
of A to D is compounded of the ratios A to B, B to C, and C 

to Dk. Thus — X — X — = — j and, in general, whateyer may 

be the number of quantities, the ratio of the fi/tst to the last is 
compounded of the ratios, the first quantity to the second, the 
second to the third, the third to the fourth, and so cm to the 
last. 

429. When four numbers are in continual proportion, as the 
ratio of the first to the fourth iuTolves three equal ratios, it b 
called the triplicate ratio or cube of any one of those ratios ; 
when there are fiye numbers, the ratio of the first to the fifth 
is the quadruplicate or fourth power of any one of those ra- 
tios ; when there are six numbers, the ratio of the first to the 
sixth is quiniuplicate of the ratio of the first to the second, &q.; 
and in general, when a series of numbers is in continual pro- 
portion, the ratio of the first to the last is equal to the ratio of 
the first to the second raised to a power signified by the number 
of terms, less one. 

480. The astronomer Kepler found that th^ squares of the 
times in which any two planets revolve round their primamj 
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are to one another as the cubes of their distances from that 
primary ; wherefore, if we know the times of the reyolution 
of any two planets in the solar system, and the distance of one 
of them from the Sun, the distance of the other may be found 
by a simple proportion, and by extracting the cnbe root ; or, if 
we know the distance of each from the Sun, and the time of the 
rcTolution of one of them, the time of the revolution of the other 
may be found by a proportion^ and by extracting the square 
root. 

Uxamples. 

1. Let the time of the reyolution of the planet Mercury 
about the Sun be 87 d. 23 h. 14 m. 32,7 sec. ; that of the re- 
volution of Venus 224 d. 16 h. 41 m. 27,5 sec. ; also the dis- 
tance of Venus 68514044 miles; required the distance of 
Mercury from the Sun. 

Sqaare of revorn. of Yenas in eeconda. Square of reTorn. of Mercoir in secf'nds. 

As 376891262347656,25 : 57767186263445,29 

Cube of distance of Venus. Cube of distance of Herrarr. 

: :32161685941 1343801397184 :49295121849560890257289, 
and extracting the cube root of this last term, we have 
36666375,479 -|- miles, the required distance of Mercury from 
the Sun. 

2. Let the time of the revolution and distance of the planet 
Venus be as in the above example ; also the time of the revo- 
lution of the Earth 365 d. 5 h. 48 m. 51 sec. ; required the dis- 
tance of the Earth from the Sun. 

Ans. 94719068,71 + miles. 

3. Let the time of the revolution of the Earth, also the time 
of the revolution and the distance of the planet Mercury, be 
as in the above examples; required the distance of the Earth 
from the Sun. Ans. 94719068,71 + miles. 

4. Let the time of revolution and the distance of the Earth, 
also the distance of Mercury, be as above ; required the time 
of the revolution of Mercury. 

Ans. 87 d. 23 h. 14 m. 32 + sec. 

Compound Proportion. 

431. The name Compound Proportion may properly be ap- 
plied to every proportion in which several ratios are compound- 
edy that is, multiplied together. 

This rule is frequently, and we think improperly, called the 
Double Rule of Three, or Rule of Five; because, though in 
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many qnestions five terms are given, in others we find seveOy 
nine^ eleven, &q. 

In common with Simple Proportion, one term is given, which 
is of the same kind as the answer ; and of the rest, two and ttoo 
are of the same kind ; consequent! j| each couple forms a ratio. 

432. To solve a question : First, write the term which is 
like the answer hy itself; then arrange the two terms of each 
ratio as in Simple Proportion ; that is, exactly as if the re- 
sult depended on them atone. 

Having arranged all the terms, cancel the antecedent and 
consequent of any ratio, or the antecedent of any one and con- 
sequent of any other, not forgetting the term first written, which 
may he cancelled with any of the antecedents, as in Simple 
Proportion. Lastly, multiply the remaining consequents and 
term first written together, and divide the result hy the pro- 
duct of the remaining antecedents. 

Uxamples, 

1. If 40 masons can build a wall 1350 feet long, 3 ft. thick 
and 12^ ft. high, in 9 days, when the days are 10 hours long 
how many masons will build a wall 5400 ft. long, 2X ft. thick 
and 15 ft. high, in 15 da^s, when the days are only 8 houn 
long? 
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As the question requires masons, we write 40, the given num- 
ber of masons, by itself. Then, for the ratios, we say 5400 ft. 
will require more than 1350 ft. ; wherefore, we write 1350 for 
the antecedent and 5400 for the consequent ; we also accompa- 
ny each of these with its respective thickness and height. We 
then say, it will require fewer men to build the wall in 15 d. 
than in 9 d. ; consequently, we write 15 for the antecedent and 
9 for the consequent. Lastly, as it will require more men 
when the days are only 8 hours long, we write 8 for the ante- 
eedent and 10 for the consequent. 

We then find that 1850 cancels 5400 and gives 4 for the 
quotient, which we write opposite 5400. Then 2j cancels 
12}i giving 5 for the quotient; and 8 times 5 oanoels 40. 
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Then 15 cancels 15, and 3 cancels 9^ and gives 8. Lastly^ 
4 • 3 • 10 = 120, the number of masons required. 

2. If, when money is loaned at 6 per cent, per annum, A 
borrows of B £26 for 120 days, how long, in order to cancel 
the obligation, must A lend B £17 6 s. 8 d., when money is 
loaned at 4^ per cent. ? Ans. 240 days. 

3. If, when money is at 5 per cent., B borrows of A $840 for 
8 mos., how long must A retain $636,36y^ of B's money, to 
cancel the obligation, when money is at 7| per cent. ? 

Ans. 7 mos. 1^. d. 

4. If 7 horses eat 231 bushels of oats in 132 days, how many 
days will 561 bush, serve 11 horses, at the same rate 7 

Ans. 204 days. 

5. If a troop of horse march 506 miles in 23 days of 10 
hours, in how many days of 8 hrs. will it march 704 miles, at 
the same rate ? Ans. 40 days. 

6. If two men mow 9 acres of grass in 3 days, working 8 
hrs. per day, how many men will mow 27 acres in 4 days, work- 
ing 9 hrs. per day ? Ans. 4 men. 

7. If a garrison of 1200 men is victualled for 6 mos. of 30 
days, so as to allow each man 2 lbs. weight per day, how much 
must each man be allowed per day to make the provisions last 
8 mos., supposing it reinforced with 300 men, bringing with 
them a supply of 108000 lbs. ? Ans. 1 A lbs. 

8. A garrison of 1000 men, victualled for 8 mos. of 30 days, 
at the daily rate of 2^ lbs. per man, is besieged 40 days ; but, 
making a sortie, they drive off the enemy ; now suppose that, 
having lost 200 men, they are immediately reinforced with 400, 
who bring 40000 lbs. of provisions, what must each man's daily 
ration be to make the provisions last ? Ans. 2^ lbs. 
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POSITION — ALLIGATION — PERMUTATION — ARRANaEAUSNT — 

COMBINATION. 

Portion. 

433. Position, or Supposition, is that branch of arithmetic 
which finds a number sought from a number, called the suppo- 
sition, which is arbitrarily assumed, and is operated upon, ac- 
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cording to the conditions of the question, exactly as though it 
was the tme number. 

Position is called Single or Double, accordingly as the result 
is obtained from one or two suppositions. Those questions the 
data of which require on^ that the quantity operated upon 
shall be increased or diminished in a certain ratio or by quan- 
tities which are aliquot parts or multiples of itself, belong to 
Single Position, and may be solved by the following geometri- 
cal proportion : 

As the result of the operation performed on the supposition, 
To the true result, or given number, 
So is the supposed number 
To the number sought. 

This rule may be thus elucidated : Let A be the supposed 

and B the true number, or number sought. Then ^ is the 

ratio of A to B. But A is operated upon, according to the 
conditions of the question, by multiplication or division, or 
both, in the same manner as B, and therefore both are in- 
creased or both diminished in the same ratio. Let q represent this 

qA a 
ratio ; then (167) because ^ = ^> it is plain (402) that jA 

: jB : : A : B, and hence the rule. 

Eocamples. 

1. A and B trade with equal capital : A gains 25 per cent. ; 
B loses 10 per cent., after which A has 95000 more than B. 
What sum had each at first ? 

Suppose WOOOO : Then, as 25 p. c. = ^, and 10 p. o. = y^ ; 
10000 + i^o = 10000+2500 = 12500 incr'd capital of A. 

10000 — ^^ == 10000—1000 = 9000 dim'd capital of B. 

8500 diff. which should 
Then by the Rule, be 5000. 

3500 : 5000 : : 10000, or 7 : 10 : : 10000 : 14285,71f , Answer. 

Proof, 

25 p. c. IS } I 14285,7U 10 p. o. is ^K 114285,711 

3571,424 1428,57| 

17857,14| A's incr'd. cap. 12857,145 

12857,14| B's dim'd. cap. 

5000 difference, as by the question. 

26 



2. AaaabeqiwatlisfaOOOlo A^BySndCySodiat A'spnt 
WMj be doaUe that of B, and the share of B to that of G aa 
4 io 5. What is the share of each ? 

Abs. a, f2Sd2,94j\ ; B, $1176,47/^; C, fl470^f*. 

8. A miUer wuhes to make a ooaati^ of feed by grindiiig 
400 bosk of bariej with peas ana beans, so that the peas and 
beans together maj be to the barlej as 7 to 3, and the peas 
doable <? the beans. How man j iNishds of eadi most he 
grind ? Ans. 311| bo. beans, and 6222 bo. peas. 

4. SajB A to By Mj horse without the saddle is worth joor 
hone with my saddle on his back. Trae, lef^iea B, but my 
saddle alone is worth 4 times as much as yoor horse, 3 times 
as moch as yoar horse and saddle, and, together with | the yalne 
of my horse, is worth f 1000. What is the^aloe of each hone 
and saddle? 

Ans. A's horse, «240 ; B's horse, «160; A's saddle. (80 : Fs, 
1900. 

DaMe Fontum AbwluU. 

434. Those qnestions, from the data of which the quantity 
operated upon most be increased or diminished, not in a certain 
ratio, require two suppositions, with each of which we find the 
result as in Sin^e Position. If either of tiiese results accords 
with the given number, the supposition which gave it must be 
the number sought. But if both differ, find the difference 
between each result and the given number, and call this dif- 
ference an error in plus, when the result is greater ; or an ernur 
in minus, when the result is less than die 'given number. 

Next write the two suppositions under each other, and oppo- 
site each the error which it gave, preceded by its appropriate 
sign, plus or minus. Multiply the first supposition by the error 
of the second, and the second supposition by the error of the 
first, in a cross orcl^r. Then, if the errors have like signs, that 
is, both plus or both minus, divide ike difference of ike pro- 
ducts hy ike difference of ike errors. But, if they have unlike 
signs, that is, the one plus and the other minus, divide tke 
ium of (he prodxicts hy ike sum of tke errors. The quotient 
is, in either case, the number sought. 

Elucidation of the Rule. 

Let 8' = first supposition, and e! = first error ; 

S^' = second supposition, and ef' = second emor; and 
S = the numter souirht. 
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Now when >S^' is greater than S, it is evident that e' will he 
plus. Also that the greater S' is, the greater will ef he. The 
errorSf therefore, wJien both suppositions are greater ^ are as the 
excesses of the suppositions; that is, 

^'-_^:^"--.^::e':e";henoe(403) 

S"€f — ;&' = SV'^S^'y and by transposition (398) 

S^' —8e! = ^ V — ^ V; or 

,Sr(c" - O = S'^'— ^"«'; and consequetly 8= ^'^^ZfJ^ ' 

It is evident (408) that by inverting the terms of each ratio 
in the aboVe proportion, or (398) by changing the sign of each 
term in the equation resulting from it, we shall obtain 

Hence it is of no consequence, as to the rale, which product 
is the greater. 

Again, when S' is less than Sy ef will be minus, and the 
less S^ is, the greater will ^ be. The errors, therefore, when 
both suppositions are less, toill be to ea^h o^ier in direct ratiO| 
as the diminutions of the suppositions ; that is, 

S— ;S" : /S— /S" : : e' : e", and hence 
^'_^V'==/Se'— iS'V,or ^e" — ^c' = /Sf V — ^ V, or 

^(e" — 0= /SV — /SV, or finally 8 = ^^-^L^^H. 

That is to say, when the errors are both plus, or both minus, 
the difference of the products, divided by the difference of the 
errors, gives the number sought. 

Lastly, for the case in which the signs of the errors are un- 
like : Let 8' be less than aS', and consequently e' minus ; and 
let 8" be greater than 8^ and consequently c" plus. Then 
the greater the difference between 8' and 8, the greater will 
ff be ; also, the greater the difference between 8'^ and 8, the 
greater will c" be ; therefore, 8— 8' : 8" — 8 : i ^ : ^' ; 
and putting this in equation, 

'^e" — ^V = /SV — 8^, or /&" + 8^=8''^+ 8'^', 

or 8 (e" + O = S''^ + ^ V', or finally 8 = ^"^,'\_f^ ) 

that is to say, when one error is plus and the other minus, the 
sum of the products, divided by the sum of the errors, gives 
the number sought 
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Double Position ApproxinuUe. 

435. We must here inform the student that the above is no 
longer true when the data of the question require the involn- 
tion of Sy or anj part of it, into itself ; for^ in this casei instead 
of finding, from the formula; the true result, we only arrive at 
an approximation. Put 

Now suppose the numbers S', S", and S to have been in- 
volved, so that instead of each number, we had its square. 
Then, that the proportion may remain, it will be necessary to 
show that the differences of the squares of the numbers are as 
the differences of the numbers themselves. Let S' =S} 
S" = 10, and /S = 6. Then the above proportion becomes 
8 — 6 : 10 — 6 : : e' : c^, or 2 : 4 : : c^ : €i". Then instead 
of the numbers, taking their squares, if the proportion still 
exists we shall have (>4 — 36 : 100 — 36 :': 2 : 4 ; that is, 
28 : 64 : : 2 : 4, or (403) 112 = 128, which is absurd. 

We sball| however, obtain an approximation. For, let a and 
a -\- qhe the suppositions, both greater than c, the true num- 
ber. Also put a -f- 2 = a: ; then a — c : x — c : : c' : e", and 

= ratio of differences. Then taking the square of each 

supposition and the square of the true number, we have 

-: = ratio of the involved numbers. To show the ap- 

proximation of these ratios, we divide one by the other, thus : 

a — c a" — c* a — cic" — c* x-\- c a+ c -j- ? 

X — ex* — c" X — c a* — c* a-f-c a-f-c 



^o-f c 

Now, if we take each supposition as near as possible to the 
true number, their difference ^ is a very small number, and 

consequently, 1 -| ^-— a near approximation to a unit, which 

is the result when the ratios are equal. 

To solve a question of this kind, therefore, assume two num- 
bers, each as near as possible to the true, and find the result 
as above, by the appropriate formula. Take the i^ult which 
is an approximation, and of the two suppositions, that which is 
Dearest to the true number, or any other which may appear still 
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nearer^ and proceed as before. The tnie nnmber may tHuS; by 
repeated trials, be obtained to any degree of exactness. 

JSxafnples, 

1. Two merchants begin business with equal sums of money ; 
one gains 25 per cent:, the other loses 10 per cent, of his capi- 
tal, and $2000 more ; after which the first has $5000 more 
than the other^ With what sum did each begin ? 

25 p. c. is |, and 10 p. c. is y^. 
First suppose 10000 ; then 

10000 + 2500 = 12500 cap. of first, 
10000— 1000 — 2000= 7000 " second. 

diff. 5500 which should be 5000 
5000 

500 error in plus. 

Suppose 8000; then 

8000 + 2000 = 10000 cap. of first. 
8000 — 800 — 2000 == 5200 « second. 

4800 diff. which should be 6000 
5000 

200 error in minus ; then by the 
formula, 10000 X 2 00 == 20000 00 
8000 X5 00 = 40000 00 

Sum of errors 7,00 ) 60000,00 

$857 ],42f required sum. 

Proof. $8571,424 " $8571,424 

2142,85f 857,14| 

10714,284 cap. of first 7714,28| 

5714,28| " second. 2000,00 

diff. $5000, as required by the question. 5714,28^ 

By a Simple Algebraic Equation. 

Let X = sum : then cc + -r == capital of first : and x — :r7r 

4 lU 

— 2000 = capital of second; and, by the question, as the 

difference is 6000, if we add this to capital of second, we have 

26* 
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the equation x -}- 7=35 — Ta + 3000 ; moltipljiDg by 40, 

we have AOx + lOx = 40a; — 4x -f- 120000 ; subtract 40.x, 
and lOiC = — 4x -|- 120000 ; transpose 4a5, 

Ux = 120000, or 7x = 60000, and 
X == 60000 -5- 7 == $8571,42^. Answer. 

All questions in Double Position, which, m their operation, 
require neither Involution nor Evolution, belong to Donbltt 
Position Absolute ; and maj, as above, be solved, either bj 
one operation, according to the formula, or bj a simple 
equation. 

2. What number exceeds five times its square root by 13 ? 

Take 64 : then y 64 = 8, and 6 X 8 = 40 ; 64 — 40 == 24; 
24 — 13 =11, error in plus. 

Take 49 : then i/49 = 7; 5 X 7 = 35; 49—35 = 14; 
14 — 13 = 1, error in plus. 

Mult, in a cross order 64 X 1 = 64 and 49 X H = 539. 
Then, as the errors have like signs 539 — 64 = 475, difference 
of products. 

11 — 1 = 10 difference of errors, and 475 -s-lO = 47,6, 
approximate number. 

t/47,5 = 6,892 ; 5X6,892=84,46 ' 

47,5 — 34,46 = 13,04 ; 13,04 — 13 = ,04, error in plus. 

Assuming 49 and 47,5, and multiplying as before, we have 

49 X ,04 = 1,96; 47,5 X 1 =47,5; 47,5 — 1,96 = 45,54, 
difference of products. 

1 — ,04 = ,96, difference of errors ; then 

45,54 -f- ,96 = 47,4375, a greater approximation, which ex- 
ceeds 5 times its square root 6,887488 by 13,00006. 

Now take 47,4375 error in plus, 00006 
47,5 error in plus, 04. 
47,4375 X ,04 = 1,8975 
47,5 X ,00006 = ,00285 

1,89465 difference of products. 
fii __ ,00006 = ,03994 difference of errors. 

1,89465 -^ ,03994 = 47,4374 required number. 
5 X 1/47,4374 = 5 X 6,88748 = 34,4374 

13 required difference. 

£1/ a Quadratic Equation. 

The square of a -j- 6 is a» + 2ah -|- fe*, or o^ 4- ^fta -f- 1^ 
Take away2»*; let a^4-26a = 21, and let 6 = 2 : then 
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a« + 4a == 21. This equation, in which we find the square 
of the unknown quantity in the first term, and the quantity 
itsdf in the second, is properly called quadratic from the 
Latin quadrans, a square. 

In the equation a' -}* 2ba == 21, the coefficient of a in the 
second term is 25. Now h is half this coefficient ; and, as 
the square of this half is the part which is wanting to make 
the first member a complete square, we infer that in every 
equation of this kind, if we add the square of half the co^ 
efficient of the second term to each meTnher, that member which 
contains the unknown quantity becomes a complete square ; 
and consequently, hy extracting the square root of each side, 
the index is expunged, and the equation becomes simple. 

In the equation a^-{'4:a=21, the coefficient of a being 4, 
we add the square of its half to each side, and have 

a« + 4a + 4 = 25. 

Now a + ft, which is the root of a* + 2a& + ft", is merely 
the sum of the roots of the first and last terms of the ex- 
pression. Also, as the square of a — & is a' — 2ab -|- ^S we 
may infer that the root of the complete square is the root of 
the first term, and the root of the last connected by the sign 
preceding the second term. 

Hence, by extracting the square root of each side of the 
equation a* + ^^ +4 = 25, we have a+2 = 6, or a = 5 
— 2 = 3; and substituting 3 for a in the equation a' -|- 4a 
= 21, we have 9 + 12 = 21. 

To solve example 2, let a;= number required. Then 

X 13 

X — 13 = S-l/cc ; divide by 5, — -r — = i/a;; square both 

2pa 26x 4- 169 

sides, ^, = X \ mult, by 25, «• — 26a5 -j- 169 

=:25a:; transpose 25a; and 169, x* — 51a; = — 169; to 

complete the square, we add -^y^ —=z — ^ — to each side, 

and have 

, ., , 2601 2601 — 676 1925 ^ ^. 
x' — 51a; -| — -T — = -T = —J— ; extoactmg roots, 

51 1925 _51 |/1925 51+|/1925 

«--Y = i/--j-, ^ — Y+ — 2~"~ 2"—^^' 

51 + 43,8748 94,8748 .^ .^^. . , . 
35 = !— — i = — '-^ — = 47,4374 required number. 

From the above it is evident that questions in this rale, in 
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which the required numher depends on. the increase or dimina- 
tion of the given number by quantities obtained by its invo- 
lution or evolution, can only be solved by Approximate Double 
Position or by a Quadratic Equation. 

3. A father gives, in .unequal portions, $10000 to his two 
sons. If $1000 be taken from uxe portion of the younger, 
the remainder will be to the portion of the elder as 3 to 5. 
What is the cube root of the ratio of the whole portion of the 
younger to that of the elder? Ans. ,9196413 -{-• 

4. Having diminished a number by four times its square 
root, the remainder, diminished by 4, is | of the number. 
What is the ratio of the last remainder to ^ of the square 
root of the number ? Ans. 1. 

5. Bequired a number, from which, if you take 5 times 
its square root, the remainder wiU be 3. 

Ans. 30,7069 + approx. number. 

AUtgcUton. 

436. Alligation, which means tying together, is the rule 
which determines the value of compounds formed of in- 
gredients of different values, and is of two kinds. Medial and 
Alternate. 

AUiffoihn MediaL 

This rule is so called, because when several quantities, and 
the respective value, rate, or price of each is given, it finds 
the medium, or mean value, rate, or price of the mixture com- 
pounded of those quantities. The rule is as follows : 

Multiply each quantity by the value of its principal unit, 
and add the products together : the sum is the value of the 
whole composition. Next find the sum of the given quan- 
tities ; then as the mixture, when compounded, is a uniform 
quantity, it is plain that the values of any two quantities of 
the mixture must be to each other as the quantities them- 
selves; we therefore say 

As the sum of the given quantities 

To any proposed part of the mixture. 

So is the value of the whole 

To the value of the part proposed. 

The "^rice or value of a number of units is evidently the 

result of the price of one unit, added to itself as often as the 

unit is added in forming the number; that is, the price of one 

unit multiplied by the number of units: hence, inversely. 
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the price of the whole divided by the number of unitS; gives 
the price of one unit.* 

Therefore, the value of the whole composition, divided by 
the number of units which enter into it, will give the value 
of a unit of the mixture. Also, the value of any number of 
units may easily be found by multiplying the value of one 
unit by that number. 

1. A miller mixes for grinding 60 bushels of com at 62} 
cts. ; 80 at 45 cts. ; 100 at 40 cts. ; with 120 bu. of oats at 
37 i cts. a bushel. What is the mixture worth per bushel? 

60 @ 62} cts »37,50 

80 " 45 86,00 

100 « 40 40,00 

120 « 37} , 45,00 

36|0 6 )15|8,50 

6) 2,6 41 + 

,440 + 
Hence, the worth of a bushel is 44 cents, very nearly. For 
860 X 44 = 158,40, which is less than the true number by 
only j-A-g of that number. 

2. Suppose that, during the ninth month, the thermometer 
stands for C days at 66°, for 12 days at 62°, for 8 days at 
72^7 and for 6 days at 56°. What is the mean temperature f 

Ans. 64 degrees. 

8. A vintner mixes 20 gals, wine at 6 s. 8d. per gal, 35 at 
68., 60 at 4 8. 8d., and 120 at 8 s. 6 d. Now he offers to sell 
me 47 gab. at prime cost : how much must I pay, and at 
what pnce must he sell the remainder so as to gain 8 d. per 
gal. on the whole ? 

Ans. I pay £10 8 s. 8 d., and he sells at 6 s. 8 d. per gal. 

AUigatum Alternate, 

487. Alligation is called Alternate when the prices or 
values of several ingredients are given, to determine wbat 
quantity of each must be taken, to make a mixture of a fixed 
medium value; becau9e the given values are tied or linked to^ 

* It miuit be observed tbat thoagb the quantities differ from each other, 
th«j most all be measured by a unit of the same magnitude; as, for 
txamph, buahels of barlej must be compounded with bushels of oats, 
ttmtp Ao.1 poundi of mmttfd with pounds of meal, Ao. Ao. 
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g ether y two and two, so that one may he greater ^ and the other 
less, than the medium rate, alternately. 

Let m be the medium rate. Let A be a greater and B a 
less rate than m. Also, let K:=m-\-r, and B = m — s. 
Then, if P be any number of units taken at the value A, 
that is, at m-\-r, their value will be Pm + ^^t *^** ^9 ^^ 
t^o great; and if ^ be a number taken at the value B or 
m — 8, their value will be am — qs, that is, qs too little. But, 
in order that the composition, formed of the two quantities, 
may be at the mean rate, Pr must equal qs ; therefore, (406) 
P : ^ : : 8 : r; that is to say, the quantities, taken at the respect- 
ive values, are reciprocally proportional to the differences 
between those values and the mean rate. The ratio of the 
required quantities being thus determined by the differences 
between their values and the mean rate, we assume those 
differences as the required liumbers, and proceed according to 
the foUowing rule : 

Place the difference between the greater value and the 
mean rate opposite to the less value, with which it is linked; 
and the difference between the less value and the mean rate 
opposite to the greater value. Do this with each couple which 
is linked. Then, when more than one number stands opposite 
to any value, which will often happen, — and, indeed, must 
always happen when the number 01 ingredients is odd, — their 
sum is the required number at that rate. Multiply each value 
by the number opposite to it, and add the results, the sum 
of which will be the value of the whole mixture. Divide 
this sum by the whole number of units in the mixture, the 
quotient will be the mean rate, when the work is right'; and 
is, therefore, a proof of the operation. 

JSxamples. 

1. A vintner has wines at 3 s., 4 s. 6 d., and 7 a. 6 d. a gal- 
lon, which he would mix so that the compound may be worth 
5 s. a gallon. How many gallons of each may he take ? 



ds. 



3s. Od. n 
4 s. 6 d.n 

6 8. d. J 

7 s. 6 d. _ 



2s. 6d. or2} 7s. 6d. 
Is. Od. 14 6 
6d. } 3 
2s. 2 15 



Number of gals. 6 ) 30 s. whole cost of oomp'd. 

5 8. required rate per gal. 
Here we see^ that by mixing 2} gals, at 8 s., 1 gal at 4 s. 
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6d., i gal. at Gs., and 2 gals, at 7 s. 6d., the whole compo- 
sition is worth 80 s., which, divided by 6, the whole number 
of gallons, gives 5 s. for the average or mean price per gallon^ 
as required. , 

Because 3 s. X 2} == (5 — 2) 2} is 2 X 2 J too little; and 
(7s. 6d.)2, or 7Js. X 2 =(5 + 2}) 2 is 2 X 2} too great: 
the sum of the products must be equal to 2 -f- 2}, or 4}, at 
the mean rate. 

Different results may be obtained either hy a variation or^ 
eomplicatwn of the linking. 



5 s. 



or. 



5 s. 



3s 

4 

6 

7 


. od.n 


6_ 


Is. 3 s. 

2} 11 3 

2 12 

I 3 9 




6)30 s. 




58. 


3 s. 

4 

6 

7 


Od.- 

OJ 
6 _ 


"]2J- 
1 -i 

J2 - 


f-1 — 3J — 10s.6d 
-2J = 3} — 15 9 
-2 =2J— 15 
^} — 2} — 18 9 

12 ) 60s. 



5 s. 

When one number is multiplied by another, the product 
(138) is the same as the sum of the products when all its 
parts are separately multiplied by that other ; therefore, if we 
multiply the numbers 2 J, 1, }, and 2 of the first linking, 
each by 12, the sum of the products will be 12 tiroes their 
Bum 6. Also, as each of the products 7 s. 6d., 4 s. 6d., 3 s., 
and 15s. will be multiplied by 12, their sum 80s. will be 
multiplied by 12. But (165) because the quotient is not 
altered when the divisor and dividend are both multiplied or 
both divided by the same number, we shall obtain the same 
result. Hence it follows that if, after having found a series 
of numbers that complies with the conditions of the question, 
we increase or diminish the numbers it contains, each in the 
same ratio, whether that ratio is integral, fractional, or mixed^ 
we shall still obtain the same result; consequently, we can 
obtain new series without end ; find numbers corresponding to 
a given or limited number of one or more of the ingredients^ 
OTj finally^ limit the whole compound to a certain quantity. 
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438. Suppose, for example, om imgndiaU heimg Urndki^ 
that in the aboTe oompoiind we would have 25 ^ib. at 3s., 
we aaj, 2} : 25 : : I : 10 gals. @4s. 6d. 
2): 25::}: 5gals.@68. 
2i :25::2:20ga]s.@78.6d. That is to saj, 
Am the nmfmber tm the aeries urhiek siamds opponie to Ae 
ratf of the gitm nwaJbtr %» to tkt given nmmhery wo is «ae& 
9uccti9kvt mumiber in tke series to Ae fuamliiy reqmirtd at ils 
rate. 

As the ratio of 25 to 2) is 10, the nvBihen c ot ie sp ond&ig 
to 25 might easily be fouiid bj malti^ji]^ each rfaiaiig 
Bumbcr in the series br 10. 

Piwt 2d@3& = 75 

10@4sL6d.= 45 

5^6s. = 30 

20^71. 6d. = 150 

6,0 • ) 300 

5a. 

4^. Asain« Hto or wsore hbjndients heimg Umitedy wm^ im 
Wd M^s^A hsT^ 30 «»£s. as 3 $^ and 24 at 4 Sw 6d. We jtnt 
ji»L i$ AUi^jiMtmm JMm^ Ae mtemn rmto for tke gimen b»- 

3vx3 = 90 
2 4 \ 4f = 1>}S 

3*5 

IVml TC^^Kts^ ill w raae» 9» ?«m?ei. vs wmd « serws Ar 

% «-"" 3i5 ^ li = 42 — l>t< 

<«- :^_ l*? — 11« 

t W _ !■> — IW} 

444 

»"«•* ^f^ sitf /Cj«t M#/r**r.V!i/:» rt ttcr mum. if ijtam •»- 

''"«i^pra'*»« xc "iiuc rent*. 
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@ 6 8. The remdning niuuber being the same, we Bhall hay^ 
204@78. 6d. 

Proof. 80 @8b. =90 

24 @48. 6d. = 108 

204 @ 6 8. =1231 

204 @ 78. 6 d. =154f 

954 )475|'(5 8. 

475f 

440. 2%6 whole comjpound being limifed, suppose we would 
limit the above compound to 100 gallons. Take any of the 
above series, or first find a iertes, at pleasured/or ihe given 
rates ; then say^ As the sum of the series fimnd is to 0^ given 
number 100, so is any number in the series to ihe correspond^ 
ing^art of the given or limited number 100. 

Taking the Series 26, 10, 6, and 20, we say 25 + 10 + 6 
+ 20 = 60. Then, as the ratio 60 : 100 = 8 : 5, we have 
3 : 5 : : 25 : i|i = 41f gals. @ 38. 

3:5:: 10: «^ = 16| gals. @ 4 s. 6 d. 

3:5:: 5 : ^ = 8^ gals. @ 6 s. 

3 : 5 : : 20 : 1|P = 331 gals. @ 7 s. 6d. 

Proof. 411® 3 s. =125 

4 8. 6d. = 75 
6s. = 50 
7s. 6d. =250 




100 ) 500 (5 8. required rate. 

2. A grocer has sugar at 8 d., 4 d., 8 d., and 10 d. per lb. 
How many pounds of each must he mix with 60 lbs. at 5 d. 
80 that the whole may be worth 6 d. per lb. f 

Ana. 60 at 3d., 60 at 10 d., 120 at 4d., and 120 at 8 d. 

3. A dealer in spirits mixes 60 gals, of brandy at (3 per 
gal. with 75 gals, at ¥2,50. How much water must be add 
to enable him to sell the mixture at ¥2 per gal. ? 

Ans. 48| gals. 

4. A miller has 90 bush, corn at 62} cts., 80 at 50 cts«^ . 
and 60 bush, at 60 cts., which he would mix with oats at 37} 
cts. a bushel, so that the whole may be worth 50 cts. a bushel. 
How many bushels of oats must he have ? 

Ans. 138 bushels. 

5. A miller has 40 bushels of grain at 60 ots. which Ito 

rt 
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would mix with grain at 66 eta. and at 66 otr ; how mnefa 
jf each of the two kst must he take to form a oompound 
worth 50 cts. a hnshel, which shall fill a garner 10 ft. long, 

5 ft. 4} in. wide; and 5 ft. high. 

Ans. 69} bosh, at a5 ets., and 106} at 56 cts. 

6. How many bnshels.of grain at 40, 50, 60, and 80 cts. a 
bushel must we have to form a compound worth 56 cts. a 
bushel; which shall just fill the above gamer? 

Ans. 103^1 at 40 cte., nj^@^0, 25|J@60, and 69^^ 
@ 80 cts. 

Permutation. 

441. The changes which can be made in the order of any 
given number of things, the^ whole being disposed in regular 
raooession after each other; and each being found in every 
arrangement only once, are called permutatums. 

Suppose we have two things b and c : it is plain that they are 
lusoeptible of the two permutations be and eb^ which we may 
express by 1 X 2* If we have three things ayb^c: as any one 
of them may stand first; each remaining two b^ing susceptible 
uf two permutations, it is plain that we shall have 3 times 2, or 

6 permutations, namely; abc, <zcb, bac, bea^ cab, cha, which 
number is expressed by 1 X 2 X 3; or 1 • 2 • 3. 

Again, if we have four things : as any three of the four are 
dUKceptible of 6 permutations, and as each may be placed first 
in its turn, it is evident that the number of permutations of 
which they are susceptible is 4 times 6 = 24, or 1 • 2 • 3 • 4. 

Now it is easy to see that if there be 5 things, the number 
of changes in their order will be 5 times 24, or 1 • 2 • 3 • 4 • 5 ; 
and that in general, whatever is the number of things, the num- 
ber of permutations of which they are susceptible is expressed 
by the continual multiplication of the natural numbers 1 .2 • 
3 .4 • 5, &c., ending with the number corresponding to the 
given number of thingSi 

Supplement to PermtUatum, 

442. When, of the things which are given, several are alike, 
as a, a, a, 6, it is plain that as those things which are alike 
are not susceptible of permutation, the number of permutations 
of which the like things would have been susceptible, had they 
all differed from each other, shows how many times leu the 
number of permutations of which the given things are suscep- 
tible now is, than it would have been had th^ bern^ aU di^r* 
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ent. We tbevefore operate thus : Find the number of pennu- 
tations of which the given things would have been susceptible 
iiad they been all different, as usual ; and diyide this number 
6y the product of the numbers which show the number of per- 
mutations of which all the like things would have been sus- 
leptible, if different. 

Thus, for the four things a, a, a, 6, we have J * — ^ = 4, 

the number of permutations of which they are susceptible. 
These are in effect, aaahf aabaj ahaa, &aaa, and are evidently 
all of which they are susceptible, seeing that b is put in every 
place from the first to the last inclusive, and that the letters 
a, a, a, are not susceptible of permutation. 

For the permutations of the ten letters cuxhbhhcccdf we have 
1X2X3X4X5X6X7X8X9X10 _ . oaoo 
(1 .2) (1.2.3.4) (1.2.3) ■"" 

Ihcamples, 

1. How many changes can be made in the order of the 5 
vowels? Ans. 120. 

2. In how many ways can the seven notes of miisio be 
played ? Ans. 5040. 

3. How many different numbers, each consisting of 9 figures^ 
can be expressed with the 9 digits ? Ans. 362880. 

4. How many numbers, each consisting of tek figures, can 
be expressed with the figures 7, 1, 2^ 3, 8, 3, 2, 9, 2, 6 ? 

Ans. 302400. 

5. In how many ways can a vignette be formed, which shall 
consist of 2 violets, 3 primroses, I tuHps, and 5 roses ? 

Ans. 2522520. 

Arrangement, 

443. When we have a number m of things, and are required 
to find how many changes can be made in their order when 
they are taken 2 by 2, 3 by 3, 4 by 4, &c., n by n, n being 
always assumed less than m, these changes are called arrange- 
ments. 

Suppose we haVe 5 things a, b, c, d, e, and we wish to know 
how many changes can be made in their order by taking them 
2 by 2. As any one can precede each of the others, it is evi- 
dent that 4 arrangements will thus result from each, and con- 
sequently that 5 things taken 2 by 2 are susceptible of 5 
times 4, or 20 arrangements. 
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Now if we have aoy niunber m of things^ it is eqodly phbi 
that by placing any one before each of the otheiQ, the number 
of arrangementa thoa formed will be (m — 1), and that by 
thus placing the whole of the nnita in m^ each in its torn, we 
shall have m times (m — 1), or m(m — 1) for the whole nnm- 
bcr of arrangements of which m things are susceptible whea 
taken 2 by 2. 

Again, if we take 5 things 3 by 3, we easily see that, before 
the whole of the arrangements obtained in pladns them 2 by 
2; we can place each one of the remaining 3, and thna we shall 
have 8 times 20, or 60 arrangements. Also, when the things 
in a number m are arranged 2 by 2, we can, before every ar- 
rangement, place each of those which remain, the nnmb^ of 
which is (m — 2) ; consequently, as the number of arrange- 
ments 2 by 2 is m(m — 1), the number of arrangements 8 by 
8 must be (m — 2) times 911(911 — 1) ; or, inverting the order 
of the multiplication, m(m — 1) (m — 2). 

Hence we see, that the number of arrangements of which a 
number m of things is susceptible, when taken 2 by 2, is 
m(m — 1), and when taken 3 by 8, is m(m — 1) (m — 2). 

444. Now, if we take the given number of things » by n, 
n being less than m, it is easy from the above reasoning to 
infer that the number of arrangements, n by n, of whicn m 
things are susceptible, is expressed by the continual multipli- 
cation of the decreasing series m(m — 1) (jn — 2)(9» — 3) 
(m — 4), &c., in the last term of which die negative numher 
u equal to (n — 1) ; and as this number is to be subtracted 
from 9n, the last term in the series will be 911 — (n — 1)) or 
(in — n + 1). 

The general formula, therefore, for finding the number of 
arrangements of m things, taken n by n, is m(m — 1) (w> — 2) 
(m — 8), &c (m — n+ 1).* 

ExampleB, 

1. Suppose we demand how many different numbers, each 
consisting of 4 figures, can be formed with the six digits 1, 2, 
8, 4, 6, 6. 

* The negatiye number in the second term being 1, and that in the hurt 
(n — \)t it is plain that the number of terms sucoeeding m is (n — 1;; eon- 
•eqaently, the whole namber of terms will afwajs equal n. Wherefore, to 
find the number of arrangements, we multiply a series, beginning with the 
"^▼en number of things, and decreasing bj a unit, till the number of tenni 

I the series is equal to the number of things taken at a time. 
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The last torm of the series will, according to the formula, be 
(6 — 4 -f- 1) = 8 j we shall, therefore, have 

6X5X4X3 =360, the required number. 

2. How many different whole numbers, each consisting of 5 
figures, can be formed with the 9 digitsf Ans. 15120. 

3. How many different whole numbers, each consisting of 7 
figures, can be expressed with the nine digits? 

Ans. 181440. 

4. If from a regiment consisting of 10 companies, we take 6 
companies at a time, in how many ways can the 6 companies 
take up their order of march ? Ans. 151200. 

Comhination. 

445. Of the arrangements of which m things are susceptible 
when taken 2 by 2, 3 by 8, &c., nhj n,n being less than m, 
those which differ firom each other by at least one of the things 
of which they are composed, are called combinations. Thus, 
the letters a, b, c, taken 2 by 2, are susceptible of the 6 ar- 
rangements ab, ac, ba, bcf ca, cb, of which only 3, db, ac, and 
be, are eombinalions. 

Now, as the combinations of m letters, taken n by n, all 
diffsr from each other by at least one of the letters in n, it is 
plain that all the permutations of which the n letters of each 
combination are susceptible are so many new arrangements of 
the m letters taken n by n, and comprise all the arrangements 
of which the m letters, so taken, are susceptible. Hence the 
whole number of arrangements, of which m letters, taken n by 
n, are susceptible, is the product of the combinations of the 
same m letters, taken n by n, multiplied by the number of per- 
mutations of which n letters are susceptible. Wherefore, calling 
the whole number of arrangements of the m letters A, the com- 
binations C, and the permutations of n letters P, it is plain, 

that A= PC, and consequently C = rp-. That is to say, the 

number of combinations of m letters, taken « by n, is equal to 
the whole number of their arrangements when so taken, di-* 
vided by the number of permutations of which the n letters are 
susceptible. But (444) A = m(m — 1) (w — 2) (m — 3) 
&o (m— «+ 1) and (441) P = 1 .2.3.4.5, &o 

X (w — 1) X »• Wherefi)re, the expression C = ^ be- 
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fnfm — 1) (w — 2) («f — 8).. .•...(w — n + 1) 
1 • 2 • 3 • 4, &o X 0^ — 1)** 

ExaiTiples, 

1. Suppose that having 12 different kinds of flowers, we would 
know the whole number of nosegays, each consisting of 7 dif- 
ferent kinds, that we can with the 12 kinds form, so that no 
two nosegays may consist of exactly the same kinds of flowers. 

It is evident that, to solve this question, we have only to 
find the combinations of 12 things taken T.by 7. Wherefore, 

V .1. 1. • i. I 1, 12X11X10X9X8X7X6 

by the above formula, we have ^ \. o — ■, g ^ % 

i*^*o*4*0*o* 7 

= 792, the required number. 

2. With 9 diflerent kinds of fruit, how many persons can 
we regale, so that each may partake of 4 kinds, and no two 
persons exactly the same kinds ? Ans. 126. 

3. How many different numbers can we form by multiplying 
6 at a time of the first 12 prime numbers ? Ans. 924. 

4. From 40 men, how many times could a commander select 
20, without again choosing the same 20 ? 

Ans. 137846528820 times. 

Supplement to Combination. 

446. If we have two sets of series of different letters, which 
we would combine 2 and 2, it is evident that in combining a 
letter of the first set with each of those in the second, we 
shall have as many combinations, 2 and 2, as there are letters 
in the second set ; wherefore, in thus combining every letter 
of the first set, it is plain that all the combinations, 2 and 2, 
of which the two sets are capable, in choosing one from each, 
is signified by their product. Again, if we have a third set, 
and we would combine the whole 3 by 3, by taking ouq from 
each, it is plain that in combining each letter of the third set 
with each of the combinations, 2 and 2, of the two first, we 
shall have the number of combinations, 3 and 3, which is 
signified by the product of the first and second series. Where- 
fore, the whole number of combinations of which 3 sets are 
capable, when taken 3 by 3, is signified by the product of the 
three sets ; and, pursuing the analogy, all the combinations 
which can be made from any number of sets of different 
things, by taking, to form each combination, one from each 
set, is expressed h^ the continual multiplication of the num- 
hers which show ^ number of things in each set 
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Examples. 

1. From a company of 6 Germans, 10 Frenchmen, 7 Rus- 
sians, 8 Americans, and 9 Spaniards, in how many ways can 
5 persons be selected, so as to have one of each nation : 

Ans. 30240. 

2. With 12 roses, Y tulips, 13 carnations, 6 anemones, 5 
ranunculuses, and 10 wall-flowers, in how many ways can a 
bouquet be formed, consisting of one flower of each kind. 

Ans. 327600. 



SECTION xxm. 



IEWTON'S BINOMIATi FORMULA — ^ARITHMETICAL PROPORTION 
AND PROaRESSION— GEOMETRICAL PROGRESSION — LOGAr 
AITHMS — USE OF THE TABLE. 



Newton^i Binomial Formula, 

447. We have shown (444) that in the series m(m — 1), 

S', — 2), &c., for finding the number of arrangements of m 
ngs, taken n at a time, the number of terms is always 
tqual to n. The number of combinations, therefore, of m 

things, taken 1 by 1, is w, or rr- ; taken 2 by 2, it is -^ 5-^; . 

taken, 3 by 3, it is — ~ ^ k^, &c. Now when m is 

an even number, it is divisible by 2 ; also, when m is odd, 

(m — 1) is divisible by 2; consequently, -^ ^ is a whole 

number. Again, when m is not divisible by 3, the remain- 
der found in dividing it by 3 must be either 1 or 2. Now, 
when the remainder is 1, (m — 1) is divisible by 3 ; and, 
when the remainder is 2, (m — 2) is divisible by 3 ; where- 
fore, the expression m(m — l)(m — 2) is divisible* by 3, 
and we have shown that it is divisible by 2; therefore, 

— i ^ 5—^ is a whole number. Wherefore, in gene- 

ral, as the remainder, in dividing any number m by n, must 
be some one of the numbers 1, 2, 3, &o. not exceeding n — 1 ; 
aod aa 1?^ ia tuopewively diminished by each of those num- 
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bera to n — 1, inclusive, it is plain that the number n exactly 
measures some one of the numbers in the scale m(m — 1), 
(m — 2), (m — 3), &c. Hence, if we make, successiyely, each 
number in the aoale 1, 2, 3, 4, &c. equal to n, we shall shoW; 

as above, that the formula — ^ ^ k^ — i — ^> &c-i 

consisting of any number of terms, is a whole number. 

This formula the student will recognize as the formula for 
finding the numeral coefficients in the Binomial Theorem of 
Newton. 

DemofuiraUon of the Binomial Formula. 

448. Let m be the index of the power to which a binomial 
is raised ; the coefficients of any term which is preceded by n 
terms is the number of combinations of m things, taken n 
by n. This law or property M. Bourdon, in hjs El^mens 
IVAlg^bre, has shown as follows : 

*'The more easily to discover the law of the developement 
of the m^ power of the binomial a; -{- a, we shall begin by 
observing the law which exists in the product of sevend 
binomials x-^-ajX-^-hyX-^-CyX-^-d ... having a common 
first term, and their second terms different. The object of this 
artifice is to prevent the redaction of the similar terms. 
Jc + a 

x-\- h 

lstproduct,a:«+a) _^^j 
X -f-c 



a? + 
2d product, -f 

+ 
X -f c? 



ly 



+ aft") 
+ hc ) 



4-6 






a^ 



-{-(ibc ^ 

--ahd 

A^acd 



A-hcd 



^x-\-dM 



4-a6 "^ 
ac 
ad 
he 
"hd 
-{-cd ^ 
"Having performed the multiplications according to the 
usual rules, we discover in the three preceding products the 
following law : 

" 1. With regard to the exponents or indices, the index of x 
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igy ia tbe firist place, equal to the number of biuomials multi- 
plied. This index then diminishes, by a unit at a time, in 
eaoh suooessive term, to the last, where it is equal to nought. 
^< 2. With respect to the coefficients of the different powers 
of X, the coefficient of the first term is a unit ; the coefficient 
of the second term is equal to the sum of the second terms 
of the binomials ; the coefficient of the third term is equal to 
the sum of the different products, or combinations of the same 
second terms taken 2 by 2 ; the coefficient of the fourth term 
is equal to the sum of the different products or combinations, 
3 by 3. Pursuing the analogy, we may say that the co- 
efficient of any term, which has n terms before it, is equal to 
the number of different products or combinations of the second 
terms of the binomials, taken n by n." 

^Now the number of second terms is equal to the number of 
binomials, or index of the power of their leading quantity x. 
Hence, we infer that, when a binomial is raised to any power 
m, the index of the power, or m, is the coefficient of the second 
term. The coefficient of the third term is the number of 
combinations of the same number m^ taken 2 and 2. But 

this is -:p jT^; that is, it is the coefficient of the second 

term, multiplied by the index of the leading quantity in that 
term, and divided by the number which shows the number of 
terms to that place, or number preceding the third term. The 
coefficient of the fourth term being the combinations of the 

sanie number m, taken 3 by 3, is -^^^ ~-^ s— ^; that is, 

it is the coefficient of the third term, multiplied by the index 
of the leading quantity in that term, and divided by the 
number showing the number of terms preceding the fourth; 
Wherefore, in general, the coefficient of any term is found by 
multiplying the coefficient of the term preceding it, by the 
index of the leading quantity in that term, and dividing the 
product by the number which shows the number of terms 
preceding the term the coefficient of which is sought. 

449. The number of combinations of which m things are 
susceptible is the same when the m things are taken 1 by 1, 
as when taken (m — 1) by (m — 1) ; when they are taken 2 
by 2, as when they are taken (m — 2) by (m — 2) ; and, in 
general, when taken n by n, as when taken (m — n) by 
^fn — n)| n being less than m. 



m. 
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Let n = l; tben (m — n'\-l) = m; tibit ib^ m is tlie 
number of combinations, wben taken 1 at a time. 

Let n = m — 1 ; then (w- — » + 1) = m — (m — 1) 
-fl, orm — m + l-fl=2. Wherefore, the formula 
w(m — 1) (wt — 2) (m — 3) >«>2 

1 . 2 .(n — 3)(n — 2)(« — ly 
m[(n)(n^l)(n-2)(n-^8), &c2 _ m_ 

^^""^ 1.2.(n — 3)(n — 2)(n^l) ^i ^ T~ 

That is to say, when m things are taken (m — 1) at a time, 
the number of combinations is equal to m, the same as when 
taken 1 at a time. ^\ 

Let n = 2; then (m — n -f 1) = »» — 1> and the number 

of combinations is -y ^. 

Again, let n = m — 2; then (m — » + l)=m — (m — 2) 
4-l=:m — m + 2 + l=3. Wherefore, the formula 

m (m-l)(m-^2)(m-3 ) ( m— 4), . . 8 
1.2.3 (» — 2)(n — 1) ^owomw 

m(m — 1) I (n)(n ■- l)(n — 2) , . , 3 _ m(m~.l) . 

1 . 2 . I 3 (71 — 2)(n — 1) »"" 1 . 2 ' ^ 
shows that the number of combinations is the same when m 
things are taken 2 at a time as when taken m — 2 at a time. 
Hence, we may infer that the number of combinations is the 
same when m things are taken n at a time as when (m — n) 
at a time. 

450. Also, the pumber of combinations is greatest when 

Tit 
n = -^'j that is, when n islbhe half of m. 

For, as the last term in the numerator of the fractional f(»^ 
mula is (m — n-^ 1), and the last term in the denominat(Nr 
is n, it is plain that as long as (m — 9i -I' ^) ^^ greater than 
n, the greater n is; that is to say, (444,) the greater the num- 
ber of terms, the greater will be the number of combinations; 
but, when (m — n + 1) becomes less than «, the greater the 
number of terms, the less must be the result, or number of 
eombinations, because the series which constitutes the nume- 
rator of the formula is decreasing, while that of the denomi- 
nator is increasing. Now it is plain that (m — ft + 1) will 

'be greater than n, when n = — ; but when w = ~ -j- 1, 

that is, when n is a unit greater than the half of m, then 
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m—n + l = m'-'^—l + l = m — -^= — g — = ^, 

and is, therefare, less tban n. Wherefore, the number of 
combinations is greatest when n is the half of m. 

451. When m is odd, and consequently its half fractional, 
n, being integral, cannot equal ~ } bnt, taking n as near ^ 

as possible, m-^n must equal » + 1> o' ^ — !• First, if 
m — 71 = n -f- Ij then m — w + l = » + 2. Again, if 
ia — n = n — 1, then m — n -|-l = w — l-|-l>orn; and 

as these are both equally near •^, the number of combinationg 

must be, in either case, the same. 

For example, let us take m equal to the odd number 9 ; 

then -jj. = - == 4 J. Now, taking n as near as we can, in 

integers, to 4}, n will be 4 or 5 ; and, as these are equally 
near, the number of combinations must, in either case, be the 
same. First, let n == 4 ; then m — w + 1 = 6, and, by the 

formula, we have C^ g. — q~~i~ ~ \%^j for the number of 

combinations. Again, taking n = 5, we have m -^ n -}- 1 

= 5, and -= = ^ -. — P^ = 1°"? as before. 

Now, applying this to the coefficients of the binomial, we 
may observe that when the power is odd, the number of terms 
is even, and we always have two middle terms, which are alike, 
and the greatest in the scale. But when the power is even, 
and, consequently, the number of terms odd, we have only 
one middle term, the coefficient of which is the greatest. 

Arithmettcal Proportion. 

452. The difference between' two quantities is called their 
arUhmeticdl ratio. Thus 3 is the arithmetical ratio of 5 to 2, 
or of 7 to 4. An arithmetical ratio is written thus : 5 • 2, 
and is read 5 is to 2. An arithmetical proportion is formed 
of two equal arithmetical ratios. 

When four quantities a, (, c, d are such that a — r 5 = c — d^ 
or h — a = c? — c, they, and only such, are said to be in 
arithmetical proportion. The proportion is written thusr 
a • & : c • <2, and la read aistod, ascistoe?. 
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In an arithmetical proportion^ the mm of the extremes it 
equal to the turn of the meune : and this, which is called the 
fundamental propert^f may he thus demonstrated : L^ 
a •b : c •d hea general representation of every arithmetical 
proportion. First, let the antecedents, a and c, be greater 
than their consequents h and d} and let a — h = q, then 
c — d = q, because a — h = e — d. Hence, a =± 6 4- ^9 
and c z=z q -\- d; consequently, a-\-d = h-\-q-\'d, and 

d + c = 6-f-o-|-rf; wherefore, a + <^ = ^ + ^ 

Again, let the consequents b and d be greater than their 
antecedents, and let b — a = q; then d — c = g. Also, 
5 = a + J, and d = q'{-c; and hence, a-}- d = a -}- q -}- c, 
and b-\'Cz=za-\-q-^c; consequently, a -}- d =: h -{- e, as 
before. Thus, in the proportioa 5 • 2 : 7 • 4, we hmTe 5 *(- 4 
= 7 4- 2- Wherefore, in every arithmetical prqportioa the 
9um of the extremes is equal to the sum of the means, 

453. From this fundamental property, it is evident, that 
we may change the places of the means or those oi the ex- 
tremes ; also, that we may take the means for tiie extremes, 
and the extremes for the means, without distorbiDg the pro- 
portion, because, in all these changes, the sum of the ex- 
tremes will be equal to that of the means. 

454. When in an arithmetical proportioD, the two niddle 
terms are alike, the proportion is said to be continual. Thus, 
2*5:5.8, ora.6:&.c, is a continual proportion ; and Ib 
sometimes written without repeating the middle term, thus : 
-T-2.5.8, or -i-a.b •€. The preceding sign -r- is used, 
not only to distinguish the proportion from a common multi- 
plication, but to signify the repetition of the middle term. 

The middle term is called a mean proportionaly or ariik' 
metical mean, between the other two. tn the above propor- 
tions, 5 is an arithmetical mean between 2 and 8 ; and b, an 
arithmetical mean between a and c 

455. As the sum of the extremes is equal to that of the 
means, it is evident that we shall find the arithmetieal mean 
between any two numbers or quantities &jf taking half their 

9um. Thus, to find a mean between 5 and 8, we have "T - 

13 2 

= "2" = 6} ; therefore, -&-5.6}.8, or-s-8.6}.5« 

The difference which reigns in the proportion between term 
vad term, is called the ratio. 

CA DC ■ 
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Arithmetical Progression, 

456. This naipe is given to a series of numbers in continual 
arithmetical proportion. Thus, ^-3.5.7#9.11. 13, &o. 
is an arithmetical progression. The number by which each 
term exceeds the preceding one is called the ratio or common 
difference. The sign preceding the progression is intended to 
show the repetition of the intermediate terms, thus : Z is to b 
as b istolj asl is to^j &c. 

An arithmetical progression is often called simply an arith- 
metical series, and is said to be increasing when the terms go 
on increaRing, and decreasing when the terms decrease. Thus, 
-T-1 •5*9.13*17, &c. is an increasing, and -r- 17 • 18 • 9 • 
5.1. — 3. — 7, &o. a decreasing arithmetical series. It is 
evident that a decreasing series is simply an increasing one re- 
versed, and therefore that the properties of an increasing series 
will apply to a decreasing one, by merely substituting mimis 
for plus, and subtract for add. We shall, therefore, consider it 
as increasing. 

457. As the second term of the progression is formed by 
adding the ratio to the first, and each successive term by adding 
the ratio to the preceding, it is plain that any term of an arith- 
metical progressipn is composed of the first term plus as many 
tim>6s jthe. ratio as there are terms before it. When the first 
term is a cipher, any term of the series is evidently composed 
ofcumdny timss the ratio as there are terms before it. Where^* 
fore, calling the first term a, and the ratio or difference d, any 
term n of the series is found by adding the first term a to the 
product of the ratio d multiplied by the number of terms pre- 
ceding n, which is (n — 1), thus : n = d(n — 1) -|- «• Hence, 
the ninth term of the series h- 3 . 5 . 7 . 9, &o., will be 2 X 8 
-|- 8 = 1'9. The eleventh term of the series -5-1.5.9, &o., 
is 4X10 -{-1=41. 

458. Calling the last torm of the progression Z, and the 

number of terms n, we have, according to the above, l=id 

I ^ 

(n — 1) + a, and consequently d = =- ; that is to say, 

baring the first and last terms of an arithmetical progression, 
and the number of terms, the difference or ratio is found in 
dividing the difference between the first and last terms by the 
number of terms diminished by a unit. 

459. If we compare an arithmetical series, term for term, 
with the same series reversed, thus — 

18 
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^ 2. 5. 8.11.14.17 
-5-17.14.11. 8. 5. 2 

we find tbat as the first term goes on increasing and the last 
decreasing in the same ratio, the sum of the first and last 
terms, which stand under each other, is also the sum of any 
two corresponding terms of the series. The som, therefore^ 
of all the terms of both series, is equal to the sum of the first 
and last terms multiplied by the number of terms in one series; 
and as this product is evidently just twice the sum of the terms 
in one series, we infer that Uie sum of all the terms of any 
arUhmetical series is equal to half the produ^U found in mul- 
tiplying the sv/m of its extreme term^s hy the number of terms. 
Hence, if we put S= the sum of the series, a the first termy 
I the last term^ and n the number of terms, we have 8 = 
(a-\-T)n 



* 460. In an arithmetical series the terms intervening between 
the first and last are said to be so many arithmetictd mean 
proportionals, or simply arithmetical m,eans between those two 
terms. 

As n is the number of terms, the number of means is n — 2, 
and hence n — 1 is equal to the number of means plus 1 ; but 

we have seen that d = = ; consequently, the ratio is equal 

to the difierence between the first and last terms divided by 
the number of means increased by a unit. Now it is evident 
that we may construct between any two numbers as many 
arithmetical means as we please, because we can always divide 
their difference by the required number of means increased by 
a unit, which will give the ratio or common difference of the 
terms ; and beginning with the first term, the means are formed 
in regular succession by the continual addition of the ratio. 
The ratio, added to the last of the means, must of course give 
the last term of the progression, and this will serve as proof 
of the correctness of the operation. For example, if we would 
insert 11 arithmetical means between 1 and 61, by the for- 

mulac{== =, we nave the ratio a = — =-:r — =ts 

n— V 12 12 

= 5, and by continually adding 5, we have h- 1 . 6 . 11 . 16 . 

21 . 26 . 31 .36 . 41 .46 . 51 . 56 . 61 for the series required. 

If we would insert 6 arithmetical means between and 1, we 
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1 —0 1 

have d = — = — =s-. Hence the series is-^-0.4»§«f«4 

• f • 4 • 1, To have 9 arithmetical means between 1 and 8, we 

g 17 * 

have d = ^^ , = -rr, or 0,7; and hence the series is -5- 1 • 1,7 

. 2,4 . 3,1 . 3,8 . 4,5 . 6,2 . 5^9 . 6,6 . 7,3 . 8? 

461. Of the following five things, namely the first term a, 
the last /, the ratio d, the number of terms n, and the sum of 
the terms Sy any three being given, the other two may be found 
by means of the two formulas I = d(n — 1) -{-a, and S 

= ^ — s • Now, if one be unknown, we have 4 remaining ; 

and these four (445) are susceptible of 4 combinations, 3 and 
3, and hence there are four different ways of finding the value 
of each term, according as* we take the others 3 and 3 for the 
given terms. First, let a be required ; then the remaining 
terms d, I, n, 8, taken 3 by 3, are susceptible of the 4 combina- 
tions, din, Insy dns, dlt. From the formula I = d(n — 1) 
4- a, which contains the terms of the first combination dlnf 
we have a = Z — d(n — r 1), or a = Z — dn'\-d. From the 

formula s = n f which contains the terms of the second 

eombination, we have 28 = nl -f- an, an = 2$ — nZ, and 

28 2« 
a -s= 1. Again, it b plain that I — dn -\- d= Zj 

then, as the next combination is dns, we add the two equations 

a = l — dn'-\- dy and a = 1 together, thus : 

a= l^^dn -f- d 

a=r — l-^ 

n 



28 

2a = dn4-d. 

n 

bv which means we eliminate I and have a = — ^r — : 

^ n 2 ' 

that is, we have the value of a in the terms of the combination 
of given terms dn8. 

Lastly, to have the value of a in terms of the combination 

dbf as « = ^ "^^^^i we have 2« = (/+ a)n, and n=: jj—. 



828 ABITHMXTIOAL FROORSSgTOir. 

Again, a==l — dn-\-d, dn = l — a-\- d, and n = — -j — 

28 I — a + rf ^ 

4" !• We have, therefore, -j— — = -j-^ — , and mul- 

tipl jing by d(l + a), we have 2d8 = P — «* + d(l -|- «), and 
transposing, we have a* = — 2d8 -[- ? + ^^ + da, and a* 
— c2a= — 2db-|-^-f-^> adding, to complete the square, 

the square of ^ , which is half the coefficient of a, (435,) we 

(fi d^ 

have a" — cto -f- T" = — 2(f« -f" t 4"^^ + ^ I extracting the 

square root, we have a — ^=: -^yj — 2ds + t- +c2/-|-^; and 

transposing — •^, we have a = ^4" \/ — 2<& -|- 7-+ ^^ + ^• 

In a manner similar to the above the -scholar may exercise 
himself in verifying the respective values of the remaining 
terms l, dy n, s, which he will find in the following table. This 
table, as well as that exhibited in Geometrical Progression, is 
copied from the French Arithmetic of M. Besout, which was 
translated into English by the author t)f this work, and pub- 
lished in the year 1825 by Samuel Wood & Sons,^ of New 
York. The tables, however, of Arithmetical and Geometrical 
Progression, as well as several examples which will be found 
in the sequel, are due to M. Peyrard, by whom many elegant 
additions were made to the text of M. Bezout in the above- 
mentioned treatise. 
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I, n, *, 
l,d,s/ 
d, n, «, 


a 


2* 

n 

a = }rf+y(-. 2(fo+ i<i»+ W + ^). 


a,rf, », 
a, fl, «, 
a, <^#, 
rf, n, «, 


I 


I = a. 

n 

n"*" 2 • 


lyn,9. 


d 


n— r 

2« — 2a« / 


2,— a~r 
_ 2;n — 2« 

n* — n 


a,l,d, 
a, Z, «, 


n 


2« 

n as , ,> 


«, 1, «, 

a, rf, «, 
a, d;«, 
Z, <^fi, 


s 


an 4-^ 

, dn*^dn 
f SBB an -{ 5 » 

a + / P — a« 
'=- 2 "'■ 2rf ^ 



1. A sells to B a pieoe of land for $3000, which sum is to be 
paid in 6 years, in yearly payments, each surpaosi^ the pre- 
ceding one by a certain sum ; the payment «€ the en4 of the 

28* 
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first yean beinff $400. What is the difference of the payments, 
and what the last payment I' 

a =. 400, 71 = 6, « = 3000. Now by the formulae, 

^ 2s^2an ^000 — 4800 1200 ,^ ^, 

c? = -^j^— ^= -gg— g-= -35- == 40, and ;= a+ei» 

— rf = 400 + 240 — 40 = 600. Wherefore, each payment 
exceeds the preceding by $40, and the last is $600. 

Proof. 400 + 440 + 480+ 620 + 660 + 600 = 3000. 

2. B bays a piece of land for $3000, which he is to pay by 
yearly instalments, each exceeding the preceding one by $40, 
and die first payment is to be $400. In how many years will 
he clear his purchase, and what is the last payment ? 

a = 400, ci = 40, « = 3000. By the formula, 
Z = — W + 1/(2^ + 1<? — a^ + a«) = — 20+1/(240000 
+ 400 — 16000 + 160000) = 620 — 20 = 600, and n 
2» 6000 .6000 ^ «,, - , .„ 

"=^+7= 400 + 600 = 1000=^' Wherefore, he will 
clear his purchase in 6 years, and the last payment is $600. 
In the same way may the formula be applied in the solution 
d all such problems. 

3. B pays, for a piece of land, $3000 by instalments, each 
of which exceeds the preceding one by $40, the last payment 
being $600. B^quired the number of payments, and the 
amount of the first ? 

Ans. Number of payments, 6 ; and first amount, $400. 

4. B pays, for his land, a sum in 6 payments, each of which 
exceeds the preceding one by $40, the first payment being 
$400. Required the cost of the land, and the last payment ? 

Ans. The cost, $3000 ; the last payment, $600. 
6. What is the sum of the natmral numbers 1,2, 3, &c., to 
1000000 inclusive ? Ans. 600000500000. 

6. Ilequired to insert 9 arithmetical means between 1 and 
16. 

Ans. -=-1 .2» . 4 . 5i . 7 . 84 . 10 . 11| .13 . lU . 16. 

7. Bequired the sum of 1 • 3 • 5. 7, &c. to a million of terms. 

Ans. 1000000000000. 

8. What is the sum of 160 terms of a decreasing series, the 
first term being 397, and the common difference 4 ? 

Ans. 14850. 

9. A basket being placed on level ground, and in a right 
line with it, on one side, 100 stones, 1 yard apart tnan each 
other, apd the first 1 yd. from the bac^tet, how £ur will the 
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person travel who shall begin at the basket and gather the 
scones into it^ making a separate tour for each stone ? 

Ans. 5S|, or very nearly 5} miles. 

10. At what times during the twelve hours will the hour 
and minute hands of a common clock be together ? 

Ans. At 5y^j min. past one; 10|^ min. past two; 16y^ 
min. past 3 ; ^1 A niin. past 4 ; 27/j- min. past 5 ; 82-j^ 
min. past 6 ; 88 A- min. past 7 ; 48-^y min. past 8 ; 49^1- min. 
past 9 ; 54^ mm. past 10; and at 12. 

Geometrical Progression, 

462. This name is given to a series o/numbers in continual 
geometrical proportion. Thus,-7r 2 : 6 : 18 : 54 : 162 : 486 
is a geometrical progression. The sign -it is to and so is, is 
used to signify the repetition of the intermediate terms, thus : 
2 is to Q as 6 is to 18, &o. 

A geometrical progression is often called simply a geometric 
cal series, and is said to be increasing when the numbers in- 
crease, and decreasing when they decrease. But as a de- 
creasing series is msrely an increasing one reversed^ and has 
consequently the same properties, the same reasoning will 
apply to it, if we substitute divide for multiply, and contains 
for is contained. We shall therefore consider the series as in- 
creasing. 

The number found in dividing the greater of any twoproxi" 
mate terms by the less is called the ratio of the progression, 
and as this ratio is a quotient, we shall call it ^. The other 
elements of the progression — ^namely, the first and last terms, 
the number of terms, and sum of the series — we shall designate 
by the letters a, I, n, «, as in arithmetical progression. 

As the second ter^l is formed by multiplying the first term 
b V the ratio, and each successive term, by multiplying the pre- 
ceding one by the ratio, it is evident that any term ofjhe pro- 
gression is composed of the first term multiplied by the ratio 
raised to a power the index of which is the number of terms 
less one. Hence, the last term ? = a X 2*^« When a = 1, 
we have I = q^K If we would find the eleventh term of the 
above progression, we have ? = 2 X 8*" = 118098, the term 
required. 

468. The terms intervening between the first and last are 
said to be so m^ny geometrical means between those two terms; 
and any three consecutive terms being taken, the middle one 
is a geometrical m>ean between the other two ; also, if we re- 
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peat the progression as indicated by tlie sign -H-, it is evident 
(403) that the product of the first and last of any three sucb 
terms is equal to the square of the middle one. Wherefore, 
to find a geometrical mean between any two numbers, we take 
the Bqimre root of their product. 

Now, as Z = 03*""*; ^"^ = -, and q = \^i *^** ^ to 

say, the ratio of the progression is found in dividing the kui 
term by the firstj and extracting that root of ike quotient the 
index of which is the number of terms diminished by a unit^ 
or the number of means increased by a unit; therefore, 
when there is one geometrical mean between two numbers, 
the ratio of the progression is the square root of their quotient; 
when there are two means, it is the cube root; when there are 
three, it is the fourth root of their quotient, and so on for 
any number of means. To produce the means, multiply the 
first term by the ratio, and the product again by the ratio, and 
Boon. 

464. We have seen in Evolution (366) that though we 
cannot always have the exact root, we can approach to it as 
near as we please. Hence it is evident that between two 
given numbers, though we cannot alivays insert in integral 
numbers a>s many geometrical means as we please, we can 
always obtain a series of numbers which shall approach these 
means within any prescribed degree of exactness. 

If we would have 9 geometrical means between 3 and 
3072, it is plain from the formula that the ratio q= »/«0Ti 

= )J/1024, which, by mere inspection of the table of powers, 
we find to be 2. Wherefore, in continually multiplying by 
the ratio 2, we have for the required series -rf 3 : 6 : 12 : 24 
: 48 : 96 : 192 : 384 : 768 : 1536 : 3072. 

Again, if we would insert 5 geometrical means between 2 
and 3, we have g = f/f = 1,0699 +, or 1,07 — ; and 
multiplying bv this ratio, we have -^ 2 : 2,14 : 2,29 : 2,45 
: 2,62 : 2,80 : 3, for the required series; the mean terms being 
true to within a hundredth of a unit. 

465. If we take any geometrical proportion a ib i i c i d] 
alternando a i c : ib : d) componendo a -\- c;ci:b'\-did'j 
again, alternando a-\- c ib -\-d : : c i d; that is, the sum of 
the antecedents of two equal ratios is to the sum of the con- 
sequents a« one antecedent is to its consequent Again, if 
c : d : : € :f,it\a plain that a -{- c : b -{- d i : e : fi but we 
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have shown that the sum of the antecedents is to that of the 
consequents as one antecedent to its consequent ; and, there- 
fore, a-|-c + e:5-j-c?4"/« •«•/• Hence we infer thcU 
the sum of the antecedents of any number of equal ratios is 
to that of their consequents as any one antecedent is to its con- 
sequent. 

Now in the progression -H- 2 : 6 : : 6 : 18 : : 18 : 54, &c., 
which is evidently a number of equal ratios, we easily per- 
ceive that the sum of all the antecedents comprehends all the 
terms except the last, and may be represented by s — I; and 
that the sum of all the consequents comprehends all the terms 
except the first, and may be represented by « — a. Now the 
first term being a and the ratio q, the second term is aq, and 
therefore » — lis — a::a : aq] and hence (403) (« — V)aq 
= (# — a')a ) dividing by a, (s — l)q=:: s — a, or qs — ji 
^= « — o, or qs — « = ql — a, or s(^q. — V) = ql — a, or 

finally s = =-. That is, to obtain the sum of the series, 

q — 1 

we mvMply me last term by the ratio, subtract the first term 

from the product, and divide the difference by the ratio 

diminished by a unit. 

From the two equations 

l = aX 2""^ 
gl — a 

and in a manner exactly analogous to that pursued in con- 
structing the table of arithmetical progression, we construct 
the following table, by means of which, if we know any three 
of the five things I, a, q, n, \ the other two can always be 
found with great facility. Also, with equal facility are per- 
formed, by the same table, the most difficult calculations of 
banking and finance, such as Compound Interest, Annuities, &c. 
In the fourth section of the formula, the capital L placed 
before a quantity signifies the logarithm of that quantity. 
This section, therefor^, the student may omit, till he has read 
the next article, in which we shall treat of those most interest- 
ing and iuiportant numbers. 
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JEJxamples. 

1. Given tbe last term of a geometrical series 4096^ the 
ratio 2, and the number of terms 11, to find the first term and 
the sum of the series. 

I = 4096, g^ = 2, n = ll. By the table 

, = a(^^):^4(^^^\---.^)==4x2047 = 8188. 

The first term therefore is 4, and the sum of the series 8188. 

2. The first term being 4, and the ratio 2, required the 
16th tenn: I = q^-^ = 4 X 2"= 4 X 32768 = 131072, 
the required term. 

The student wi}l easily peroeive that when the «erie3 is 
decreasing, I and a in the formula change ptcicesy that is, 

a = ^*-^; and hence, 1-=—^^^] that is to say, instead of 

multiplying, to6 divide the first term by the ratio raised to the 
power n — 1. 

8. Required the 9th term of a decreasing series, the first 
term being 295245, and the ratio 3. 

I = -——, = • ^-^^ ' = 45, the term required. 
j**~^ 6561 ' ^ 

In a decreasing series, the second term being ~, we have 

« — lis — a I : a I -J whence = as — a*; dividing 

s — I * ^ 

by a, — — = s — a, s — I = qs — qa, qs — s = qa — ?, 

(gr — l)s = qa — If and s = - — — y • When the series is 

infinite, and consequently I continually approaches 0, it is 

plain that s = ^ .. . That is, to find the sum of the series, 
'^ q — 1 ' 

multiply the first term by the ratio, and divide by the differs 

ence between the ratio and a unit. 

4. Required the sum of the terms of the repeating decimal, 

0,383, &c., which is evidently an infinite scries, the first term 

of which is y^, and the ratio 10. 

8 = ^i = — ^^ = - = -, the known value. 

q —' 1 y y t> . . ij 

6. Required the sum of 8 terms of 9 terms, imd of 14 



y 
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terms of tlie decreftsing series, the first term of which is 

295245, and the ratio 3. 

Ads. 8 terms, 442800; 9 terms, 442845 ; 14 termi^ 442867U. 

6. Required the sum of the terms of the repeatuig decimals 
0,999, &c. , 0,4545, &c., and 0,49504950, &c. 

Ads. ,999, &c. = 1. ,4545, &c. = y^, and ,49504950, &c. 

7. What is the snm of 20 terms of the increasing series a, 
3a, 9a, &c. f Ans. 1743392200a. 

8. What is die snm of 8 terms of the series, the first term 
of which is ^, aDd the last 312^ ? Ans. 4684- 

9. Required the sum of J, ^^, tJ^^} ^-y ^ iufinitum. 

Ans. ly'^^i 

10. Required to insert 10 approximate geometrical means 
between 7 and 2, each true within a ten-thousandth of a unit 

Ans. ~ 7 : 6,2461 : 5,5734 : 4,9731 : 4,4375 : 3,9596 
: 3,5332 : 3,1537 : 2,8140 : 2,5109 : 2,2405 : 2. The schohir 
may omit this question till he has read the article on Loga- 
rithms. 

11. Allowing 7000 gr. of wheat to the lb. avoirdupois, 60 
lbs. to the bushel, and the bushel to be worth ffi, what would 
50 acres of land cost at 1 gr. of wheat for the first acre, 3 fi>r 
the second, 9 for the third, and so on throughout f 

Ans. $854640461536919748,536jf 0^. 

Logarithms. 

466. These artificial numbers, the invention of which is due 
to Baron Napier, of Scotland, are of immense utility in facili- 
tating not only many of the most laborious numerical calcu- 
lations in Navigation, Surveying, and other important branches 
of mathematical science, but also of those in common arith- 
metic, such as the calculation of the increase of population, 
compound interest, annuities, &o. The student will therefore 
see that the knowledge of their construction and application 
is very important. The following elucidation of this subject 
is a free translation from the Algebra of that lucid and elegant 
French writer, S. F. Lacroix. 

To understand the construction of logarithms it will be 
necessary first to consider the nature of the exponential equa- 
tion I == af^, in which we suppose n unknown. First, put 

n — 1 =z Xy then I = aj* ; whence, o* = -. Put - = y, 

a a 

then 2* = y- Now if £ be a unit, y will be a unit^ whatever 
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may be the index qs. Also, if 2b = 0, we shall have y = 1, 
whatever may be the value of q. But if g be a constant 

Quantity considerably greater than a unit, the value of y will 
epend entirely upon x ; that is, it will increase when x in- 
creases, and decrease when x decreases ; whence We may infer 
that X may be so varied that y shall approximate, within a pre- 
scribed degree of exactness, to any number whatever. Let x 
be increased, and let ocf represent the new value of x, and i/ 
the consequent new value of y. Then g** =y, and as 3^=y, 
by multiplication we have y^ =2^X2^ =^+*'. Hence 
it follows that if we know the exponents which relate to y and 
y, we shall, by simply adding them together, have the expo- 
nent of the product t/i/. 

If we divide the second equation by the first, we have 

?-=^, or o-'— =^. 

K, of the equation j* = y we take the m^ power, we have 
^ = (2*)"* = S^' That is, the exponent corresponding to 
the m^ power of y is found in multiplying that correspond- 
ing to y by w. 1^ 

Again, if of ^ = y, we take the n^ root, we have y" 
If 

== (c/^y = j», which shows that the exponent corresponding 

to the n"^ root of y is found by simply dividing that corre- 

i^nding to y by n. 

Let us suppose, according to the above, that 10 having been 
taken as the constant value of q, x has been so varied that y 
has successively assumed the approximate value of all the 
natural numbers, whole and fractional, between 1 and 10000; 
and that a table has been constructed in which the respective 
values of x and y are arranged opposite each other ; this is 
tiie table of ordinary logarithms which the student will find 
at the end of this book, and in which the values of 7/ are the 
natural numbers, and those of x the corresponding logarithms. 

Now from the equation yt/ = 2*"^** we see that the sum 
of the logarithms of any two numbers is the logarithm of 
their product, and hence the multiplication of amy two 9ium- 
htfn niay^ by an inspection of the table, he performed hy 

addition. Prom the equation 3^""* = — we see that the 

if 

difference between the logarithms of any two numbers is the 

logarithm of the quotient found in dividing one by the other ; 

aod hence diviivm may he performed hy atihtraction. From 

29 : 
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the equadon y** = 9^ we find that the logarithm of any 
power of a namber is foand in mnldpljing the logarithm cl 
the namber by the index of the power; and henoe we cany 6jr 
mean$ of the table, raise a numher to any potoer hy simple 

I m 

muUiplicaiion. Lastly^ from the equation y* = ^ we see 
that we can extntct any root of a namber 5y simply dividiwi 
its logarithm by the index of the root 

4G7. The number 10, which b assumed as the constant 
quantity 9 in the calculation of ordinary logarithms, is called 
tke base of the system. The actual caJcuktion of the loga- 
rithm of any number in the scale, suppose 2, b merely the 
determination of x in the equation 10* = 2. Now as (10)^ 
= 1, and (lOy = 10| it is evident that the logarithm of 2 is 

between and 1, and is therefore a firaction. If we assume 

1 1 

this fraction -, then (10)' = 2, or 10 = 2'. Now as 2» = 8, 

and 2* = 16, it is evident that z is between 3 and 4. Suppose 

1 8+1 1 A 

z = 8-^, and we have 10 = 2 '^ = 2» X 2*^ = 8 X2'', and 

1 
henoe 2*" == iUi = J, or 2 = (})•'. Now, because (f )» = J^ 

is too small, it is plain that sf is between 8 and 4 ; wherefore, 
let 2^ = 3 + i. Then 2 = ^f^^ or 2 = (|)» X (ir J 
dividing by (})», we have rf)*" = 2(|)» = ||| = 1,024, and 

consequently, | = (1,024)*". Now in raising the number 
1,024 successively to the 2d, 3d, and 4th, &c. power, we 
find that the 9th power is nearly 1,288, and as this differs 
from I bys only 0,002, it is plain that »" is very nearly 9, 
though somewhat greater. Assuming 2/'= 9, we have from the 

equations sf = 3*^', and » = 3"^, sf=^, and » = 3 JL = 11 

and hence (10)»= 2 becomes (10)« = 2. The fraction || 
reduced, gives 0,30107 for the logarithm of 2, which is true 
except the last decimal figure. It is easy to see that by con- 
tinuing the process, we could find the decimal value of x still 
nearer, continuing it to 7 decimals, we should have 

a; = 0,3010300. 
To understand this value of x as that of an exponent, we 
must conceive that if we raise the number 10 to the ' 
8010300th power, and extract the 10000000th root of the 
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result, we shall Have a number yery near to 2 ; that is to say. 

snono 
(lO)iooQoooo = 2 yerj nearly ; the first member is somewhat 

80102M 

greater than 2, but the number (lO)iooooooa would be less. 

468. The aboye method for finding the yalue of x direct 
would not be practicjEible, says Mens. La&roix, when the nunu> 
bers are somewhat large; but the following, given by Long, an 
English geometer, may be found very usbful : 

The determination of x in the equation 10' = y being 
very laborious, we may proceed in an inverse order by assum- 
ing X in order to find y, and form a table of the values of y 
corresponding' to those of x, which will afterwards enable us 
to determine x by means of y. 

Thus, if we take x equal to all values from 0,1 to 0,9 in* 
elusive, and first find the value of y corresponding to a; = 0,1, 

which is (10)^^ the other values of y, namely, (lO)io, 

8. 

(lO)io, &c. will easily be found, seeing that they are merely 

the square, cube, 4th, 5th, &c. powers of (10)io. i , 

First extracting the square root, we have (10)j, or (10)i» 

= 3,162277660 ; then, extracting the fifth root of this re- 

i 
suit, we have (lOy^ = 1,258925412. By a similar process, 

we obtain from (10)m = 1,258925412 the value of i/(10)io 

= (10)» = (lO)iw = 1,122018454 ; then taking the fifth 

root, we have (lO)iw == 1,023292992 ; and \^ taking the 
square, cube, 4th, 5th, .... 9th powers of this, vfe obtain the 
values of y, corresponding to those of x, from 0,01 to 0,09. 

We easily perceive that in this manner we can obtain the 
values of y for those of x, from 0,001 to 0,009; from 0,0001 
to 0,0009; and thus form the following table : 
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1,047128548 


2 


1,000004605 


1 


1,023292002 


1 


1,000002303 


0,009 


1,020939484 


0,0000009 


1,000002072 


8 


1,018591388 


8 


1,000001842 


7 


1,0102481)93 


7 


1,000001612 


6 


1,013011386 


6 


1,000001382 


5 


1,011579454 


5 


1,000001161 


4 


1.009252886 


4 


1,000000921 


8 


1, 00693 16U0 


3 


1,000000601 


2 


1,004015700 


2 


1,000000161 


1 


1,002305238 


1 


1,000000230 


0,0009 


1,002074476 


0,00000009 


1,000000207 


8 


1,001843766 


8 


1,000000184 


7 


1,001613109 


7 


1,000000161 


6 


1,001382506 


6 


1,000000138 


ft 


1,001151956 


5 


1,000000115 


4 


1,0(K1021453 


4 


1,000000092 


3 


1.0it(KJ01014 


3 


1,000000069 


2 


l.OOtUliOOiS 


2 


1,000000046 


1 


1.000230285 


1 


1,000000023 
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469. By meanrof iJiis table we find the logarithm of any 
number, in dividing it by 10 a sufficient number of times. 
To obtain; for eitample, that of 2549, we first divide this 
number by (16)f or 1000, which is the greatest power of 10, 
with an integral ezBo&ant^ that it contains, and we have 
2549 = (10)* X 2^549^ W then seek in the table the power 
of 10 immediately inferiot to 2,549, and we find (10)°*^ 
= 2,511886432, and dmdinff 2,549 by the last number, we 
have 2,549 == (10)°** X 1^014775177. Seeking again, in the 
table the power of 10 im0»«'liately inferior to 1,014775177, 
we find (10)«'°°«;= 1,01391 i?86; then dividing the preceding 
quotient by this number, we have 1,014775177 -t- 1,013911386 
= 1,000851742 for the thiti quotient. We can continue to 
operate thus till we find a Quotient which differs from a unit 
only in that order of decimals which we propose to neglect. 

Considering the third qur^^t as equal to a unit, the pro- 
posed number is resolved int-.-.faot^rs, which are powers of 10, 
for we have 2549 = (10)» X riO)^ X (10)0'«'" = (10)«^, 
whence we see that the logarithnl of 2549 is 3,406. J3y con- 
tinuing the operation till we have nuuie 7 divisions, we shall 
find that this logarithm is 3,406369. 

470. The following example \ill show that the same table 
serves, with still greater facility, to find a number firom its 
logarithm : 

Let 2,547 be .«he given logarithm, the number sought will 
be (l(\y'^z= 10» X lO""* X 10*>'~ X lO**-"^; it wiU therefore 
hft equal to the product of the numbers 

(10)» =100 

(10/-* =3,162277660 

nOY'^ = 1,096478196 

(10)o,ow ^ 1,016248693 
taken from the above table, and consequently, we shall have 
2,547=^.352,378. 

Ta find, by means of the table, the logarithm of 2, we first 
find that 10°' = 1,995262315, the number nearest to 2, then 
as 2 -5- 1,995262315 = 1,002374467, we find the number 
nearest to this, and we have (10/*^^ = 1,002305238 ; then 
1,002374467 -r- 1,002305238 = 1,000069069, and taking 
the number nearest to this, we have (10/'~«»== 1,000069080, 
which agrees with the number 1,000069069 to the seventh 
decimal. But the table also shows that for one unit of differ- 
ence in any decimal order of the logarithm we have a greater 

difference in the corresponding number; wherefore, though 

2y* 
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the logarithm 0,00003 is somewhat too great, 0,0000300 will 
be found true to within a ten-millionth. Wherefore, ^ing 
1,000069069 for unity, we have 2 == (10)«^ X (10)^"» 
X (10)«'«»" = (10/»^; that is to say, tiie - logarithm of 2 
is 0,3010300. 

471. As in the calculation of (>*dinary Warithms, 10 is the 
base or yalue of q, the equation g« =iy,. becomes 10* = y. 
Now, (466,) as the value of y depends' upon that of x, if we 
take Xf successively, equal to 0, 1, 2, 3, 4, 5, &c., the value 
of y will become 1, 10, 100, &c. Q6cordingly ; thus 
10«>=1, 10*= 10, 10«=100, ?0»=1000, 10* = 10000, &c. 

The exponent of the power to which 10 is raised, being 
(467) the logarithm of the numbe^ produced by the involution, 
we have the two following series : 
Numbers, 1 10 100 1000 l&OOO 100000 1000000, &c. 
Logarithms, 12 3 4 5 6 

Henoe, we see that the series of logarithms is an arith- 
metical series, corresponding . term for term with that of the 
numbers, which is a geome^r^al series. Also, that the num- 
ber of units in the lo<:^-Vthm is the same as the number of 
ciphers in the correspondipjif povrer of 10. 

We may here remark that the Table at the end of the book 
contains only the decimal part df Um I(tg. of each number as 
far as 10000, except the part from 1 to TOO ; but the integral 
part which should stand on the left of the <?:». -^ma is, from the 
above series, easily determined; for it is pK^'ii iioku ^he loff. 
of any number between 100 and 1000 must be between 2 VMi 
3 ; that is, must be 2 and a fraction, and hence has 2 for it& 
integral index; the log. of any number between 1000 and 
10000, must be 3 and a fraction ; that is, the logarithm has 3 
for its index, and so on, through every decade. Hence also 
the integral index of the logarithm of any number is one unit 
less than the number of figures which compose that number. 

472. From the equation yi/ = g^ "•"*'; taking y = lOO and 
y = 1000, we have 100 X 1000 = 10«+», or 100000 = 10». 
Hence we see that to multiply two numbers we add «their 
logarithms, the sum of which is the log. of their product. 
Then, by merely inspecting the Table, we find opposite to this 
sum the product required. Thus, in the aboye series opposite, 
that is, above 5, the sum of the logarithms of 100 and 1000, 
we find 100000, which is their product, yf 

473. Also, from the equation j"'"" == — , the values being 

if 



LOQABITHMS. 843 

the same, we have 10*~*= ^£^o, or !(/= 10. Henee, wo 

see that to divide one namber by another, we subtract the 
log. of the divisor from the log. of the dividend, and the re- 
mainder is the log. of the quotient. Then, by inspection, 
opposite to this remainder we find the quotient sought. Thus 
opposite to 1, the difference between the logarithms of 100 
and 1000, we find 10^ which is the quotient of 1000 — 100. 

474. Again, let y = 100 and m =?= 3 ; then from the equa- 
tion y = j-« we have 100« = 10» » », or 100» = 10". Hero 
we see that to raise a number to any power, we multiply its 
logarithm by the index of that power, which gives the log. of 
the number sought, opposite to which we find the number it- 
self. Thus opposite to 6 we find 1000000, which is the cube 
of 100. 

476. Lastly, let y == 1000000 and n = 2 ; then from the 

equation y»» = q^, or '{/y =$'"», we have 1000000^ = 10^ 
= 10*. That is, to extract any root of a quantity, we divide 
its log. by the index of the root'; the quotient is the log. of the 
root required. Thus 3 is the log. of 1000, which is the square 
root of 1000000. 

To find by tht Table the Logarithm of aNwmher, 

476. For a number consisting of three figures, we find it in 
the left-hand column, and opposite, in the column marked 0, is 
the decimal part of its log., to which we prefix the index 2. 
Thus, the log. of 676 is 2,760422. 

When the number consists of four figures, we find the three 
left-hand figures as before, and opposite to these, in the column 
marked with the fourth figure, is the decimal part of the log., 
to which we prefix the index 3. Thus, the log. of 6764 is 
3,7-60724. The log. of 676,4 is 2,760724, and that of 67,64 
is, 1,760724. 

477. It frequently happens in calculation that logarithms 
arise which are not found in the table ; of such are the loga- 
rithms of fractions, mixed numbers, surd roots, &c., as also of 
numbers which often far exceed its limits. 

To find the Logarithm of a Mixed Number, 

Reduce it to an improper fraction, and (473) subtract the 
log. of the denominator from that of the numerator. For ex., 
to have the log. of 26 J = 3LJ«. 
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From log. 232 2,365488 

we subtract L 9 0,954243 

and have 1^41 12 45 fbr the log. required. 

To find the Logarithm of a Fraction, 

478. As the numerator is diyided by the denominator, we 
should (473) subtract the log. of the denominator from that 
of the numerator. But as this is impossible; the denooiinator 
being the greater, we subtract the log. of the numerator from 
that of the denominator, and prefix to the remainder the sign 
— , which shows by how much the subtraction is impossible. 
Wherefore, operating as above, the log. of the fraction Ji^ is 
— 1,411245. 

479. To multiply by a fraction we should (472) add its 1<^. ; 
but, as this is negative, its addition consists (98) in merely 
performing the subtraction indicated by its sign. Thus, if we 
have 6264 X sl^i we write 

/. 6264 3,796852 

g.gjg>....V..., -1,411245 

2,385607 . 

Having performed the subtraction indicated by the sign, we 
have 2,385607. Seeking this in the table, we find that it dif- 
fers from the log. of 243 oy only a unit of the last decimal or- 
der. Now as the logarithms of the taMe are only true to about 
half a unit of the last decimal order, we take 243 for the true 
result, which it is in effect. 

480. To divide by a fraction we should (473) subtract its 
log. But to subtract a negative number is (96) to add it as 
a positive number. Wherefore, if we have 63 -s- ^f j, we write 

I 63 1,799341 

l^U -M11245 

3,2J0586 

and (96) having performed the subtraction of the negative log. 
by adding it as a positive number, we have 3,210586. Seek- 
ing this in the table, we find its number 1624, which is the 
true quotient. 

481. From the series of numbers 10, 100, 1000, 10000, &c. 
and their logarithms 1, 2, 3, 4, &c., it is evident that to add 1, 
2, 3, &c. units to the index of a logarithm is to multiply the 
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corresponding number by 10^ 100, 1000, Ac; and vice versd, to 
subtraot from the index 1, 2, S, &c. units, is to divide the 
corresponding number by 10, 100, 1000, &c. 

482. Let n and n -|- 1 be any two consecutive numbers, 
and d the difference of their logarithms. Then (478) 

d = l( — ~^~ ) = ^( 1 H ); that is, d approaches nearer to 

2. 1 or 0, according to the increase of n. 

By inspecting the column marked Diff., the student will see 
that near the end of the table several numbers in succession 
have nearly the same diff. between their logarithms ; that is, 
their logarithms successively differ by only about half a unit 
of the fourth decimal order. 

Now suppose the difference between two consecutive loga- 
rithms to be always the same, and put q = this differ^ce. 
Then, ais the diff. between any two consecutive numbers of the 
table is a unit, if a, h, c, d, &c. be consecutive numbers, and 
A, B, C, D, &c. their respective logarithms, the diff. between 
a and 5 is 1 unit, between a and c, 2 units, between a and d, 
3 units, &c. Also the diff. between A and B is q, between A 
and C is 2q, between A and I) is ^q, &c. Now as the equi- 
multiples of any two numbers (165) have the same ratio to each 
other that the numbers have, it is plain that any two of the 
numeral differences are to one another as the differences of the 
logarithms of the corresponding numbers. Thus — 1 : 2 : : ^ 
i2q'y 1 : 3 : : ^ : Sej' ; 2 : 3 : : 2^ : dej', &c. 

483. This proportion, though not exact, is near enough, when 
the numbers are large for ordinary purposes, and is of great 
utility in finding the logarithms of numbers which exceed the 
limit of the table, as well as in finding the numbers from their 
logarithms. 

Suppose, for example, we would find the log. of 458264 ; we 
separate by a comma two figures on the right, that the part 
on the left may be found in the table ; thus, 4582,64. We 
then find the log. of 4582, which is 3,661055. Opposite to this, 
in the column marked Diff., we find 95. We then say 1 : ,64 
: : 95 : 60,80, or 61. Hence, we have 3,661055+ 61 = 
3,631116 for the log. of 4582,64. But as this number is 100 
times too little, we add 2 units (481) to the index o/ its log., 
and have 5,661116 for the required logarithm. 

Again, if we would find the number corresponding to the 
log. 5,661116, we first suppose 2 units to be taken from its 
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index 5 ; and seeking in the table ihe log. next inferior io 
8,661116, we find 3,661055, and its corresponding number, 
4582. Then, taking the di£f. between the log. found and the 
given one, which is 61, we say 95 : 61 : : 1 : ,64. This we 
append to the number 4582, which thus becomes 4582,64. 
Then, as this number is 100 times too little, (481,) we remove 
the comma, and have 458264 for the number sought 

484. From the above (476 and 481) we easily see that the 
log. of a decimal number is the log. of the same number con- 
sidered as integral, having its index diminished by as many 
units as there are decimals in the number; or having for its 
index as many units, less one, as there are figures on the left 
of the comma. Thus, as the log. of 785398 is 5,895090, to 
have the log. of 785,398, as there are 3 decimals, we simply 
diminish the index 5 by 3 units, and have 2,895090 for the 
required logarithm. Also, it is easy to see that in this case 
the number of units in the index will always be one less than 
the number of figures remaining on the left of the comma. 
Hence the log. of 7,85398 is 0,895090. 

485. When there are decimals only, we find the log. as be- 
fore, and subtract it from as many units as there are decimals, 
prefixing to the remainder the sisn — . Thus, to have the log. 
of ,785398, as there are 6 decimals, we subtract the log. of 
785398 from 6, and prefixing the sign — , we have — 0,104910 
for the required logarithm. 

486. Suppose that the given log. is such that while its in- 
dex exceeds, its decimal part is found in the table ; we write 
the corresponding number found in the table, and subtract the 
index of its log. from that of the given log. We then, on the 
right of the number found, place as many ciphers as there are 
units remaining in the index of the given log. Thus, if we 
would have the number corresponding to the log. 7,146438, 
we find the number corresponding to the decimal part, with 
8 for its index, to be 1401. Then, as 7 — 3 = 4, we place 4 
ciphers on the right of 1401, and have 14010000 for the re- 
quired number. 

487. When only the first figures of the decimal are found, 
we may proceed thus : If we would find the number correspond- 

« ing to the log. 5,263584, we find in the table the next infe- 
rior decimal ,263399, supposing its index to be 3 units ; hence 
its corra^Mmding number is 1834. Then with the diff. be- 
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tween these two logarithms^ which is 185; and the tabular diff. 
237« we say 

237:185::l:||f5 

consequently, the corresponding number is 1834^|j^, nearly. 

Now, as the proposed log. ('481) belongs to a number 100 
times greater, the true number is nearly 183400^||^^; that is, 
1834783V7> or 183478,06 — . 

488. As the proportion here used only approximates to t lie 
truth when the numbers are large, if the proposed log. is be- 
low that of 1500, we add to its index as many units as we can 
without passing the limit of the table. Having found the cor- 
responding number, we separate as decimals, by a comma, as 
many figures as we have added units to the index. These de- 
cimals will often suffice, but if they do not, we find more, as 
aboye^ by proportion, and annex them. 

For ex. : If we would find the number corresponding to 
0,624569, as this is between the logarithms of 4 and 5, and 
much under that of 1500, we seek it with 3 units for index, 
and fiod that is between 4212 and 4213 ; that is, it is 4212 
and a fraction ; therefore, pointing off 3 figures for decimals, 
we have 4,212 -f- for the required number. But if we would 
have more decimals, we take the diff. between the log. of 4,212 
and the ^ven log., which is 81 ; also the tabular diff., which is 
103, and say 103 : 81 : : 1 : j%\ = ,786+, or ,79 — , which wa 
annex to4,212, and have 4,21279 — for the required number. 

The logarithms of the table being only true to about half a 
decimal unit of the sixth order, it is not safe to push this second 
approximation to more than 2 places of figures. 

489. When the log. is negative, we subtract it from (or 
rather (98) add it to) a number of units, such that the remain- 
der may not exceed the limit of the table ; and having found the 
number answering to this remainder, we separate on the right, 
by a comma, as many figures as there are units in the number, 
from which we subtract the log. For ex., if we have the log. 
— 1,724685, we say, 4 — 1,724685 == 2,275315, which an- 
sweis all but the last decimal to the log. of 1885. Now the 
sum of any two logarithnis is the log. of their product. But 
4 is the log. of 1000, and — 1,724685 the log. of a fraction. 
Therefore, 2,275815 is the log. of the fraction multiplied by 
10000 ; consequently, as 1885 is 10000 times too great, wo 
place a comma on the left, and have ,1885 for the fraction sought; 
within a ten-thousandth. 



\ 
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Use of the TahU, 

490. The student will, by the following examples, obtain 
some idea of the vast utility of logarithms, especially if he 
proves them by the usual methods. 

1. Required the quotient of 3725 -i-2957, within a ihou- 
sandth : 

I 3725 3,571126 

I 2957 3,470851 

0,100275 

Seeking the log. of the remainder with an index of 3 unita, 
we have 1259 -f-) and as this is 1000 times too great, (481,) we 
point off 3 figures, and have 1,259 -{- for the required number 

2. Required the square root of 143, within a ten-thousandth. 

1 143 = 2,155336 ; dividing by 2, we have 1,077668, whicl 
(488) gives 11,9582 -f- for the required number. 

3. Required the square root of \\l. 

1 119 — I 117 = 2,075547 — 2,068186 = 0,007361 ; di 
viding by 2, we have — 0,003680 ; adding 4, we have 
3,996320, which (488) gives the root ,991561, true to a mil- 
lionth. 

4. Required the square root of ^. 

Z. 7 — Z. 3 = 0,845098 — 0,477121 = 0,367977. Hence, 
I \ = — 0,367977. Taking one-half, we have y ^ = 
-- 0,183989 — ; adding 4, we have 3,816011, which (488) 
gives the root ,654653, true to a millionth. 

5. Required the cube root of 91, within a thousandth. 

I. 91 = 1,959041 ; dividing by 3, we have 0,653014 - 
which (488) gives 4,498 — for the required root. The true, 
root is 4,4979 +. 

6. Required the seventh root of 13, within a hundred-thou- 
sandth. 

I 13=1,113943; dividing by 7, we have 0,159135-, 
which gives the root 1,44256. 

7. Required the fifth root of /j, within a hundred-thou- 
sandth. 

Z. 11 ~ Z. 7 = 1,041393 — 0,845098 = 0,196295. Henoe, 
(478) L /j= — 0,196295 ; dividing by 5, we have i/^^- — 
— 0,039259 ; adding 4 units, we have 3,960741, which ( 
gives the root ,91356. 
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8. Eequired the cube root of ^^ 

L 7—1. 3=0,845098 — 0,477121=0,367977. Hence, 
^ f =— 0,367977. DividiDg by 3, we have I. ^f = — 
0,122659 ; adding 4 units, we have 3,877341, which gives the 
required root ,753947 — , within a millionth. 

9. Required the fifth root of the fourth power of 6784. 
This may be written thus : f/(6784)*, or perhaps better thus, 

(6784)i 

It is evident the log of this root is | of the log. of 6784. 

Wherefore, from L 6784 3,831486 

We subtract ^ of this log ,766297 

3,065189 . 

the remainder 3,065189 gives 1161,95, the required root. 
Prove by the common method. 

10. Required the fourth root of the fifth power of 1161,95. 

Ana. 6784. 

11. Required 6 geometrical means between the numbers 
5| and 13|. 

It is plain (463) that the ratio of the series is |/13| -^ 5§. 
Hence (473 and 475) (I. 13,75 — I 5,4) -f- 7 = Z. of the 
ratio. 

1. 13,75 1,138303 

/. 5,4 .0,732394 

7) 0,405909 



,057987 log. of ratio. 

This log. gives the ratio 1,14285. Beginning with the first 
term and multiplying continually by the ratio, we obtain the 
series ^ 5,4 : 6,171 : 7,053 : 8,061 : 9,213 : 10,529 : 12,033 
: 13,75. Or (472) if to the log. of 5,4 we continually add 
the log. of the ratio, we shall successively form the logarithms 
of the means, viz. : 0,790381; 0,848268 ; 0,906355 ; 0,964342, 
1,022329, and 1,080316, opposite to which (488) we shaU 
find the means as above, within a thousandth. 

491. When a logarithm is to be subtracted, we may add its * 
ar. comp., taking care (100) to suppress in the result the alt 
unit of the comp. 

12. Suppose we have 5840 -^ 536. 

30 
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to the I 5840 8,766418 we add 

ar. oomp. I 536 ,7,270835 

yfel,037248 

and suppressing the alt, we have 1,037248, which gives the 
quotient 10,8955. 

13. When there are several complements in one operation, 
we must of course suppress an alt unit for each complement 
Suppose we have ||| X III? as each denom. is a divisor we 
proceed thus, (47o and 100 :) 

I. 683 2,834421 

I 547 2,737987 

ar. oomp. I 194 7,712198 

ar. comp. I, 632 7,199283 

^0,483889 

Here, as we have 2 complements, we suppress 2 alt units, 
and have the log. 0,483889, which gives the required product 
8,04712 — . 

492. From the above we easily infer that to have the log. 
of a fraction, we add to the log. of its numerator the ar. comp. 
of the log. of its denominator; and because the alt is 10 witii 
regard to the preceding order, we consider the index 10 onits 
too great. Thus to have the log. of |, we say 

I 3 0,477121 

ar. oomp. I, 5 ..9,301030 

9,778151 

The sum 9,778151, considered as a positive number, is 10 
units too great ; we therefore employ it as such, and reject 10 
at the end of the operation. For example^ if we would have 
W^'XIiWesay, 

I, 3479 3,541454 

ar.comp.Z. 217 7,663540 

ar. oomp. h f. 9,778151 

;i0,983145 

As we have here employed 2 ar." complements, we suppress 
2 alt unitS; and have for the corresponding number 9,6193, 
which is true to a ten-thousandth. 

493. When the fraction is decimal, as the ar. comp. of its 
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denom. is a whole number, we add this comp. to the index of 
the log. of the numerator. Thus to haye the comp. of the 
log. of ,7864, as the log. of 7854 is 3,895091, and the log. of 
10000 is 4, we add its conp. 6 to the index of the log. of 
7854, and have 9,895091 for the comp. required. 

494. When in an operation we have made use of several ar. 
comps., we know (491) that the index is too great by as many 
tens as there are comps. used ; consequently, when the index 
surpasses this number of tens, we can easily make the required 
diminution. 

But should the index be below the number of tens by which 
it is too great, we know that it belongs to a fraction, to obtain 
which we seek the number corresponding to the log. , and hav- 
ing found it, we separate by a comma as many tens of figures as 
there are tens too many in the index. For example, if we have 
7,952341 for the result of an operation in which we have em- 
ployed one ar. comp., we seek the whole number correspond- 
ing to the log. 7,952341, and find 89606875. Then, as the in- 
dex is 10 units too great, we separate, ten figures, and have 
0,0089606875, for the required fraction. 

If we do not wish so many decimals, we diminish the index, 
BO that it may be within the limit of the table, and having 
found the corresponding number, we point off as many figures 
as there a^e units in the comp. of the number of figures taken 
from the index. Thus, in the above log. we diminish 7 by 4 
units, and having found 8960, which corresponds to 3,952341, 
as the comp. of 4 is 6, we separate 6 figures, and have 0,00896 
for the fraction sought. 

495. In multiplying the comp. of a negative log. by 2, 3, 4, 
5, &c., in order to have the square, cube, fourth, fiflh, &o. 
power of its corresponding number, it is evident that the index 
of the resulting log. will be as many tens too great as there are 
units in the multiplier. Thus, if we would have the cube of 
|, having (492) found the comp. of its log. 9,778151, we mul- 
tiply by 3, and have 29,334453 for the log. of the cube, which 
log. is 30 units too great ; wherefore, rejecting 20, and dimi- 
nishing 9 by 6 units, we find the number corresponding to 
8,334453, which is 2160; and, as the comp. of 6 is 4, we 
point off 4 figures, and have 0,216 for the required cube. 

496. Also in extracting roots, when there are comps., we 
add to or subtract from the index, so that the number of tens 
by which it is too great may equal the index of the root ; 
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then, in dividiDg by the index, the resalting 1<^. will be 
exactly 10 units too great. For example, if we would have 
the fifth root of }: 

1.2 0,301030 

ar. comp. 1, 3 9,522879 

5) 49,823909 

9,964782 — 

Having found, as usual, 9,823909 for the comp. of the log. 
of }, which is 10 units too great, as the index of the root is 
5, we add 4 tens to the index of the log., that it may be 5 
tens too great; and dividing by 5, we have 9,964782 for the 
comp. of the log. of the root. We then diminish 9 by 6 units, 
and having found the corresponding number, which is 9221, 
as the comp. of 6 is 4, we point off 4 figures, and have ,9221 
for the root, within a ten-thousandth. 

The fourth section of the table of Formulas for Greometrical 
Progression is developed thus : 

—La), 

3d Sec. q = -, : hence, n = 1 -1 r , or « = 1 

LI — La ^ 

"*■ X(s — a) — i/(s — 0' 

h ^ 7 7 7 

s = — T- ; qs — « = Iq — a] qs — ql = 8 — a; lq = qs 

q 1 r 

— 8 -{-a} subs. for I its value ag'*"^; we have q(a^''^)j or 
ag^ == qs — 8-}- a, j* = ? It—; Lqy, n = L(q8 — < 

1st Sec. a = lq — »S^ + » ; hence, j" = q(z TT )• 

LqXn = Lq-{- LI — L(lq — «$'+«), 

« — 1 , Ll—L(lq--8q + 8) 

Lq 
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STOCK — PERCENTAGE — ^PROFIT AND LOSS — COMMISSION AND 

BROKERAGE — INTEREST. 

Stock, 

497. The capital or fund employed in trade by a mercliant 
or company is called stock. Also in Book Keeping, stock 
Bignifies the owner or owners of the books. 

Extensive operations, such as canals, railways, Jpftnks, &o., 
are usually funded by shares contributed by a Joint Stoc^ 
Company. These shares are designated by tiie general name 
of Stocks. 

The sums realized by these operations are divided amongst 
the stockholders according to the shares which they hold. 
These sums, which are called dividends^ are commonly declared 
annually or semi-annually; and, according to the amount of 
the dividends, the stocks or shares rise or fall in value. If 
they neither rise nor &11, but remain at their original cost, 
they are said to be at pa/r. When they rise, they are above 
par J and are sold at so much per cent, premium or advance. 
When they &11 below their first cost, they are helow par, and 
are sold at so much per cent, discount. 

Ex. 1. At 7} p. c. advance, what is the worth of 92500 

Company Stock ? 

30* ^b^ 
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To find tlie advance, we take 7} p. c. of $2500, thus : 
5 p. c, or 5«^ of 2500 is 125 or 10 p. o. is 250 

2J ^* ^V 62,50 Subtr. J 62,50 

187,50 187,50 

Or, by anv of the following: 25 X 7} = 175 + 12,50 
= 187,60;' 7,5 X 25 = 750 ~ 4 = 187,50; 15 X 12i 
= 180 + 7} = 187,50; 30 X 6} = 180 + 7J = 187,50. 
Then 2500 + 187,50 = $2687,50. Answer. 

As. 1 p. 0. is yi^, 5p. c. is j^j^ = ^; 20 p.c. is T% = i; 
25 p. 0. is flf© = iy ^' 

2. What 18 the worth of $2800 stock, at 15| p. c. discount? 
15f p. 0. of 2800 = 28 X 15i = 63 X 7 = 441; then 2800 
— 441 == $2359. Answer. 

3. At 9§ p. 0. discount, what is the value of 32 shares . 
Bank Stock, the par value of a share being $275 ? 

Ans. $7953. 

4. What is the value of $10500 Railway Stock, at 131 p. c. 
advance? Ans. $11935. 

5. At 28 1 p. c. below par, what is the worth of $6750 
Stock? Ans. $4809,37i. 

6. What is the value of £5600 Stock, at 5} p. c. premium f 

Ans. £5922 

7. What is the value of £6795 6 s. 8d. Stock, at 81 p. c. 
discount ? Ans. £6206 88. 5|^ d. 

Percentage, 

498. This is an allowance of so much per cent, (per centum, 
Lat by the hundred,) used in most commercial calculations, 
such as Interest, Commission, Discount, Profit and Loss, the 
rise and fall of Stocks, prices of goods, &o. 

It is also frequently employed as a term of comparis<Hi to 
express the superiority or inferiority <»f an article; also to esti- 
mate the increase or diminution of quantities, population, &c. 

The hundredth part or 1 p. c. of an integral number is 
found in pointing eff two figures ; also, of a decimal number, 
in moving the comma two places towards the left; conse- 
quently, in multiplying this result by 2, 3, 4, 5, &o., wo 
obtain 2, 3, 4, 5, &c. p. c. of the given number. 

Or, which is the same thing, to have 1, 2, 3, 4, 5, &c. p. o. 
of any number, we multiply that number by ,01, ,02, ,03, 
04, ,05, &o. Thus 7 p. c. of $985 is 9,85 X 7, or 985 X>07 
= $68,95. 
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499. Merchants often mark their good^ from the Invoioe 
or Bill of Cost and Charges, so as to realize upon the first or 
prime cost a profit of so much per cent. This varies greatly 
in difierent kinds of husiness. 

Suppose an article has cost $2,40 ; what must we mark it^ 
so as to gain 20 p. c. ? 

100 : 2,40 : : 20, or 5 : 2,40 : : 1 : ,48 ; wherefore, 

2,40 + ,48 = J2,88. Answer. 

Here we see that we must multiply the prime cost by the 
rate p. c.y divide by 100, and to the prime cost, add the result 

Or thus : 100 : 120 : : 2,40, or 5 : 6 : : 2,40 : 82,88. Answer. 
That is, add the percentage to 100 ; multiply by the prime 
cost, and divide by 100. 

If we would mark the above article so as to lose 20 p. c, 
we proceed in the same manner, except that instead of adding 
we subtract; that is, by the first method, instead of $2,40 
-|- ,48, we have 2,40 — ,48 = $1,92. Answer. Operating by 
the second method, we subtract the percentage, and say 

100 : 80 : : 2,40, or 5 :4 : :2,40, or 1 :4 : : ,48 : $1,92. Ans. 

Ex. 1. What must the following prices be respectively 
raised to, so as to gain 1,5 p. c. : namely, $8,50, $9,20, $10,80| 
$11,60, $12,50, $15,80, $16,50, and $18,40? 

Ans. $9,774, $10,58, $12,42, $13,34, $14,37^, $18,17, 
$18,974, and $21,16. 

2. How much p. o. must each of the preceding answers be 
reduced, to give the prime cost or number which gave it ? 

Ans. 13^ p. c. 

15A 115A 

500. If A be increased 15 p. o. it will be A + ^r^ = ^^^ - 

= ?|^. Now (188) the ratio of this to A is |§, and its 

reciprocal |§. Therefore, having advanced the price of an 

article 15 p. c, if we multiply the result by |fi, we shall (219) 

obtain the prime cost AL90, if we multiply 15 by ||, we 

shall obtain the percentage of discount. Thus, 15 X §S 
— _80() — 131 

Hence, we. easily deduce the rule : Add the advance percent- 
age to 100, divide the result by 100, reduce the terms, and mul- 
tiply the rate p. c. by the reciprocal of the result, which will 
give the percentage of discount, to reduce again to prime cost 

3. Advance the following prices 12 p. c. : namely, 4 s. 2 d«, 
68. 3d., 8s. 4d., 10s. 5d., 12s. 6d., 14s. 7d., 16s. 8d., 
and 18 s. 9 d. 
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Ans. 48. 8 d.^ 78., 98. 4d., lis. 8d., 148., IGs. 4d. 
18 8. 8 d., and 21 s. 

4. How much p. o. must the preceding advanoed prioes be 
reduced to give the prime cost? Ans. 10|.p. c 

5. What b 6 p. c. of $20000 ? Ans. $1200. 

6. What is IQj p. c. of $40000 ? Ans. $7733,33f 

7. What is 16| p. c. of $56789 ? Ans. 8991,594- 

8. Having received, on $56789 Stock, an advanoe of 15f 
p. c, at what disconnt most we sell the whole amount so as 
neither to gain nor lose ? Ans. 13y^A p. o. 

. 9. What is 13^ p. c. of $65780,59* ? 

Ans. $8991,59|. 

501. To find how many p. c. one number A is of another 

B 

number B : First, 1 p. c. of B is zr^; then the number of 

times that A contains this one p. c. is evidentiy the number 

sought. We, therefore, divide A by ^tttt, or multiply A by 

100 A . . 

-ST- = ^ X 100. Hence it is plain that to find how many 

p. c. one number is of another, we multiply the ratio of that 
one to that other by 100. 

10. What p. c. of A is /y f Ans. 48f J. 

11. How much is 48i| p. c. of -j?^ ? (498.) Ans. ^7.. 

12. How much p. c. must be taken from -j^ so as to reduce 
it to Af (500.) Ans. 51tV 

13. What p. 0. of £20 is 6 s. 8 d ? Ans. If p. o. 

14. What p. c. of $116,80 is $7,20 ? Ans. Ojf p. c. 

15. What p. c. of £50000 is £150, 13 s. 4 d. ? 

Ans. H^j or not quite * p. o. 

502. To find what percentage of one number will equal a 
given percentage of another : 

Let the given number be A and B, and let the question 
be, What p. c. of A will equal g' p. o. of B ? Now, if A be 

multiplied by -r-, the product will be B. Wherefore (165) 

any percentage or part of A, multiplied by the same ratio, will 
give the same part or percentage of B. Hence we have this 
rule : Place that number, the percentage of which is given, 
over the other, and multiply the given percentage by this 
fraction reduced to its lowest terms. 

16. What per centage of £17680 will equal 16 p. o. <^ 
£96470? " Ans. 87A\t 
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Profit and Loss. 

503. This, in a merchant's books^ is the title of an acoount 
of incidental or accidental expenses, gains or losses. We shall 
here consider the subject as the gain realized and loss sustained 
by trading, which are generally estimated at a certain rate 
p. c. on the amount of capital employed. 

To find the gain p. c. : 1. When with a sum A we have 

realized a greater sum B; as 1 p. o. of A is ^^j^, we divide the 

gain (B — A) by this fraction, which will evidently give the 
gain p. c. 

2. Or, because A : B : : 100 : 100 + gain p. c. 

Divide the sum realized by the sum invested, reduce the 
fraction, multiply by 100, and suppress 100 in the result. 

Ex. 1. Suppose that with 814280 we have realized $18460, 
what is the gain p. o. ? 

100 5 A 

-— -- = a—, reciprocal of -j^, into which we involve the gain 

B — A) = 18460 — 14280 = 4180 ; thus, 

X4180 20900 ^^.„ ' A ' n,*u 

— ^jj— = -^pp=:29^5\, required gain p. o. Or thus : 

1846|0 923 ^, 923X100 .^^ ^„ . . 

1 428i0 = 714 ' ^"^ 714 = ^^^^^'r P' ^- *« ^^^^• 

2. Suppose that with a capital of (10000 we have realized 
$16580, what is the gain p. c. ? 

;A. = 100; B — A= 6580, dividing by 100, we have 65,8,^ 

16580 
or 65| gain p. c. Or ^ /^/^/a/^ X 100 = 165,80 ; suppressing 

100, we have 65,80 = 654, as before. 

3. Having invested £15600 in stocks, and subsequently sold 
the same for £25000, what is the gain p. c. ? 

Ans. 60-J^ p. 0. 

4. What is 6O4 J p. c. of £15600 ? Ans. £9400. 

504. When there is a loss, that is, when B is less than A, 
we have the proportion A : B : : 100 : 100 — loss p. c. ; con- 
sequently, in operating by rule 2, instead of suppressing 100 in 
the result, we must subtract the result from 100. 

5. Invested £25000 in stocks, and sold for £15600 ; what 
18 the loss p. c. ? 



i 
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15600 _ 156 78 78 X 10078x4 _312 
^"® 25000 ""25r"" 125' 125 "~ 5 "" 5 
= 62f , which is 100 — loss p. o. ; therefore, 100 — 62| 
= 87 1 p. 0. is the required loss. 

6. What is 871 p. o. of £25000 f Ans. £9400 

505. Als0| when the inyestment and whole gain or loss are 
simple integral numhers, we may place the gain or loss over 
the inyestment in the form of a fraction, reduce to lowest terms, 
multiply by 100, and reduce the result for the required per 
oentage. 

7. Invested $23500, and sold for 816500, what was the loss 
p. c? Ans. 29 n. 

8. Bought 20 shares Bank Stock at $350 a share ; sold 12 
shares at 14| p. o. discount, and the remainder at 28^ p* o. 
discount ; what was the loss p. c. on the whole ? 

Ans. 20 p. c. 

9. Bought 26 bales of goods at $26 per bale ; found 8 bales 
so damaged that they were sold 15 p. c. below cost ; how much 
p. c. profit must be charged on the remainder, so as to gain 20 
p. 0. on the whole ? Ans. 24|| p. c. 

10. What is 24^1 p. c. of $598 ? Ans. $146,90. 

11. What p. c. of $811,20 is $744,90 ? Ans. 91||. 

12. What p. c. of $811,20 is $66,80 ? Ans. S^% 

Commission and Brokerage. 

506. Commission is a charge of so much p. o. made by 
agents, factors, brokers, or correspondents for transacting busi- 
ness on behalf of others. 

The Commission charged by a Broker is called Broh^a^e, 

Ex. 1. A factor buys on my account goods to the amount 
of $4569,50 \ what is his commission at 2^ p. o. 

Ans. $114,28|. 

2. An agent sells goods to the amount of £569 11 s. 6 d.; 
what is his commission at 4^ p. c. ? Ans. £25 12 s. 1\ d. — . 

8. My correspondent makes sales of merchandise on my 
account to the amount of $12600, commission 2| p. c ; how 
much does he place to my account ? Ans. $12816,50. 

4. Having sold 18 cwt. 2 qr. 14 lb. of cochineal for my cor- 
respondent at $86i per cwt., commission 5| p c, how much 
must I pay over ? Ans. $1509,65. 
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• / 

Interest* .-'"' \J 

507. This is a percentage paid ibir the use or retention of 
money. When no time is specified, one year is understood. 
Thus, when we say 5 p. c, the words ^>cr aw www, by the year, 
are understood. 

The sum on which interest is paid is called the principal. 
The interest of 100, for one year, is called the rate, and the 
sum of principal and interest, the amount. 

Interest is' usually regulated by law,f and varies consider- 
ably in different countries, according to the abundance or 
scarcity of money, facilities of trade, &c. 

Ex. 1. Suppose we would have the interest of $1776 for one 
year, at 6 p. c. 

The question here evidently is, if $100 gain $6, what will 
$1776 gain ? Consequently, we have the proportion 

$100 : $1776 : : $6 : $106,56. Answer. 

Hence the general rule : Multiply the principal by the rate 
p. c, and divide by 100. Or, as the question (498) evidently 
requires nothing more than 6 p. c. of $1776, we multiply by 
,06, thus : $1776 X ,06 == $106,56, as before. 

That is, multiple/ the principal by the rate considered €t» 
hundredths. 

508. If we require the interest for 2, 3, 4, 6, 6, &c. years, 
it is plain that we have only to multiply $106,56, which is the 
interest for one year, by 2, 8, 4, 5, 6, &c. Or, we may mul- 
tiply the rate by the number of years, (419,) and proceed as 
before. 

Suppose we would have the interest of $1776 for 3^ years, 
at 6 p. c, we say, ,06 X H =;21; then, $1776 X ,21 = 
$272,96. 

Proof. $106,56 X 3^ = $53,28 X 7 = $872,96. 



* " In the New England States, Now Jersey, Pennsylvania, Delaware, 
Maryland, Virginia, North Carolina, Tennessee, Kentucky, Ohio, Indiana, 
Illinois, Missouri, Arkansas, and the Dist of Columbia, and on U. S. Notes, 
the rate is 6 p. c. In New York; S. Carolina, Michigan, Wisconsin, and 
Iowa, it is 7 p. c. In Georgia, Alabama, Mississippi, and Florida, 8 p. c 
J[ii Louisiana, 6 p. c though the bank interest is ,06, and conventional in* 
^terest may be as high as ,10. In Maryland the interest on tobacco con- 
traefai is ,08. In Mississippi, Missouri, and Arkansas, the interest by agree- 
ment may be as high as ,10, and in Illinois, Wisconsin, and Iowa, as high 
M ,l^'*^Cha8e's Arith., page 66. 
"fin Bngland, legal interest is 5 p. o. 
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509. Suppose we would have the int. for monthS; say 8 mos.; 
tlie proportion is then compound, and heoomes 
$100 : $1776 : : $0 : $71,04 

fi i half the number of months, which divided by 
100 is ,04. 

Hence we see that the int. at 6 p. c. for any number of 
months is found in multiplying the principal by half the num- 
ber of months, considered as hundredths. 

The following table shows the number of days from the be- 
ginning of the year to the first of each respective month : 



1 mo. (Jan.) 

2 mo. (Feb.) 31 
8 mo. (Mar.) 59 
4 mo. (Apr.) 90 



9 mo. (Sept.) 243 

10 mo. (Oct.) 273 

11 mo. (Nov.) 304 

12 mo. (Deo.) 334 



5 mo. (May) 120 

6 mo. (June) 151 

7 mo. (July) 181 

8 mo. (Aug.) 212 

By this table we easily find the number of days from any 
day of one month to any day of another. 

Kule : Find the difference .between the numbers opposite the 
given months, under which write the difference between the 
given dates, and when the first date is the smaller number, add ; 
when it is the greater, subtract. To the result add 1, when 
the second month of leap-year is included between the given 
dates. 

When the last date is in the following year, reverse the or 
der of the dates, proceed as above, and subtract the result from 
365. The remainder is the required number. Also, to this 
remainder add 1, when the second month of leap-year is in- 
cluded between the given dates. 

1. Required the number of days from 4 mo. 12 to 12 mo. 
25? 

334 — 90 = 244 No. of days from 4 mo. 1 to 12 mo. 1. 
25 — 12 = 13 diff. of dates added. 

257 Answer. 

2. What is the number of days from Apr. 25 to Dec. 12 f 

Ans. 231. 

3. Kequired the number of days from 12 mo. 25, 1853, to 
4 mo. 12, 1854 ? Ans. 108. 

4. Required the number of days from 12 mo. 12, 1855, to 
4 mo. 25, 1856 ? Aitf. 135. 

510. As ,06 is the int. of 100 for one year at 6 p. c.^ ^^ of 
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,06 = ,005 is the int. for 1 mo. ; and | of ,005 = ,001 is the 
int. for 3 of 1 mo. or 6 days. Consequently, the int. for any 
number n of days 6 : n : : ,001 ; multiplying (413) the first and 

third terms by 1000, we have 6000 : n : : 1 : /ttt?^. Hence we 

^ ' 6000 

have the following rule, called the bank rule : 

To find the int. at 6 p. c. for any number of days, multiply 
the principal by the number of days, and divide by 6000. 

Ex. 1. Suppose we would have the int. of $1776 for 24 
1 77fi V 24 
days, we say, ^^qq = 1;776 X 4 = «7,104. Answer. 

To find the Simple Interest of any amount for years, months 
and days: 

Keduce the years and months to months, place ^ the num- 
ber of days on the right, and multiply the result, considered 
as mills ,by half the principal, or half the result by the whole 
principal. 

Uxarnples. 

1. Required the interest of $625 for 2 yrs. 9 mo. 21 d. 

2 yrs. 9 mo. = 33 mo. 21 -^3=7; then 337 X 312^ = 
105312' m. = «105,31f Or, ,1685 X 625 == 1685 -f- 16 
= »105,31|, (273.) 

Elucidation. 

21 d. = IJ mo. = y^ mo. ; consequently, these tenths have 
their true value when placed on the right of 33 mo. Then 

100 : 625 : : 6 ) Now the rate 6 p. c. measures the con- 
12 : 33,7 "^ I stant divisor 12 and the result is 2. 
Also the term 337 tenths, divided by the constant divisor 100, 
becomes 337 thousandths or mills, hence the rule. 

2. What is the int. of $1337,67 for 3 yrs. 5 mo. 17 d. ? 

3 yrs. 5 mo. 17 d. -f- 100 = ,415'^ mo. ;— then half the 
principal = 668,835 X ,415f = $278,01 A^- ^r 222,945 
X 1,247 =$278,01+. 

3. What is the int. of £68 15 s. 8 d. for 4 yrs. 3 mo. 19 d.? 
£68 15 s. 8 d. =68,78|.: then ,516| X 34,39 J = 1,549 

X ll,46fg =£17,7575638 =£17 15 s. 1| d. +. 

511. As the int. at 6 p. c. is found with great facility, the 
int. at any other rate may be found by Practice. Thus, for 
the int. of $1776 at 4^ p. c, we say 

31 
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8 p. G. is ^ ) 106;56 int. afc 6 p. e. 

H^^ isi ) 53,28 or, by complement, 9106,56 

26,64 for 1^ p. c. subtr. } 26,64 

$79,92 $79,92. 

2. What is tbe int. of $286,14 at 6 p. c. ? 

Ans. $14,17 — . 
8. What is the int. of $998,60, at 44 p. c. ? 

Ans. $44,71. 

4. What is the int. of £294 16s. 8 d. at 5 p. c? 

Ans. £14 14 a. 10 d. 

5. What is the int. of $900 at 7 p. c.f Ans. £68. 

6. What is the int. of $1858 at 6 p. c. for SI years ? 

6X3^= 21, and 18,58 X 21 == Ans. $285,18. 

7. What is the int. of $169, for 7 mo. at 6 p. c? 

$1,69 X 3^ = Ans. $5,91^. 

8. What is the int. of $2600, for 8 yrs. 7 mo. and 5d. at 
6 p. c. ? $26 X 21X = Ans. $561,16f . 

9. What is the int. of £65 18 s. 4 d., for 78 days at 6 p. c. ? 

,0656 X 13 = Ans. 17 s. 0|| d. 

10. What does £786 16 s. amount to in 4 yrs. 8 mo. 
15 d., at 6 p. c. 

7,868 X 28} = 1,967 X 113 = 222,271 = £222 6 s. 
6 d. +. Then £786 16 s. + £222 5 s. 5 d. = Ans. £1009 
Is. 5 d. -|-. 

512. To find in what time a sum at simple int. will double 
itself — that is, in how many years the whole amount of int. 
will equal the principal — divide 100 by the rate p. c. 

1. Suppose we would find in what time the int. of $850 
will amount to $850, at 6 p. c., we say 

Cap. Cap. $ $ 

100 : 350 : : 6 : 21, one year's int 

Int. Int. Yr. 

then 21 : 350 : : 1 : ^ = 16§ yrs. Answer. 

But (406) ^ = ^ ; hence the rule, according to which 
a sum at 7 p. c. will double itself in 14^ years, at 8 p. c. in 
12^ yrs., at 9 p. c. in 11^ yrs. &o. 

518. To find in what time the int. of a given sum will 
attain any other given amount : Divide the given amount by 
the int. of the given sum for one year at the given rate. 

2. In what time will the int of $850 amount to $200 ai 



6 p. c. ? 



Int. Int. Tr. 

21 : 200 : : 1 : 9^| yrs. Ans. Hence the rule. 
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SECTION XXV. 

PABTIAL PAYMENTS — DISCOUNT — INSURANOK -^DUTIM 

TABS— TAX— GENERAL AYERAQE. 



Partial Payments. 

514. When these payments, whioh are made at sundry 
'times to cancel a Promissory Note, or other obligation, are, 
with their respective dates, entered on the hack of such instru- 
ments, they are called endorsements. When a final settlement 
U made within one yeiar from the date of the instrument, it 
IB customary to calculate the interest on the whole from the 
time of its date, or from the time it becomes due, to the time 
of settlement; and on each endorsement, from its date, in 
like manner. Then the amount of all the endorsements, with 
iheir several interests, is subtracted from that of the principal 
and its interest, and the remainder is the balance due. 

Portland, Mar. 10, 1858. 
For value received, I promise to pay Rufus Horton, oi 
order, five hundred dollars, on demand, with interest. 
$500. Noble H. Heath. 

Endorsements, — June 5, 1853, received $60. July 20, 
1858, received $95. Sept. 19, 1853, received $100. Nov. 23, 
1853, received $40. What is due Mar. 10, 1854 f 

Amount of $500 for 1 yr. $530,00. 

Int. of $60 for 9 mo. 5 d $2,75 

95 '' 7 mo. 18 d 3,61 

$295,00 100 " 5 mo. 19 d 2,82 

9,88 40 " 3 mo. 15 d ^JO 304,88 

$304,88 $295 $9,88 $225,12 

Balance due Mar. 10, 1854, $225,12. 

Gk>RHAM, Jan. 4, 1863. 

For -value received, I promise to pay John Horton, or order, 
one thousand, two hundred and sixty dollars, on demand, 
with interest. Philip Heath. 

$1260. 

Endorsements. — Mar. 15, 1853, received $200. June 9, 
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1853, received «130. July 20, 1853, reoeive^ $400. Sept. 
15, 1853, received «300. What is due Jan. 4, 1854. 

Ana. »274,97. 

Windham, Feb. 6, 1853. 
For value received, I promise to pay Amos Hanson, or order, 
eight hundred and forty dollars, on demand, with interest. 
3840. . Mark Knight. 

Endorsements. — May 16, 1853, received J180. July 8, 
1858, received 8100. Aug. 19, 1853, received $60. Oct. 14, 
1853, received $250. What was due Dec. 12, 1853 ? 

Ans. $280,54. 

515. Though the preceding is, by some, considered the only 
equitable rule, the following is the legal one, as stated in 
the N. Y. Chancery Beports, (see Emerson's Third Part, 
page 104 :) 

*^The rule for casting interest, when partial payments have 
been made, is to apply the payments, in the first place, to the 
discharge of the interest then due. If the payment exceeds 
the interest, the surplus goes towards discharging the principal, 
and the subsequent interest is to be computed o6 the balance 
of principal remaining due. If the payment be less than the 
interest, the surplus of interest must not be taken to augment 
the principal ; but interest continues on the former principal 
until the period when the payments, taken together, exceed the 
interest due, and then the surplus is to be applied towaids 
discharging the principal, and interest is to be computed on 
the balance, as aforesaid.'' 

New York, July 8, 1850. 

For value received, I promise to pay Hyacinthe Peugnet, or 
order, one thousand five hundred dollars, on demand, with 
interest. Jean Manesoa. 

$1500. 

Endorsements. — Nov. 19, 1851, received $200. Oct. 16, 

1852, received $50. July 11, 1853, received $45. Oct. 20, 

1853, received $560. What was due Dec. 12, 1853 ? 

Principal $1500,00 

Int. from July 8, 1850, to Nov. 19, 1851, (1 yr. 
4 mo. lid.,) 122,75 

Amount 1622,75 

First pay't exceeding int 200,00 

New principal 1422,75 
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Int. from Nov. 19, 1851, to Oct. 16, 1852, 

(10 mo. 28 d.,) $77,78 

Sep'd pa/t less than int....... 50,00 

Balance of int. due 27,78 

Int. from Oct. 16, 1852, to July 11, 1853, 

(8 mo. 25 d.,) 62,85 

90,63 
Third pa/t less than int 45,00 

Balance of int. due 45,63 

Int. from July 11, 18*3, to Oct. 20, 1853, 

(3 mo. 9 d.,) 23,47 <69,10 

Amount due Oct. 20, 1853 1491,85 

Fourth pay't exceeding int 560,00 

New principal...... 931,85 

Int. from Oct. 20, 1853, to Dec. 12, 1853, 

(1 mo. 22d.,) 8,07 

Amount due Dec. 12, 1853 $939,92 

Webtbrook, Feb. 20, 1850. 

For value received, I promise to pay Jeffery Smedley, or 
order, one thousand doUars, on demand, with interest. 

$1000. ^ Noble Heath, Jr. 

I/ndor$ement8. — Oct. 15, 1850, received $150. Nov. 8, 
1851, received $50. Aug. 26, 1852, received $40. Jan. 5, 
1853, received $45. June 9, 1853, received $300. Sept. 29, 
1853, received $400. How much was due on thi$ Note, Mar. 
11, 1854 ? Ans. $212,07. 

Discount. 

516. This is an allowance of so mu(3h p. c. for the pay- 
ment of money before it is due, or for prompt payment m 
the purchase of goods on which credit is allowed. The latter 
is sometimes called Brchate. 

As $100 at 6 p. c. amounts, in one year, to $106, it is plain- 
that $100 is the present worth of $106, payable at the end of 
that time. Hence the ratio of any sum, due at the end of 
one year at 6 p. c, to its present worth, is 4 Jj = ^j-^ ; where* 
fore (219) any sum multiplied by y A^, wnich is tne recipro- 
cal of this ratio; that is, divided by 1,06, will give its present 
worth for one year at 6 p. c. 

Ex. 1. If A has B's Note for $583, due in one year, without 

31* 
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int.; how much should A allow B for prompt payment^ dis- 
count at 6 p. c. ? 

$5^1 = $650 present worth ; then 

583 — 650 = $33 discount, which A allows B. 

Proof. 650 X ,06 = $33 int. and $560 + 33 = 683 Am't 
of Note. 

617. As I9S ^^ ^^^ ^^^^ ^^ ^^J ^^^ ^^^ ^^ ^^® ^^^ ^^ 0^® 
year to its present worth; and the rate 6 p. c, the discount 

of 106, which will give the present worth, it is plain that 

106 : 6 : : any sum : its discount at 6 p. o. 

Hence the rule : Multiply any given Hum by the rate p. c. 

and divide by 100 plus that rate. 

2. Thus for the discount of the above note, we say, 

683x6 583X3 -- ^^ ^^^ .... 

— TTT^ = — To — = 11X3= $33, required discount. 

Required the discount of each of the following sums : 

3. $840 at 6 p. c. = -S^ui == Ans. $40. 

4. $963 at 7 p.c. =9X7 = 63. 

6. $1080 at 8 p. 80. 

6. £112 at 6 p.c £5 6s. 8d. 

7. £112 at 7 p.c £7 6s.6|d.+yg^qr. 

8. £967 16 s. 11 d. at 7 p. c £63 6 s. 4y§^ d. 

9. £1066 17 s. ll|d. at 8 p.c £78 6 s. 9| d. ^j^^qr. 

Bequired the present worth of each of the following sums : 

10. $100 at 7 p.c Ans. $93,46—. 

11. $646,60 at 8 p. c. Prove as in Ex. 1 $506,01|f 

12. £967 16s. lid. at 7 p.c £904 10 s. 6^9^^ d. 

13. £1066 17s. 11} d. at 8 p.c £978 12s. 2J d. §j}qr. 

518. Though the preceding is undoubtedly the equitable or 
true rule of Discount, it is by no means that which is gene- 
rally practiced. The Bank Rule is to deduct the interest of 
the given sum for the given rate and time. 

Thus, if, where the int. is 6 p. c, we present a Note of $500 
for discount, the Bank deducts $30, which is the int. of $500 
for one year at 6 p. c. and we receive $470 for the Note. This, 
therefore, needs no further elucidation. 

By the true rule, the present worth is the sum which, at 
int. at the given rate, will reach the amount of the Note. 
But we find that the int. of $470 at 6 p. c. is only $28,20, 
and the amount $498,20, instead of $500. 

619. The amount of discount being given, to find the true 
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rate. Let q-= the rate; J), the discount; P, the present 
worth, and S, the amount of Note. Then by the true rule, (517,) 



100 + J 

100 : ^ : 

100 : P : 

P :100 



^ : : S : D dividendo, (410.) 
P : D alteraando, (408.) 
q : D invertendo, (408.) 
: D : ^ ; that is. 
The present worth is to 100, as the given discount to the rate. 
Ex. 1. Having, for a Note of $500, received $470 ; what is 
the true rate of discount ? 

470 : 100 : : 30 : 61f p. c. the required rate. 
Proof. W,70 X 6{f =,1 X 300 = $30. 

520. The Bank rate, being merely jJie int., is found thus : 

5|00 : 1|00 : : 30 : 6 p. c. 
Hence, we have the following rule : 

For the true rate, divide 100 times the discount by the pre- 
sent worth. For the Bank rate, divide 100 times the disc 
(or rather int.) by the whole sum. 

2. Having at a bank received $558 for a Note of $600; 
what is the true, as well as the Bank, rate of discount ? 

Ans. True rate 7|| p. c. ; Bank rate, 7 p. o. 
Prove thus : 5,58 X 7|§ == ,06 X 700 == 6 X 7 = 42, 
Also, 6,00 X 7 = 42. 

3. Having discounted a Note of $720, for which was re- 
ceived $662,40, what is the rate p. c. ? 

True rate, 8i f p. c. ; Bank rate, 8 p. c. 

4. Having for a Note of £575 5 s., received £546 9 s. 9 d., 
what is the rate of discount ? 

True rate, 5^^^ p. o. ; Bank rate, 5 p. c. 

Insurance, 

521. This is a bond or contract between two parties by 
which one engages, for a certain sum, to indemnify the other 
for loss sustained in his property, which is liable to damage ■ 
by fire, by the perils of the seas, or otherwise ; and is effect^ 
on bosses or otiier buildings, ships, goods, &c. 

The party who assumes the risk is called the iThsurer, agsurer, 
or underwriter^ and the owner of the property, the insured or 
cumjured. 

The sum paid for insurance, which is a percentage on the 
property insured, is called the premium, and the instrument 
containing the contract is called the policy. 

Ex. 1. At 51 cts. per $100, what is the premium on $6275? 

Ans. $32,00f 
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2. Effecied msunnee of £5000 cm tbe ship Noble Ann, of 
So. Shields, oo a Tojmge to Buenos AyreSy oat and home; 
what did the prenuom amount to at 2^ p. o. ? 

Ans. £125. 

3. A £uTDer insoieB his house for $1000, at a premium of 
1} p. c; his barn for $3200, at a premium of 1| p. c, and 
his other oat-bnildings for $500, at a preminm of | p. o. What 
does he paj on the whole f Ans. $72,25. 

DuiieM. 

522. These are imposts levied bj government^ at an esta- 
blishment oallod the Custom-Hoose, on certain kinds of goods 
imported into a coontij. On the re-exportation of some 
goods, an allowance is restored to the exporter, called the 
drawbach. 

The whole weight of goods, as imported in jctuaks, bags, 
boxes, chests, &c., is called grou we^kL 

From this weight is first deducted a small aUowance for 
waste, called Draft, which is as follows : 
On a ain^ package, weighing 1 ewt., (112 lb.) ... 1 lb. 

above 1 owt. and und^ 2 cwt. 2 

« 2 " " 3 " 3 

« S « <* 10 " 4 

II 10 tt a x8 " 7 

<< 18 and upwards 9 

Tare. 

523. This is an aUowance made, subsequently to draft, for 
the bag, box, chest, &c containing the goods; and in com- 
puting it on the remainder, less thui ^ lb. is not reckoned; 
more is called 1 lb. 

For leakage and breakage 2 p. c. is allowed on the gauge of 
all merdiandise in casks psijing duty by the gallon ; 10 p. o. 
on beer, ale, and porter, in bottles, and 5 p. c. on all other 
bottled liquors. There are othw commercial allowanoes which 
are not reoognided at the Custom-House. 

After the deduction of all allowances, the remainder, or 
real weight of the goods, on which duty is computed, is called 

I* What is the duty on 4 boxes of sugar, weighing gross, 
»i follows : 1st 6 cwt. 1 qr.; 2d. 6 cwt. 3 qrs. ; 3d. 7 cwt. 
^r. 14 Ih; 4th, 7 cwt. 2qr8. 10 lb.; draft as per table, tarn 
^ 0.; thedntf bdng 1} cts. per lb.? Ans. $46,36. 
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2. What is the duty on the above 4 boxes, allowing the 
same draft^ and tare 14 lb. per owt., at 1| d. sterling per lb. ? 

Ans. £19 17 s. 8| d. 

Tax. 

524. This is a general tribute imposed on the citizens of a 
country for the support of its government, and is of two 
kinds— ^o^ and property tax. 

Poll tax is so cdled because it is levied on the head of 
every adult male citizen, without regard to property. 

Property is taxed at a certain percentage of its amount. 

1. Eequired the tax on an estate worth $17396 at J p. o. 

Ans. $66,23^. 

2. Bequired the tax, at the same rate, on £6397 14 s. 6 d. 

Ans. £23 19 s. 10 d. — 

I 
General Average, 

625. When, in distress, the master of a ship, for the general 
safety, cuts away her masts, throws part of her cargo over- 
board, enters & port to repair damages, or is at extraordinary 
expense to get her afloat when stranded, &c.^ the loss sustained 
in consequence is, by a general average^ equitably propor- 
tioned amongst the proprietors of the various interests of said 
ship, freight, and cargo, which interest must be cleared of all 
other charges before the average is made. 

Property lost by being thrown overboard is called jettison^ 
from the French jetery to throw ; and this contributes to the 
general average, otherwise its owner would not share the gene- 
ral loss. 

When jettison consists of masts, rigging, spars, &c., a de- 
duction of one-third of the cost of replacing them is made in 
consequence of the superiority of new articles. 

Also from the freight contribution a deduction of \ is usu- 
ally made (in N. Y. one-half ) for seamen's wages. 

Ship Clio, New York to Charleston, S. C, grounds on Charles- 
ton bar, and lies over to starboard ; the master cuts larboard 
main shrouds and fastenings of deck-load, which being heavy, 
flies outboard, carrying away starboard bulwarks. The main- 
mast goes by the board, carrying away mizzen and foretopmast 
and jib-boom. After clearing wreck, though she does not look 
very pretty, she behaves well, Fights, floats, is towed in by two 
steamboats^ and makes a pretty general average, as follows : 
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W. H. HarriBon'fl goods sCaited oreiboud. $5000,00 

Expeiue of Steambosts 225,00 

Freight lost by jettiwm 75,00 

Blasts, spars and rigging, t900, less j 600,00 

Other damage, and premium 800,00 

Protest, $15. Adjnstmeot of Ayeiage, $60 75,00 

$6775,00 
Agent's commission, 5 p. c ^ 338,75 

Amoant to be made good bj average $60 $7113,75 

Com tr ibmtorf IntemU, 

Ship, Yaloed at $35000 

Less dami^ and premi um 140 $33600,00 

Freight, gross amoant $3000,le8s j 2000,00 

Cargo shipped by J. PhiUips $40000 

P. Stuyvesant 25000 

W. Van TwiUo- 16450 

L-Dow 15176 

W. H. Harrison 5000 

$101625 
Amoant of shipments 101625,00 

$137225,00 

Now the whole loss, divided by the whole amount on which 
it is levied, will give the rate per dollar. This is shown by the 
propordon $137225 : $1 : : $7113,75 : $,05184004 +. Hence 
each interest, multiplied by ,05184 -}-, will give the amoant 
with which it is charged, thus : 

The ship (33600 X ,05184 +) pays. $1741,83 

«' freight (2000 X ,05184 +) 103,68 

** cargo (101625 X ,05184 +) , 5268,24 

$7113,75 

J, Phillips (40000 X ,05184) pays. . . $2073,60 

l\ Stuyvesant, 25000 1296,00 

W. Van TwUler, 16450 852,77 

Is. IVw, 15175 786,67 

W. H, Harrison, 5000 259,20 

$5268,24 
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SECTION XXVI. 

EQUATION OF PAYMENTS — AYEBAQE OP SALES — PARTNER- 
SHIP — ^MONEYS — ^BBDUGTION OP 0UBREN0IE8. 



Equation of Payments, 

526. When several sums become due at different times, we 
find^ by this rule, an equated or mean time for the payment of 
the whole, so that there may be no loss of interest "to tibe debtor 
or creditor. 

Suppose A owes B 960, due in 4 mo. ; 9S0, due in 6 mo., 
and 920, due in 8 mo. ; what is the equated time for payment 
of the whole ? 

The int. of 9100 for 1 year is equal to that of 91 for 100 
years. Thus, at 6 p. c. the int. of 9100 for one year is 96. 
The int. of 91 is ,06, and (603) the int. of 91 for 100 yrs. is 
,06X100 = 96. 

In like manner, we might show that the int. of 9100 for 2 
yrs. is equal to that of 92 for 100 yrs., or of 91 for 200 yrs., 
&c. Hence it is plain that in multiplying the principal by the 
time of its credit, we have the int. of 91 for the time specified 
by the product. 

We therefore say the int. of 

960 for 4 m. = the int. of 91 for 240 mo. 
80 " 6 m. = ' " 1 " 480 " 

20 " 8 m. = " 1 " 160 ^< 

the int. of $1^0 for equated time = int. of 91 for 880 mo. 
That is, 160 mult, by equated time = 880. Also, as the 
whole interest is equal to that of 91 for 880 mo., it is plain 
that 9160 will, to gain the same int., require only jj^j part of 
that time; consequently |||g = y =^i mo., tne equated 
time required. 

Henoe the rule : Multiply each payment by the time of its 
credit. Divide the sum of the amounts by the sum of the 
payments ; the quotient is the equated time. 

Average of Sales. 

527. To close by one Note, the account of several bills of 
merchandise bought at various times i>f credit : 
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Place tbc payments nnder each oUier in the order in which 
they become due. Equate the whole from the time the fint 
payment is due, reckoning the equated time forward from the 
time of the first payment. This is the date when the whole 
falls due ; the Note must, therefiDre, be dated so as to bring 
the payment to this date. If drawn payable 4, 6, &c. months 
after date, the Note must be dated back 4, 6^ &c. months ac- 
cordingly. 

Mabblihiad, June 6, 1864. 

JouN Dos 

BoH of Bichard Eoe. 

Mar. 20, merchandise at 8 mos 91144,00 

April 4, " -4mos 736,00 

" .12, " 5mos 900,00 

May 10, " 6mos 650,00 

June 6, " 6mos...... 1566,00 

t^996,00 

Time in days, at which the payments become due. 

Aug. 4 $736 X 

Sept. 12 900 X 89 85100 

Nov. 10 650 X 98 63700 

Nov. 20 1144X108 123552 

Dec. 6 1566 X 124 194184 d. 

by 4996 divide ) 416536 (83 + eq. time. 

From Aug. 4, reckoning forward 83 days, we find that the 
whole amount, 84996, becomes due Oct. 26, 1854. The Note, 
to close this account, will therefore run thus : 

$4996. Mabblshkad, Juni 26, 1854 

Four months after date, I promise to pay to the order of 
Richard Roe, Four thousand, nine hundred and ninety-six 
dollars, without defalcation, value received. John Doe. 
Duo Oct. 26-29, allowing 3 days, usual grace. 

1. A owes B $80, due in 6 mos., 9120, due in 8 mos., and 
$400, due in one year. A, wishing to pay at once, would 
know the time. Ans. 10| mos., or 10 mos. 12 d. 

2. A owes B £30 2 s. 6 d., due in 4 mos. ; £15 8 s. 4 d., 
duo in 6 mos., and £60 3 s. 4 d., due in 9 mos. A, wishing 
to pay cash down, B allows him 5 p. c. per an. discount ; how 
much does A pay ? Ans. £102 13 s. 1} d. +.5V/A V- 
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8. Find the int of £102 13 s. 1| d. + -^M^y for 7^V^ 
mos., at 5 p. c. ? Ans. £8 1 s. 0^ d. + ||3|f 

4. Find the discount of £105 14 s. 2 d., for 1^^ mos., at , 
5 p. 0. ? 

5. A owes B $1000, payable in 8 mos., and pays 9250 in 
2 mos. ; at what time should he pay the remainder ? 

Ans. 8 mos. from time of furst payment. 

6. A owes B £198, due in 6 mos., of which he pay^ ^ in 2 
mos., and at the end of 1 mo. from that time he pays \ of the 
remainder ; when should he make final payment ? 

Ans. 7^ mos. from time of second payment. 

7. A buys goods to the amount of $1000, at 6 months cre- 
dit. In 8 mos. he pays $330. Wishing to give two Notes for 
the balance, one at 5 mos., and the other at 9 mos. ; required 
the amount of each Note. 

$1000 at 6 mos. = $6000 at 1 mo. 
330 at 3 mos. = 990 at 1 mo. 



670 at — mos. = 5010 at 1 mo.; that is, ^^$ 
average time in months for balance. 

required Notes, the one great- 
%V* "{ ^ }■ ®^ *°^ *'^® other less than the average 



r '\ Times of 
•< 6 > er and th' 
(^93 time. 



As the average time is fractional, we multiply all the three 
times by 670. Taking the results, which are proportionate, 
and averaging these, we have 

f;mn i ^^^^ "1 1^20 number corresponding to 5 mos. 
^"^" I 6030 J 1660 « " 9 mos. 

2680 

2680 : 1020 : : 670 : 255 amount at 5 mos. 

hence 415 '< 9 mos. 

Proof. 330 @ 3 mos. = 990 ") 

255 "5 " = 1275 [ @ 1 mo. 
415 " 9 '' = 3735 j 

Total 1000 @ 6 mos. == 6000 

8. A buys goods to the amount of $1200 @ 6 mos., and 
would give notes for the amount at 3, 5, and 9 mos. 

As 6 is an ar. mean between 3 and 9, one part at 3 and one at 
9 will equal 2 parts at 6. But as the diff. between 5 and 6 
is 1, wbUe that between 6 and 9 is 3, the amounts being in- 

32 
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Tersely as the timeS; we must bave 8 at 5 for 1 at 9, so that 
the excess in one may equal the deficit or lack io the other. 
We have then 1 part at 8 mos., 2 at 9 mos., and 8 at 6 mos., 
making 6 parts of our principal 91200. Hence each part is 
f200. Then 



200^ 


1 8 mos. = 60C 


400^ 


1 9 mos. = 860C 


600^ 


§ 5 mos. = 300.0 



Or thus 



6 




1200 @ 6 mos. = 7200 

i 8 Here, as we have 10 parts, 

i 8 1200 -5- 10 = 120, value 

3 -}- 1 =:= 4 of each part, 

hen 120 X 8 = 860 Note @ 3 mos. 

120 X 8 == 360 " @ 6 mos. 

120 X 4 == 480 " @ 9 mos. 



Proof. 860 
860 

480 



8 mos. 
5 mos. 

9 mos. 



1080 
1800 
4320 




Thomas Coffin 
1864. 

Jan. 

Feb. 
u 

May 



1200 @ 6 mos. = 7200 @ 1 mo. 

Nantuokxt, July 10, 1854. 



Bo't of Preserved Fish. 
4, Mdse. at 9 mos. $1270,25 



12, 
14, 

22, 

4, 



July 10, 



it 
u 
u 
u 
il 



4 mos. 
6 mos. 
8 mos. 

5 mos. 
8 mos. 



560,60 

2000,00 

823,00 

979,75 

1782,50 



»7416,00 

What is the date of a Note at 6 months, to close the above 
account ? Ans. April 2, 1864. 

Partnership, 

628. When several individuals advance a certain sum each, 
with which they form a capital for trading purposes, agreeing 
to share equitably the gain or loss resulting therefrom, they 
take the name of a company or firm. 

The sum advanced by each is called his stock in trade, and 
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ibe gain or loss is shared by each in proportion to his stock, 
when the stock has all been employed the same length of time. 
Knle : Bivide the whole gain or loss by the whole capital, which 
will give the gain or loss of one unit of capital. Kednoe this 
to its lowest terms, and multiply each man's stock by the re- 
sult for his share of the gain or loss. Gl^s role is obtained 
from the proportion — the whole stock : to each man's : : whole 
gain or loss : each man's share. 

1. A, B, C, and D enter into partnership. A advances 
$600 ; B, $700 ; C, $800, and D, $1000. In one year they 
gain $3500 ; what is each man's share ? 

•Batio of gain per unit, J. Hence we add J to each man's 
stock, and apportion to A, $683,334; B, $816,66|; C, 
$933,33^, and D, $H66,66f . 

2. A, B, and C buy a ship. A pays $5000 ; B, $6000, 
and C, the remainder, which is the cost of ^ of the ship. The 
ship is chartered for $2000 ; what is the snare of each ? 

Ans. A has $727,27^ ; B, $872, 72 « and C, 400. 

3. A, B, and C buy a ship. A pays $4600 ; B pays for ^, 
and C pays the remainder, which is \i of the share of B, to- 
gether with -X of that of A. The ship gains $5000 ; what is 
each man's snare ? 

Ans. A, $1277,77 J; B, $1666,66|, and C, $2066,66f 

4. A bankrupt owes £16000 ; his effects amount to £9866 
13 s. 4 d. ; what does he pay on the pound, and on each of the 
claims, A, £3086 13 s. 6 d. ; B, £6216 11 s. 8 d., and C. 
£7697 14 s. 10 d. ? 

Ans. I J, or 12 s. 4 d. on the pound. On the claims : A, 
£1902 16 s. 7| d. | qr. ; B, £3216 17 s. lOJ d. ^ qr.; and 
C, £4746 18 s. 9| d. j\ qr. ^ 

529. When the stocks are employed for different periods of 
time : Multiply each man's stock by the time it has been em- 
ployed, and proceed with the results as in the preceding article. 

6. A begins business with $1000 ; after 6 months B joins 
him with $1500, and in 3 mos. more, C joins with $1200 
They trade for 3 yrs. 6 mos. from the time A begins, and 
gain $5000 ; what is each man's share ? 

A $1000 X 3 yrs. 6 mos, or 3^ yrs. 3500 Ans. A, $1648,67t2JL 

B 1500x3yrs 4500 B, 1991,15^13 

C 1200 X 2 yrs. 9 mos., or 2 j yr s. 3300 C, 1460,17//^ 

11300 Proof, 5000,00 
^jy^ =: ^^y ratio of gain per unit of increased capital ; 
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wherefore each maD's increased capital, multiplied by j'^| 
gives his share of gain. 

6. Bragg, Oliver, and Bichardson commence business with 
£50000. Bragg advances £25000 ; Oliver, £16000, and Rich- 
ardson, £9000. At the end of 6 mos. Bragg withdraws £8000 ; 
four mos. after Richardson adds £4000, and 1 jr. 8 mos. 
from commencement Oliver withdraws £5000. They trade 3 
years and gain £25000 ; what is each man's share t 

Bragg, 25000 X iyr.... 12500 } .^.^^^ ^^^ 

« 17000X21^'.... 42500 } ^^^^^ ^^^ 

Rich'n., 9000 X §".... 7500 1 q^qqq, a^^ 

" 13000 X 2J " .... 303334 f ^'»^^u ^^ 



Oliver, 16000 XM".... 20000 T ^^.^ ^07 

" llOOOXll".... 24750 1-^'^" ^7 



000 
000 
000 



1651 

We here multiply each increased capital by yi§|y. Then 
as the results (413) are in the same ratio, we operate with these 
as we should have done with the capitals, and find 

Bragg's share, £9993 18 s. 104 d. A^\ qr. 
Richardson's " 6874 12 5 yW-,- 
OHver's « 8131 8 8j yV/1 



£25000 

7. Reynolds and Elliot begin business with $16000, of 
which Reynolds advances |, and Elliot the remainder. After 
5 mos. they are joined by Howard, with $12000. They trade 
during 3 yrs. 1 mo., and gain $13500 ; what is each man's share? 

Ans. Reynolds, $4549,18 g\; Elliot, $3639,34 gf: and 
Howard, $5311,47|f 

8. Pitt and Fox commence business with £5000 each. Af- 
ter 8 mos., Pitt advances £5000 more. In one year they are 
joined by Melbourne, with a capital of £7000. Six months 
after this they are joined by Grey, with a capital of £6000. 
At this time Pitt withdraws £2500, and Melbourne puts in 
£§000 more. They close at the end of 4 years, and find a gain 
of £15680 16 s. What is the share of each ? 

Pitt's share £ 5078 10«. 4Ld, -33^^ 

Fox's do 3339 6 yW^y 

Melbourne'^ do 4758 10 -^f-^^ 
Grey's do 2504 9 6 j\^^ 
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530. Money is a general term for coin; paper, &o. used ad a 
circulating medium to represent property, and transfer tbe 
same from one person or party to another. It is distinguished 
into real and imaginary. 

Eeal Money consists of coin, bank notes, or any other to- 
kens which pass current in exchange for property. 

Imaginary, or Ideal Moneys, are moneys of account, origin- 
ally based on coins or weights, and though no longer repre- 
sented by coins, their value is determined by a known relation 
to them,. 

Money is in different countries called by a great variety of 
najnes, as casb, specie, currency, effective, &o. That which 
does not circulate but remains in Banks of Deposit, is called 
Banco ; this, compared with other currency, generally bears a 
premium called the agio. That which circulates by way of 
Exchange, is called Money of Exchange, [Moneta di Garnhioj 
It. or Giro.) 

Yalui^ or Yaleur is the value or rate at which moneys are 
reckoned in commercial transactions. 

Reduction of Currencies. 

581. Currency is a term often used to denote the money of 
a country which is in circulation, whether coin or paper. 

In tbe United States the term is sometimes applied to a pa- 
per money long discontinued, which on account of too great 
issue was subject to various rates of depreciation. Hence arose 
different currencies based upon the proportionate rise in the 
nominal value of the Pound Sterling and Spanish Dollar. 
These currencies have still a nominal existence in local domes- 
tic traf&c, and are as follows : 

I. In Maine, New Hampshire, Yermont, Massachusetts, 
Rhpde Island, Connecticut, Yirginia, Ohio, Indiana, Ken- 
tucky, Tennessee, and Mississippi, the value of the pound cur- 
rency to that of the pound sterling is as 3 to 4. Hence, as 
the numbers are in inverse ratio to the values of their principal 
units, tbe dollar, being originally valued at 4 s. 6 d. Sterling, 
is 6 s. of this currency. 

Hence also, to reduce this Currency to Sterling, subtract \ . 

To'^reduce Sterling to this Currency add ^. 

The real of Spain, or 124 ct. piece, being 91 or | of 72 d. 

82* 
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Currency, is here oalled mnepefice, and its hnlf /ourpence half- 
penny, 

2. In New York and North Oarolina, the ratio is 9 to 16 ; 
that is, 9 s. Ster. = 16 s. Cur. ; consequently, 9 : 4^ : : 16, 
or2: 1 : : 16 : 8 8., value of the dollar, in currency. 

The ratio of this currency to the preceding being as 6 to 8, 
or 3 to 4, IS the same as that of the preceding to Sterling, and 
is, therefore, reduced to that Currency by subtracting |. Also, 
as its ratio to Sterling is duplicate, that is, the square of its 
ratio to the preceding, thus : | X | = i^^i it is reduced to 
Sterling by twice subtracting ^ or by multiplying by ^^. 

The 12^ ct. piece is here called a shilling, because it cor- 
responds with 1 s. Currency, each being $|, and its half is 
called sixpence, 

3. In New Jersey, Pennsylvania, Delaware, and Maryland, 
the ratio of Currency to Sterling is as 3 to 5. Hence we have 
8 : 4^ : : 5, or 2 : 3 : : 6 : 7i, or 7 s. 6 d., value of the dollar 
in Currency. To reduce to Sterling, multiply by |. To reduce 
Sterling to Currency, multiply by |. 

The ratio of 7 s. 6 d. to 8 s. is as 15 to 16 ; therefore, to 
reduce this to N. Y. currency, add j\. To reduce N. Y. to 
this, subtract A. 

Again, 7 s. o d. is to 6 s. as 15 to 12, or as 5 to 4 ; where- 
fore, to reduce this to Virginia currency, subtract J. To re- 
duce Virginia currency to this, add |. 

As i of 7 s. 6d., or 90 d., is 11^ d., the 12^ ct. piece is 
here cjQled elevenpence^ which is contracted to l^^ ; and its 
half is cslled Jlvepence, which is contracted to fip. 

4. In South Carolina and Georgia, the ratio is as 27 to 28 : 
therefore, to reduce Sterling to this add ^tj. Hence we have 
4s. 6d. = 54d. and 54 + 1^:3=54 + 2 = 56d. = 4s. 8d., 
the value of the dollar in this Currency. Here 12^ cts. is 7 d. 

532. Accounts are kept in Canada, Halifax, and other pro- 
vinces of North America, belonging to England, in Pounds, 
Shillings, and Pence currency. The ratio is as 9 to 10 ; that 
is, £9 Sterling is equal to £10 Currency : therefore, to reduce 
Sterling to Currency, add ^. To reduce Currency to Sterling, 
subtract J^. 

The dollar, 4 s. 6 d. Sterling, is, therefore, in this Currency 
5 s. ; but, in army payments, it is reckoned at 4 s. 8 d. To 
reduce Canada currency to Federal money, considering the 
dollar to be worth 5 s. or £|, multiply the pounds by 4. 



oner-Bn^ 
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Thus, to reduce £100 16 s. cnrrency to Federal money, we 
say £100| X 4 = 8403^, or $403,20. To reduce this again to 
currency, divide by 4. Thus : 

403,2 ^ 4 = £100,8 ; or £100 16 s. Note, Double the tenths 

for shillings. 

Reckoning the dollar at 4 s. 8 d. = £^'^, multiply by -^. 
Thus the above sum in Federal money becomes 

£100,8 X -V- = 14,4 X 30 = 144 X 3 = »432. 

General Eule for Reduction of Currencies : 

533. To reduce one currency to another, — that is, to express 
the same value by two different numbers, — ^implies a difference 
in the magnitude or value of their principal units ; and (288) 
the numbers are to each other in inverse ratio to these vauues : 
hence we refer tJie principal unit of each cfu/rrency to the same 
known standard, and &us establish their ratio. We then 
fnultiply the given number by the reciprocal of its ratio to the 
required number; that is, by the ratio of the value of ike 
principal unit of the given to that of the required nuwher^ 
(219.) 

Examples, 

1. Reduce 50000 soldi piccoli of Venice to grani of Pa- 
lermo : 36^ grani or 844 soldi piccoli being equal to 1 lira, 
fuori banco, (out of ba/ak.) 

36^ = -y. = l|A and 34^ == ^}. Hence (189 and 288) 

the ratio of the value of the soldo piccolo to that of the grano 

. i^« ,, - ,^,^.50000X146^ 8300000 
18 II f, we therefore say (219) ^ = — jgy— - = 

60583i|», or 60584 grani, nearly. 

2. Reduce £8415 Pennsylvania to New York currency. 

Answer, £8976. 

3. Reduce £2618<15s. Canada currency to Federal money, 
the dollar being 4 s. 8 d. Answer, $11223,21f 

4. What is the worth of £2618 15 s. Canada currency, the 
pound sterling being $ 4,87 ? Answer, 9 11477,98 J. 
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or FOFCIAXIOS. 



5S4. This if tlie metibod of fetliargiB g debtay psjii^ tod 
lemring monej, Ae., Iij readtting ImIIb instesd of aish, eoio, 
«r balfiaB : (bafficHi is gold or mtwer vDeoined.) 

If the l e iiiUn ee is ande to m pboe ia y^e naae ooutij, 
ike tnnsficr of ^^^"'■« is ^|W * H /rt/frtf? fuEGftojMie. 

535. When s sam of mooey of one kind or ooontij is im- 
Biedistelj bsrtered far its equirmleni in that of another, the 
operation is called a Common or D17 Exchange, (Oambio 
Conmne, It. ;) hot when paid in one place fi>r a bOl or order 
fo its eqairalent in the money of another, the transaction 

called a Real Exchange, ((^mhiD Beale:) also Efwdgn 



536. A Kn of Exdiange is m written order, addressed to 
an individnal, finn, or company, at a distance, for the payment, 
at an appointed time, of the sum specified in the hill, to the 
person or party in whose &Toar the hill is drawn, or to the 
Cfrdear of soch person or party. As a precaution against acci- 
dent, it is nsoal to draw three copies of a foreign hill, and send 
them by different poets. They are called 'Fhety Second, and 
Third of Exchange ; and when any one of them is paid, the 
rest become ymd. 

Form of a BiU of Exchange, 
Jtcst, Phtlap^lphia, Mar. 2, 1854. 

Exchange £6000 steriing. 

At sixty days' sight of this, my first of Exchange, (second 
and third of the same tenor and date unpaid,) pay to Creorge 
Heath or order. Six ThousaDd Pounds Sterling, with or witi^- 
out further advice from me. Lyon J. Ijsyy. 

Charles Cheebyble, merchant, London. 

Suppose that Lyon J. Levy sells this bill to Thomas P 
Cope, then. 
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1. Lyon J. Levy is called the drawer y or maker , and setter 
of -the bill. 

2. Charles Cheeryble is the dra/ioee, and when he accepts 
the bill, by writing his name across it with the word accepted, 
and thns engages to pay it when due, he is called the acceptor, 

3. Thomas P. Cope, who gives value for the bill; is called 
the buyer, taker, and remitter. 

4. George Heath is the payee, who may, by endorsement, 
pass it to another. 

Mercantile payments are mostly made in Bills of Exchange, 
which pass, till due, from hand to hand, like any other circu- 
lating medium : and he who, at any time, has a bill in his 
possession, is called the holder. 

When the holder disposes of the bill, he writes his name 
on the back of it, which is called endorsing ; and the payee 
should be the first endorser. 

If the bill be endorsed in favour of any particular person, 
it is called a special endorsement, and the person to whom it 
is thus made payable is called the endorsee, who must also 
endorse the bill if he negotiates it. 

Any person may endorse a bill, and every endorser (as well 
as the acceptor or payee) b a security for the bill, and may be 
sued for payment. 

The term or time of a bill is conventional or regulated by 
custom. Some bills are drawn at sight; some at so many 
days' or months after sight or after date; and some at usance; 
that is, at or for the usual term, 

A certain number of days (in the United States and British 
dominions, three) are allowed the acceptor, for payment 
of the bill after its term has expired : these are called days 
of grace. 

In reckoning when a bill, payable after date, becomes due, 
the day on which it is dated is not included ; and, if payable 
after sight, the day of presentment is not included. When 
the term is expressed in months, calendar months are under- 
stood; and when a month is longer than the succeeding, it is 
a rule not to go, in the computation, into a third month. 
Thus, if a bill be dated the 28th, 29th, 30th, or 31st of 
January, and payable one month after date, the term equally 
expires on the last day of February, to which the days of 
grace must, of course, be added; and therefore the bill 
becomes due on the third of March. 
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Inland BtU or Draft, 



$690. PosTLAND, March 29, 1854. 

Sixty days after date, pay to the order of Oharlei 
Horton, Six Hundred and Ninety Dollars, yalne received, and 
charge the same to the account of Eufus D. 'Bean. 

To IsAAO WiNSLOW, merchant, Philadelphia. 

For payment or acceptance, a bill should be presented 
daring the usual hours of business ; that is, from 9 a.h. till 
6 p.m. When either has been re^ed, the holder should 
^ye immediate notice to tihe parties he intends to hold respon- 
sible for its payment. This, in foreign exchange, must be 
accompanied by a protest, which is an instrument drawn by a 
notary, showing that acceptance or payment has been de- 
manded and refused, and that the holder intends to recover 
any damages which he may sustain in consequence. 

Cfhadn Rule, 

537. This rule is considered indispensable in the higher 
operations of exchange, and is, therefore, called the Rule of 
Exchange, It is, from its nature, also called Conjoint Pro- 
portion and Rule of Reduction : because it is applied to solve 
a complicated reduction of currencies, and efifects, by one ope- 
ration, similar to a Compound Proportion, what would other- 
wise require several statements in the Kule of Three. 

Learners, not being generally acquainted with foreign mo- 
neys, to the reduction of which this rule is generally applied, 
may more readily understand it as illustrated by the following 
more familiar objects : 

1. If 5 lb. of tea be worth 25 lb. of coffee, 7 lb. of coffee 
worth 16 lb. of sugar, and 20 lb. of sugar worth 8 lb. of cocoa, 
what quantity of cocoa should we have for 27 lb. of tea ? 

Put A = 1 lb. of tea, B = 1 lb. of coffee, C = 1 lb. of 

sugar, and D = 1 lb. of cocoa. Then (i288) the ratio ^ 
_24 B_16 C___£_2 ^ 

■"5'C~"7'D"~20'~5' 

Hence, the ratio of A to D — ^that is, of 1 lb. of tea to 1 lb. 
of cocoa, which (214) is compounded of the ratios A to B, B 
to C, and C to D— is i»/ X V^ X § = Mf 5 eonsequently, 
(219) .\T X ^^ = 118t% Ih., the required quantity of cocoa 

From this example, we easily deduoe the following 
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Oeneral Rule. 

Draw a horizontal line, and place the Term of Demand; 
which is here 27; on the left; above the line as a nnmerator, 
and its homogeneous term under the line, one place towards 
the right; as a denominator; then the equivalent of this, as 
shown by the sign // one place farther to the right; as a nume- 
rator ; then the term of die same kind one place to the right, 
as a denominator; and so on through all the terms ; the last 
of which; ha^ng no homogeneous term, is called The Odd 
Term; and iS; as well as the term of demand; a numerator. The 
result; after cancelling, is found as in multiplication of frac- 
tions. ThuS; for the above example/ we have 
27 X 24 X 16 X 8 ,,g g. „ . 

Or the numbers may be arranged in two columns. 

First; place the Term of Demand on the right; then that 
which is of the same kind first on the left, one line lower, 
and opposite to this its equivalent; with the sign = between 
them ; continue thus to alternate the terms, as has been shown 
abovC; the last of which, or Odd Term; will be the last of the 
right-hand column. Then, as the numbers on the right are 
the numerators, and those on the left the denominators, afl«r 
cancelling as much as practicable; the result is found by 
dividing the product of the numerators by that of the denomi- 
nators; as in multiplication of fractions. 

The above example will stand thus : 

27 lb. tea, 

6 lb. tea = 24 lb. coffeC; 

7 lb. coffee = 16 lb. sugar; 
5 lb. sugar = 2 lb. cocoa. 

Reduced; gives llSy®^^; as above. 

2. Suppose N; of the United StateS; would remit {5000 to 
Paris, and that the direct Exchange is 5 Francs 40 centimes 
per dollar; but he wishes to send it through London and 
Amsterdam; which is most advantageous, the direct or indirect 
BemittancC; the quotation of the Course of Exchange being 
as follows? — 

United States on London; 52 d. Sterling per Dollar. 

London on Amsterdam; 10 Florins 10 Stivers per Pound 
Sterling. 

Amsterdam on Paris^ QO d. Flemish per Ecu of 3 Francs. 
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5000 Dollars. 
1 Dollar = 52 Penoe SterliDg. 
240 Pence = 1 Poand Sterling. 
1 Pound St. = 10 J Florins. 
1 Florin = 40 Penoe Flemish. 
60 d. Flem. = 3 Francs. 
^ X ^1 X 1^0,6^X 40 X 3 _ 22750 Fnmc 

Proof. 22750 Francs. 

8 Francs = 60 Penoe Flemish. 
40 Pence Fl. = 1 Florin. 
lOi Florins = 1 Pound Sterling. 

1 Pound St = 240 Penoe Steriing. 

52 Pence St. = 1 Dollar. 

22750 X 60 X 240 ^^^ ^„ ^ 

o TK — . i/v g — r77 = 5000 Dollars. 

8 X 40 X 10,5 X 52 

Thus we see that by the indirect Exchange, the Remitter 
will, for 85000, receive only 22750 Francs, which sum ^ves 
the rate of the dollar 4 J^ncs, 55 Centimes; whereas, by 
the direct Exchange, he will, at 5 Francs 40 Centimes per 
dollari receive 27000 Francs: the latter is, therefore, the most 
advantageous. 

On the contrary, to the Drawer, the indirect Exchange 
would, in the same proportion, be most advantageous, as will 
be fully exj^ained hereafter. 

538. The Par of Exchange is Inirirmc or Gommercial, 
Intrinsic Par is the comparative value of the Moneys of two 
countries with respect to weight and fineness. Commercia) 
I^ir is their comparative value according to weight, fineness, 
and the market prices of the metals. Thus two sums of 
different countries are intrtnsicalljf at par when ectch contains^ 
and a>mmrmVi//y at par vhen each can purchase^ the same 
quantity of pure metal of the same kind. 

The intrinsic Par between London and the principal trading 
placoa of Europe is found by comparing gold with gold, and 
silver with silver, cither £rom the Mint Eegulations of each 
place or from Assays. 

53t>. In computing the Par of Exchange by the Chain Rule, 
ttli« <«rAfui MOiMy should be the leading term, or first conse- 
^Ift and the uncertain money the term of demand, or last 
iaL aa in the followiiur examnles : 



IV M tt the foUowing ezamplee 
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London and Amsterdam. — Gold. 

1. Reqaired the Far of Exchange betwepn London and 
Amsterdam resulting from the 10 Florin Fiece, weighing 
6,729 Grammes j^^ fine, and the British Sovereign, or 20 
Shilling Fiece ? Here the latter is the certain^ and the former 
the uncertain money. 

1 Found Sterling, 
1 Found Sterling = 240 Fence, 
934^ Fence = 1 Ounce Standard, 

12 Ounces Standard = 11 Ounces fine Gold. 
1 Ounce == 480 Grains, 

15434 Grains = 1000 Grammes, 

6,729 Gfammes X A = 10 Florins. 
Kesult, 12 Florins 9 cents for £1 Sterling, or 40 Shillings 
3 Fence Flemish. 

But from Tables in which the quantity of pure metal in 
each coin is given, the work is performed more readily ; thus, 
if we find that the 10 Florin Fiece contains 93,46 Grains^ 
and the Sovereign 113 Grains of fine Gold, say 

9,346 : 113 : : 1 Florin : 12,09, as above. 

London and Amsterdam. — Silver. 

2. Required the Far of Exchange between London and 
Amsterdam, resulting from a comparison of the new Silver 
Florin, which contains 148,38 grains of fine silver, and the 
Pound Sterling, which, in silver, contains 1718,7 grains; hence, 

Gv Gv V\ V\ 

148,38 : 1718,7 : : 1 : 11,68. 
Thus the Far in silver is 11 Florins 58 cents for the Found 
Sterling, which diflfers about 4| per cent, from the gold Far. 

London and Hamburgh. — Oold. 

3. R.equired the Far of Exchange from the Hamburg 
Ducat containing 53 grains of pure Gold, and the Sovereign 
containing 113 grains, supposing that the Ducat equals 16 
Shillings Flemish. 

Gr. Gr. Sh. Sh. d. 

53 : 113 : : 16 : 34 1,35. 

Thus the gold Far is 34 Shillings 1,35 Fence Flemish per 

£\ Sterling ; but from the fluctuating value of the Ducat, the 

Par cannot be considered permanent ; by taking the average 

price, for 4 years, of the Ducat, which is 6^ Marks, the Faf 

would be 35 Shillings 6 Fence per Found Sterling. 

83 
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London and Hamburgh. — Silver. 

4. The Cologne Mark of fine Silver is generally worih 271 
Marks Banco^ and 60 Marks Cologne weight are equal to 451 
(mnces Troy; what is the Par between London and Ham 
burgh Banco^ in Silver ? 

1 Pound Sterling, 
1 Pound Sterling = 240 Pence, • 

62 Pence = 1 Ounce Standard, 

40 Ounces Standard = 37 Ounces fine Silver, 
451 Ounces = 60 Cologne Marks, 

1 Cologne Mark fine = 27f Marks Banco, 
3 Marks Banco = 8 Shillings Flemish Banco. 

B«duced, gives 35 s. Id. Flemish Banco, per £ Sterling. 
But on account of the fluctuations in the price of the Bucat 
and of the Mark of fine Silver, no permanent Par can be de- 
termined between London and Hamburgh. 

London and Porta. — Gold, 

5. B^quired the Par of Exchange between London and 
Paris, the Kilogramme of gold weighing 15434 Eng. grains, 
being valued at 3444 Francs, 44 Cen. 444. 

1 Pound Sterling, 
1 Pound Sterling = 240 Pence, 
934^ Pence = 1 Ounce Standard Gold, 

12 Oz. Standard = 11 Ounces fine Gk)ld, 
1 Ounce x= 480 Grains, 

15434 Grains = 1 Kilogramme, 

1 Kilogramme = 3444 Francs 44 Cen. 444. 
Reduced, gives the Pound Sterling equal to 25 Francs, 22 
Centimes. 

Suppose that by Assay, the Napoleon or 20 Franc Piece is 
found to contain 89^ grains of pure gold, then 

Gr. Gr. Fr. Pr. Cen. 

89,5 : 113 : : 20 : 25 25. 

London and Paris. — Silver, 

6. Required the Par of Exchange between England and 
France, at 62 d. Sterling per ounce of Standard Silver j J fine; 
the Kilogramme of silver being valued at 222 Francs, 2i 
Gen. 222. 

1 Pound Sterling, 
1 Pound Sterliog = 240 Pence, 
62 Pence = 1 Ounce Standard, 

40 Os. Standard = 37 Ounces fine, 
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1 Ounce fine = 480 Grains, 

15434 Grains = 1 Kilogramme, 

1 Kilogramme = 222 Francs 22 Cen. 222. 
Eeduced, gives the Pound Sterling equal to 24 Franos^ 7S 
Gen. 

London and Genoa. — Gold, 

7. The gold Genovina contains 357,7 English grains of fine 
eold, and it passes for 96 Lire fuori Banco ; what is the Par 
between London and Genoa in gold ? 

1 Pezza, 
1 Pezza == 5| Lire, 

96 lire == 1 Genovina, 

1 Genovina = 357,7 Grains of fine Gold, 
480 Grains = 1 Ounce, 

11 Oz. fine Gold = 12 Ounces Standard, 
1 Oz. Standard == 934^ Pence Sterling. 
Beduced, gives 45^ d. Sterling per Pezza. 

London and Genoa. — Silver. 

8. The silver Scudo contains 457 jr English grains of fine 
silver, and it passes for 8 Lire fuori d&uqo', what is the Par 
between London and Genoa in silver ? 

1 Pezza, 
1 Pezza = 5| Lire, 

8 Lire = 457^ Grains of fine Silver, 

480 Grains = 1 Ounce 

37 Oz. fine Silver = 40 Ounces Standard. 
1 Ounce = 62 Pence Sterling. 

Reduced, gives 45,92 d. Sterling per Pezza. 

London and Leghorn, — Gold. 

9. The Sequin contains 53,6 Eng. grains of fine gold, and 
it passes for 13 J Lire Moneta Buona; what is the Par between 
London and Leghorn in gold ? 

1 Pezza, 
1 Pezza = 5| Lire Moneta Buona, 

13 J Lire Mon. Buona = 1 Sequin, 
1 Sequin = 53,6 Grains of fine Gold, 

480 Grains = 1 Ounce, 

11 Oz. fine Gold = 12 Ounces Standard, 
1 Oz. Standard = 934^ Pence Sterling. 
Reduced, gives 49,09 d. Sterling per Pezza. 
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London and Leghorn, — Silver, 

10. The Silver Soudo or Leopoldone contains 384 Eng. 
grains c^ fine Silver, and it passes for 6| Lire Moneta Buona; 
idiat is the Par between London and Leghorn^ in silver ? 

1 Pezza, 
1 Pezza = 5| Lire Mon. Buona^ 

6| Lire Mon. Buona = 1 Scudo, 
1 Scudo == 384 Grains of fine Silver, 

480 Grains = 1 Ounce, 

37 Oz. fine Silver = 40 Ounces Standard, 
1 Oz. Standard == 62 Pence Sterling. 
Beduced, gives 48,68 d. per Pezza. 

London and Spain. — Gold, 

11. The Quadruple of 1772 contains 372 Eng. grains of 
fine Gold, and it passes for 320 Eeals Yellon ; what is the Par 
between liondon and Spain, in gold ? 

1 Dollar of Plate, 
1 Dollar of Plate = 8 Beals of Plate, 
17 Eeals of Plate = 32 Beals Vellon, 
320 Beals VeUon = 1 Quadruple, 

1 Quadruple == 372 Grains of fine Gold, 

480 Grains = 1 Ounce, 

11 Oz. fine Gold = 12 Ounces Standard, 
1 Oz. Standard = 934^ Pence Sterling. 
Beduced, gives 37,18 d. Sterling per Dollar of Plate. 

s London and Spam. — Silver. 

12. The Dollar contains 371 Eng. grains of fine Silver, and 
it passes for 20 Beals Yellon ; what is the Par between Lon- 
don and Spain, in silver ? 

1 Dollar of Plate, 
1 Dollar of Plate = 8 Beals of Plate, 
17 Beals of Plate = 32 Beals Vellon, 
20 Beals Vellon == 1 Hard Dollar. 
1 Hard Dollar = 371 Grains of fine Silver. 
480 Grains = 1 Ounce, 

37 Oz. fine Silver = 40 Ounces Standard, 
1 Oz. Standard = 62 Pence Sterling. 
Beduced, gives 39 d. Sterling per Dollar of Plate. 

London and Lisbon. — Gold. 

13. The piece of 6400 Bees contains 203 Eng. grains of 
fine Gold; what is the Par between London and Lisbon, in gold? 
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1000 Rees, 
. 6400 Rees = 203 Grains of fine Gk)ld, 

480 Grains = 1 Ounce, 

11 Oz. fine Gold = 12 Oz. Standard, 
1 Oz. Standard = 934^ Pence Sterling. 
Keduced, gives 67,36 d. Sterling per Milree. 
According to the above methods, the other Pars, contained 
in the following Table, have been computed. 

Table 1. 

A Table of the Par of Exchange between England and the 
^ncipal places in Lloyd's List, computed from the intrinsic 
yalue of their coins, by comparing gold with gold, and silver 
with silver, according to their Mint Regulations, and to Assays 
made at the London and Paris Mints, valuing English gold 
at £3 17 s. 10^ d. per Oz. Standard, and English silver at 
5s. 2d. per Oz. Standard. 



Amsterdam, in 

Flemish 

IMtto, in florins 

Hamburgh 

Paris 


GOLD. 


8ILV2R. 


XXPLANAnORS. 

Shi1f?s.and pence Flem.per £Utg. 
Florins and cents per £1 stg. 
Shilg8.and pence Flem.per £lstg. 
Francs and centimes per £1 stg. 
Pence sterling per piastre. 
Pence sterling per milree. 
Pence sterling per pessa. 
Pence stg. per pezza fuorl banco. 
Pence sterling per ducat, 
(drains per £1 stg. 
Lire piccole per £1 stg. 
Italian livrea per £1 stg. 


1 


Begolatioiu. 


AUATi. 


40 3 

12 09 
34 3,5 

26 22 

37,3 

67,4 

49,1 

45,5 

41,2 
582 

46,3 

23,44 


34 1,5 
25 26 
37,2 
67,5 
49,0 
45,5 

46,0 
23 


38,6 
11,58 
35 1 
24 76 
39,2 


S5'*i',3 
^91 
39 

'46**5 
45,92 

'49,*n 

25,07 


Madrid 

Lisbon. 


Leirhom 


46,46 
45,92 
41,2 
582 
47,5 
24,30 


Genoa 


Naples 


— otherwise. 
Venice. 


— otherwise. 



It has already been shown that when the quantity of pure 
metal in the moneys of Exchange is known, the Par is found 
by division ; and it may, in the same manner also, be found 
from the Table of Moneys of Account, when the moneys of 
exchange are of the same denomination. Thus, to find the 
Par between France and England, the Franc is worth 9,7 
Pence in Silver, and 9,52 Pence in Gold; and therefore 240, 
divided by these sums respectively, will give the Par in Gold 
and Silver, as before. 

540. Gold and silver in their pure state are considered too 
flexible for coin ; hence they are mixed with a certain propor- 
tion of harder metal, called alloff. The alloy of silver is mostly 
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copper, and that of gold both silyer and copper; but in the 
computations of coins, the alloy is never reckoned of any value. 

541. In regular governments a standard for the quantity 
of pure metal in coins is fixed by law. In the United States 
and in England the legal standard for gold is || or |4 ; that 
is, eleven parts of pure metal and one of alloy. The fineness 
of gold is generally estimated in carats; the whole weight 
being divided into 24 equal parts, or carats. Hence the 
United States and English standard gold is said to be 22 
carats fine ; that is, 22 parts of pure gold and 2 of alloy. 
The carat is divided into 4 equal parts, called grains, 

642. The English standard for silver is ||§ or |J ; that is, 
11 oz. 2 dwt. of pure silver and 18 dwt. of alloy make 1 lb. Troy. 

In England 1 lb. Troy of standard gold is coined into 44^ 
guineas, and 1 lb. of standard silver into 66 shillings ; hence 
the Mint price of standard gold is £3 17 b. 10^ d. per dSs., and 
that of standard silver, 66 d. per oz. Before the year 1816, 
silver was coined at the rate of 62 d. per oz., and this is still 
reckoned the standard price in the valuation of foreign silver 
coins. 

543. In 1790 the United States Grovemment estabb'shed a 
Mint, and ordered money to be coined in gold, silver, and cop- 
per, according to the following denominations and values, viz. : 

iSagles. — Bach to be of the value of 10 dollars or unite, and 
to contain 247^1 grains of pure, or 270 grains of standard, gold, 
the standard being 22 carats fine, or |^. Its intrinsic value 
in English gold is, therefore, £2 3 s. 8 d., nearly : half- 
eagles and quarter-eagles to be in the same proportion. 

Dollars, or Units. — Each to be of the value of a Spanbh 
milled dollar, and to contain 37 1| grains of pure, or 416 
grains of standard, silver, the standard being y||| fine, or 10 
oz. 14 dwt. nearly. Its intrinsic value in English silver is, 
therefore, 4 s. 3| d., nearly : half-dollars, quarter-dollars, dimes, 
or tenths of dollars, and half-dimes in the same proportion. 

Cents. — Each to be of the value of the one-hundredth part 
of a dollar, and to contain 208 grains of copper: half-cents 
in the same proportion. 

544. The following coins are by Act of Congress rendered 
current in the United States : 

The gold coins of Great Britain, Portugal, and Brazil, not 
less than 22 carrats fine, at 94,8 cents per dwt. Those of 
France, j^^ fine, at 93,1 cents, and those of Spain, Mexico, 
and Columbia, 20 carats, S^^ grains, at 89,9 cents per dwt 
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The silver dollars of Mexico, Peru, Chili, and Central Ame- 
rica, of not les8 weight than 415 grains each, and those re- 
stamped in Brazil, of like weight ; not less than 10 oz. 15 
dwt. in the Troy pound of standard silver, at <fl,00 each. 

The 5-iranc piece of France, of not less fineness than 10 oz. 
16 dwt. in the Troy pound of standard silver, and weighing 
not less than 384 grains each, at 93 cents. 

545. The intrinsic worth of the Spanish peso duro (hard 
dollar) universally circulated under the name of the Spanish 
dollar, as well as of the dollar of the United States, consi- 
dered of equal value, is, according to the Cambist, 51,79 d., or 
4 s. 3,79 d. sterling. The nominal par, however, is 4 s. 6 d., 
or £r^jj sterling. Wherefore, at this par. 

To reduce Federal money to Sterling, multiply by -^j^. 
To reduce Sterling money to Federal, multiply by -Y-» 

Table 2. 
The Relative Value of Gold and Silver m the Principal Trading Places 
of the World; computed from the proportional Quantity of Pure Metal 
in their principal Covne, and the Legal Current Price of thote Coins 
respectively, 

(From Eelley's XJniTergal Cambist.) 



Xngland: 

By old coinage... 
By new odoage.. 



Amsterdam.. 



EEamburg. 
Paris 



Madrid. 



Lisbon.... 

Leghorn. 
Genoa.... 



Naples. 

Venice 

Petersburg ..... 
United States. 
BengaL 

Madras 

Bombay 

China 



By Mint 
Begulations. 



15,2096 to 1 
14,2878 to 1*^ 



15,8786 to 1 



16 to 1, nearly 



15,6 to 1. 
16tol... 



13,56 to 1 

14,65 to 1 

15,34 to 1 

15,21 to 1 

15 to 1, nearly 
15 to 1, nearly 

15 tol 

14,857 to 1 

13,872 to 1 

15 tol 

14,25 to 1 



By Assayf. 



Proved oor^ 
rect by the 
trials of the 
Pix.. 



14,83 to 1 ... 



15,5 to 1 

13,33 to 1 ... 

14,32 to 1 ... 
15,35 to 1 ... 



14,35 tol... 
15,25 to 1 ... 
15,94 to 1 ... 
14,827 to 1 .. 

13,857 to 1 .. 

15 to 1 



Names of Coim from which the 
Proportlooa are taken. 



Per guinea and old' shilling. 
Per soyereign and new shilling. 

'Per ten-gnilder piece, decreed in 
1816, and sQyer florin of the 
same date. 

'Per ducato, reckoned at 6 marks 

banco, and rix-dollar. 
Per 20-Aranc piece, and 5-firanc 
piece. 

' Per doubloon and dollar of di^ 
ferent cohiages. 

' Per joanese and new silver era- 
sado. 

!*er ruspono and francescone. 

Per genovina and scudo. 

' Per oncetta and ducato. (Coin- 
age of 1818.) 
er mquin and ducat. 

Per ducat and ruble. 

Per eaicle and dollar. 

Per gold mohur and Sicca rupee. 
Per star pagoda and current 

rupee. - 
er gold rupee and sUyer rupee. 

( Per tale of gold and the average 

( price of Spanish dollars. 



646. The foregoing Table may be computed by the Chain 
Rule, in the following manner : 
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Required the relative proportion between Gold and Silver 
in the English Coins, according to the Mint Regulations both 
of the old and new system. 

The question is, to compare the value of »any certain quan- 
iitj, suppose an ounce of pure G-old, with an opnce of pure 
Silver, at the Mint price : 



New System. 

1 oz. pure Gold. 

11 oz. Pure =12 oz. Standard. 

loz. Standard =9344 Pence. 

66 Pence =: 1 oz. Standard 

Silver. 
40 oz. Standard = 37 oz.Pure. 
Reduced gives 14||| J. Thus 
Gold, decimally expressed, is 
to Silver as 14,2878 to t. 



Old Syttem. 

loz. pure Gold. 

11 OS. pure = 12 oz. Standard. 

1 oz. Standard =934^ Pence. 

62 Pence = 1 oz. Standard 

Silver. 
*0 oz. Standard =37 oz. Pure, 
deduced gives 16 j^j^g^^. Thus 
Gold, decimally expressed, is 
to SUver as 15,2096 to 1. 

The operation is more simple when the rate of fineness of 
both metals is expressed in the same manner. Thus, in the 
Coinage of Prance, the 20-Franc Piece in Gold weighs 6,616i 
Grammes in pure Gold, and 20 Francs in Silver weigh 10<t 
Grammes : hence, the latter divided by the former will giv9 
15,5, as in the Table. 

When the fineness differs in expression, the comparison may 
be made from the quantity of pure Gold and of pure Silver in 
any particular sum, found either by the Mint Regulations oi 
by Assays. Thus the English Sovereign oon tains 113 Grains 
of fine Gold ; and 20 Shillings, (new coinage,) 1614,54 Graini 
of fine Silver : hence, the latter divided by ihe tor mer wiil 
give the relative value very nearly as above. 

Money z of Account, — TahU 3. 

547. In the following Table of Moneys of Account, it may 
be observed that sonfe of these moneys are real coins, the value 
of which may be computed from the Mint Regulations or from 
Assays ; but when they are imaginary moneys, which is gene- 
lidly the oase, their value must be found by their established 
proDortioQ to real coins. 

Tyiile 8 contains the Value of the Moneys of Account of dif- 

VMit HaoeSy (expressed in Pence Sterling and Decimals of 

l^ceO Mcoraing to the Mint Price both of Gt)ld and Silver in 

•^MmI ; that is, J^ 17 s. 10^ d. per Ounce Standard for 

'*^ 6t. 2d. per Ounce Standard for Silver. 
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548. The Course of Exchange is the variable price of the 
money of one country which is given for a fixed amount of 
that of another country. Thus, the Exchange Par between 
the United States and England being 54 d. Sterling, when 
this price is given for the Dollar of the U. S., the Course of 
Exchange is said to be at Par. When more than 54 d. is given, 
the Course is above par. When less than 54 d. is given, the 
Course is below par^ 

549. The sum of money for which a Bill of Exchange is 
drawn, is expressed in the money of the place on which it is 
drawn. Thus, when a merchant in the United States draws 
on his debtor or banker in London, his Draft is styled Bill on 
London y or United States on London^ and the amount of the 
Bill is expressed in Sterling Money. 

550. When the Course is above or below par, the variation 
in the uncertain price is generally rated at so much per cent. 

To find the value of a Bill. 

This, in the case of a Direct Exchange, and where the 
Course is at par, is a mere Reduction of Currencies, and needs 
no farther explanation. 

551. When the Course is q per cent, above par, the Ex- 
change is evidently q per cent, in favour of the Place which 
gives the Certain Price ; consequently, to reduce the Certain 
Money to the Uncertain, the amount which would result at 

par must be multiplied by — :.-^ ^; and inversely, to reduce 

the Uncertain Money to the Certain, the result at par must be 

multiplied by jg^j^. 

552. When the Course is q per cent, below par, the Ex- 
change is q per cent, in favour of the Place which gives the 
Uncertain Price ; wherefore, to reduce the Uncertain Money 

to the Certain, the par result must be multiplied by — tttJ—^J 

and inversely, to reduce the Certain Money to the Uncertain, 

thenar remit must be multiplied by -^^ . 

London on United States, 

1. Reduce 15840,50 to Sterling, exchange at 4 p. c. above 
par. 
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As the United States giyes Uie Certain Prire^ the London 

merohant finds the Sterling worth of his Bill in multiplying 

100 A^ a 9 
thedoUarsbj-^^* X 55- Thus, 

6840,50 X +8i X ,V= ^fi*^ X 26 X » = 11,681 X 13 
X 9 = 11,681 X 117 = £1366,677 = £1366 13 b. 6| d. — . 

Untied StaUt en Lomiom. 

2. Seduce £5513 8 s. to Fedend Mmiej, exchange at 4 p. 
e. above par. 

»18,=?™?; d^!I«Ix ^X ;^ =m^ = 

S. Reduce $3578^ to Sterling, at 2 per cent, abofine par. 

Ana. £821 3 a. 114 i 4-. 

4. Reduce £1370 6s. 8 d. to Federal Money, at 4 p. c be- 

knr par. Ana. 96333,d85i, w 96333^ — . 

5. Reduce £1366 13 s. 6| d. to Federal Money, at 4 pec 
cent aboTe par. , Ana. $5840^ -^. 

6. Reduce $6333,99 to Sterling, at 4 p. e. below par. 

Ana. £1370 6s. 8 d. +. 

553. Simple ArlHtration is the method of €n£^ the Cowrae 
of Exchange between two places pcoportiotted tt> prices qooted 
between each of them and a third place. This course is calkd 
TKe ArhitTfxtfxi Piritx, 

1. Sappoee the Coarse between London and 'Fxns to be 24 
Francs ^ £1 Sterfing, and between F^ris and Fkikdelpida 
5 Francsy 40 Centtmes per Ddlar ; what is ^Mt Ar&itra6id 
/Vice between London and Fhiladel^hia ? 



5,40 = 5| = V 

V : 24 : : $1, or mnldpijin^ the first ratio by f, 
9 : 40 : : $1 : Y = »4,44| . Arf>. Ptke p« £1 StaEng: 

Bkre we aaj the valwe of $1, ia Francft. is to the ▼nine of 
A 6tetfiuii|^ in Francsw so i». £1 t^^ th^ namKov «^ Twn««« ..^w^ 
^nlintlo£lSi 
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Ft. Pr. £. 

AlsO; 24 : ^^ : : 1 ; multiplying the first ratio by |y 

£. £. 

40 : 9 : : 1 : ^^^ := 4 s. 6 d., Arb. Price per Dollar. 

By the Chain Rule. 



£1. 

£1 Sterling = 24 Frances, 

2/ Francs = 1 Dollar, 

Reduced gives ^^ =f4,44|. 



$1. 
1 Dollar = y Francs, 

24 Francs = 1 Pound Sterling, 

Reduced gives $^ = 4 s. 6 d., 

as before. 



2. Suppose the Course of Exchange between the United 
States and Amsterdam to be 42 cents per Florin or Gilder, and 
between Amsterdam and Paris 55 Grotes Flemish for 3 Francs ; 
what is the Arbitrated Price between the United States and 
Paris ? 

100 Cents, 
42 Cents = 1 Florin, 

6 Florins = 20 Shillings Flemish, 

1 s. Flemish = 12 Grotes, 
55 Grotes = 3 Francs. 

Reduced, gives the Arb. Price per Dollai^ 5 Francs, 19^ 
Centimes nearly. 

Now suppose that N of the United States draws direct on 
Paris for 2700 Francs, the actual price i}eing 5 Fr. 40 C, his 
Bill is worth ¥500, which is found thus : 

2700 1000 — 500 

But if he orders his correspondent in Amsterdam to draw 
on Paris and remit the value to the U. S., his bill will, by the 
Indirect or Circular Exchange, be worth §JJ§ = efgo ja 

= »519,73. 

Allowance, however, must be made for delay and difference 
of charges between direct and indirect operations. 

On the contrary, if N of U. S. remits directly to Paris, he 
will, for 1 dollar, receive 5 Fr. 40 C. ; whereas, by remitting 
through Amsterdam, he will only recieve 5 Fr. 19^ C. 

3. Suppose the Course of Exchange between the' United 

States and Hamburg to be 35 cents per Mark Banco, and 

between Hamburg and Paris 25i s. banco for 1 Ecu of 3 

Francs ; what is the Arb. Price oetween the United States 

and Palis ? 

u 
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100 Cents, 
35 Cents = 1 Mark bco, 
1 Mark = 16 Shillings bco, 
26 J s. bco. = 3 Francs, 
which gives the Arb. Price 5 Fr. 45 1 C. per Dollar of the 
XJ. S. 

Suppose N of U. S. draws on Paris for 2700 Francs, through 
Hamburg, his BiU will be worth §,3gg = *494,68, which is 
less than by direct exchange. 

Whereas, if he remits to Paris through Hamburg, he will re- 
ceive 5 Fr. 45| C. per DoDar, which is more than by direct 
exchange. 

554. From these results, and those of the preceding exam- 
ple, it is plain that the interest of the Drawer is identified with 
that of the Place on which Tie draws, and consequently, directly 
opposite to that of the Kemitter, which is identified with thi^ 
of the Place where he resides. Hence also is deduced the fol- 
lowing 

Oeneral Rule. 

Draw upon the place where the arbitrated price is better /or 
that pla>ce than the advised price, and remit to the place where 
it is worse, 

555. In like manner also are deduced the two following 

Special Rules. 

(1.) On a place to which the United States gives the Certain 
Pricey the Bill should be drawn at the lowest course and remit' 
ted at the highest. 

(2.) On a place to which the United States gives the UnceT" 
tain Price, a Bill should be drawn at the highest course and 
remitted at the lowest. 

The above Eules, taken as is almost the whole of Exchange, 
from the Cambist, in which we have substituted the United 
States for London, will evidently apply to any other places. 

4. The course of exchange between the U. S. and Cadis 
being 68 cts. per Dollar of Exchange, or of Plate, and between 
Cadiz and Paris 14 Fr. 45 C. per Doubloon of 4 dollars of 
Plate ; what is the arbitrated price between the U. S. and 
Paris? 

100 Cents, 
68 Cents = 1 Dollar of Plate, 

4 Dol. Plate = 14 Francs, 45 Centimes. 

Arb. Price, 5 Fr. 31^ C. 
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5. The exchange between the U. S. and Lisbon being $1,24 
per Milree, and between Lisbon and Paris 520 Rees per Ecu of 
8 Fr. ; what is the arbitrated price between U. S. and Paris t 

100 Cents, 
124 Cents = 1000 Rees, 
520 Rees = 8 Francs. 
Arb. Price, 4 Fr. 65J C. 

6. The exchange between the U. S, and Genoa being 89 
Gents per Pezza, and between Genoa and Paris 465 Centimes 

Jer Pezza, what is the arbitrated price between U. 8. and 
^aris? / 

100 Cents, 
89 Cents = 1 Pezza, 
1 Pezza = 465 Centimes. 
Arb. Price, 5 Fr. 22^ C. 

7. The exchange between the U. S. and Leghorn bein^ 90 
Gents per Pezza, and between Leghorn and Paris 503 Centimes 
per Pezza, what is the arbitrated price between U. S. and Paris ? 

Arb. Price, 5 Fr. 58f C. 

8. The exchange between U. S. and Venice being 13^ Cents 
per Lira Piccola, and between Venice and Paris 105 Centimes 
of Venice for 1 Franc, what is the arbitrated price betweea 
U. S. and Paris ? 

100 Cents, 
13i Cents = 1 Lira Piccola, 

40000 Lire Piccolo = 30467 Lire Italiane, 

1 Lira Italiana = 100 Centimes of Venice, 
105 Centimes = 1 Franc. 

Arb. Price, 5 Fr. 37 J C. 

United States and Paris. 

556. Recapitulation of the preceding arbitrated prices, with 
directions for drawing and remitting to the greatest advantage. 

The arbitrated price through Amsterdam 5 Fr. 191 C. 

" through Hamburg, 5 45| 

" through Cadiz, 5 31| 

" through Lisbon, 4 65| lowest. 

" through Genoa, 5- 22A 

" through Leghorn, 5 58| highest. 

" through Venice, 5 37| 

And the direct course of U. S. on Paris is 5 40 
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Now by Rule 1. (555) As the United States gives the Cefr- 
tain Price to Paris, that is, one Dollar for a variable number 
of Francs; the most advantageous place to draw through, is 
Lisbon, which gives the lowest price, and to remit through is 
Leghorn, which gives the highest. 

Also, if N of U. S. has to draw on Paris, any one of the 
other places, except Hamburg, is more advantageous than the 
direct course, and to remit through Hamburg is more advan- 
tageous than the direct course. 

557. The gain or loss per cent, resulting from one mode of 
operation, instead of another, as, for example, drawing through 
Lisbon, instead of directly on Paris, may be thus determined : 

465J : 540 : : 100 : 116 yV nearly. 

Hence the gain is nearly 16j^^ per cent. 

Suppose N of the U. S. sells a Draft on Lisbon of 403 Mil- 
reas 2254 Eees, for which, at ((1,24 per Milree, he receives 
t500, and that he buys a Bill on Paris of 2826 Francs 30} 
Centimes, which at 520 Kees per Ecu of 3 Francs, is the equi- 
valent of his Draft on Lisbon, and for which, at 5 Fr. 40 C. 
per Dollar, he pays $480,80 ; it is plain that the money he 
receives for his Draft will pay for the Bill he remits with a 
Sfirplus of $69,20, and that his debit in Lisbon is balanced by 
his credit in Paris. 

Proof 100 : 124 : : 540 : 6 Francs 69| Centimes, the arbi- 
trated price per Milree. Then, 

408,2258 X 6,696=2699,9999568, or 2700 Francs: and 
2700 -5- 5,40 = $500. 

Also, 100 : 116yV : : $430,80; 15 : 17,41 : : $430,80. Or 
finally 1 : 8,482 : : 148,6 : $500,0152, or $500 very nearly. 

558. The operation of drawing on one place through 
another, as on Amsterdam through Paris, may be performed 
in three different ways : 

1. The United States may draw on Paris, and order his 
correspondent there to draw on Amsterdam. 

2. The United States may draw on Paris, and order his 
correspondent in Amsterdam to remit the same sum to Paris. 

3. The U. S. may order his correspondent at Paris to draw 
on Amsterdam, and remit the value to the United States. 

559. The operation of remitting Jto one place through 
another, as to Amsterdam through Paris, may also be per- 
formed in three different ways : 
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1. The U. S. may remit to Paris, and order his correspond- 
ent there to remit the sum to Amsterdam. 

2. The U. S. may remit to Paris, and order his correspond- 
ent in Amsterdam to draw on Paris. 

3. The U. S. may take Bills on Paris, and remit them to 
Amsterdam, there to be negotiated. 

Ute of Logarithms and Fixed Numbers in Bullion and Ihichange 

Operations. 

560. In the reduction of a statement of the Chain Kule, it 
is evident that, if, from the log. of the sum of the Consequents, 
we subtract the log. of the sum of the Antecedents, the diffe« 
rence will be the log. of the answer. 

Or, to the log. of the sum of the Consequents add the 
arithmetical complen^ent of the log. of the sum of the Ante- 
cedents, rejecting ten in the index. 

561. Fixed Numbers are of great utility in exchange, 
whether used in Logarithms or not. 

In long statements by the Chain Eule, there are several 
constant or invariable proportions, as the number of shillings 
in a Pound, the established Mint Prices of Gold and Silver 
&c. These may, by reduction, be converted into one number^ 
which is called Fixed, 

Gold in Bars. 

To calculate the Course of Exchange from the Price of Bul- 
lion, and the contrary. Also, to fiad Fixed Numbers for the 
solution of such questions. 

1. When gold is sold at Hamburg at 104 Sols banco per 
Ducat of 23^ Carats fine, and at London 78 s. 2 d. per stand- 
ard ounce; what should be the Course of Exchange, sup- 
posing that 67 Ducats make 1 Cologne Mark fine, and that 60 
Marks weigh 451 Ounces Troy ? 

1 Pound Sterling, 
1 Pound Sterling = 20 Shillings, 
78} Shillings Sterling = 1 Ounce Standard, 
451 Ounces Standard = 60 Marks Standard, 
47 Marks II = 44 Marks ||, 

1 Mark *= 67 Ducats, 

1 Ducat == 104 Shillings Lubs BancO| 

6 Shillings Lubs Bo. = 1 Shilling Flemish. 
As the prices of gold are the only variable numbers in the 
above statement, the Fixed Number may be thus determined : 

34* 
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20x60x44x67 o-oic .1. t?- j vr 1. 
— J- . ,^ ; g = 27,815, the Fixed Number. 

Hence, 27,>^i5 X i04H- 78j = 37 SluUings/ Flemish, (the 
Course of ExchaDge,) for £L Sterling. 

Bj the aboTe Fixed Number, with the Course of Exchange, 
and the price of bullion in one place, it is plain that its price 
may be ^>und in the other place. 

2. When gold is sold in Amsterdam at an adrance of 17 
per cent, on the Tariff price of 355 Florins per Mark fine, and 
in London at 7S s. per standard Ounce, what is the Course 
of Exchange, supposing that 80 Marks of Amsterdam weigh 
633 Ounces English' Troy ? 

1 Pound Steriing, 
1 Pound Sterling = 20 Shillings, 
TS Shillings == 1 Ounce Standard, 

12 Ounce Standard = 11 Ounces fine, 
633 Ounces fine = SO Marks of Amsterdam, 

1 Mdurfc = 3>5 Florins, 

100 Florins =117 with the premiam. 

The inrariable numbers in the above statement are 

20 X 11 X >0 X 355 o o.^- I. xc J ^- 1. _,^- !_ 

— r^ ^?:, ~- — = 8*23. the Fixed dumber, which 

l± X ^iJ3 X 1* •<-* 

X 117 -^ 7< = 12 R. •^i S:., or 41 3. 1 i Flemish per 

Pound S:eri:n;^. the Course ot F-r.4»Any»» 

3. Whafi is she Course of Elxvfh.-inje berween ISris and Lon- 
don resultiu:^ from the priire of jiH : vix > per Mille {vemium 
on che TariF price, wiiioh is o-tS4 Fr. 44 C per Kilogramme 
ifte. ami 7> s. per Ounce English i&Lzidafd ? 

1 P^oii'i SGerI£iz> 
1 P:and Sterfng = i}} Shil-3i^. 
T^ Shilling = 1 •>xaee Scaa«iari, 

li Ounces Saad. = 11 <>i2ioes iae. 
3w.l>4 Ounces Ine = 1 KiLcgn-riTie iie, 

1 KilcgruHme ime = o4o4 F. 44 C. TirifF rraae, 
lO*) Francs = 1;0.> wimtae ^rsmxam. 

TbLe inriTuble imihers in. zhji ici:^e fcigmfnc. ars 

S>XUX-14:34/:44 . - . ,^^ . ^ ,^ 



li X 3±154 X 1 A' 
Heace^ W..?«i x 1*»*> h- 7-* = ij Jr. K' C p« F^und 
S^'nimr^ c&e Oiiitrse jf £llx^mtn<£<t!. 

4^ BF thi) pnjce if f jui ac Caiiix be ^> bLols p^ CaBBsuuM 
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of 22J Carats fioe^ and in London 934| d. per ounce standardi 
(the Mint pricey) what is the Coarse of Exchange^ &c. ? 

1 Piastre; 
1 Piastre = 8 Reals, 

30 Reals = 1 Castellano, 

44 Castellanos || = 45 Castellanos ^|, 
250 Castellanos = 37 Ounces Troy, 
1 Ounce = 934^ Pence. 

Reduced, gives the Course of Exchange 37 j d. per Piastre. 

The invariable Numbers are -^ — ^ i;^ = 1,211, the 

44 X 250 ' 

Fixed Number. . 

5. K gold be sold at Lisbon for 1700 Rees per Outava of 
II fine, and in London at the Mint price, what is the Course 
of Exchange ? 

1 Milree, 

1 Milree = 1000 Rees, 

1700 Rees = 1 Outava, 

64 Outavas = 1 Mark, 

8 Marks = 59 Ounces Troy, 

1 Ounce = 934^ Pence. 

Reduced, gives 63 1 d. per Milree, the Course of Exchange. 

1000 X 59 
The invariable Numbers are ^. ^, ^ = 115,234, the 

64 X 8 ' 

Fixed Number. 

6. If the price of gold at Leghorn be 108 Lire per Ounce 
fine, what is the Course of Exchange, &c. ? 

1 Pezza, 
4X1 Pezza = 5| Lire X 4 = 23, 

108 Lire = 1 Ounce fine of Leghorn, 

144 Oz. of Leghorn = 131 Ounces of London, 
11 Oz. fine = 12 Ounces Standard, 

1 Oz. Standard = 934^ Pence. 
Reduced, gives 49,37 d. per Pezza, the Course of Exchange. 

The invariable numbers are . .. -.^^ v^ n == 5i706, the 
Fixed Number. 4 X 144 X U 

2%e foregoing Examples solved by Logarithms. 

Hamburg, Fixed Number.... 27,815 Log 1,44428 

Hamburg Price. . 104 Log 2,01703 

London Price 78 J Ar. Comp. . . 8 ,10698 

Course of Exchange 37,08 Log fi 1,66829 
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Amsterdamy Fixed Number 8,225 Log 0,91514 

Amsterdam Price . 117 Log 2,06819 

London Price 78 Ar. Comp... 8,10791 

Course of Exchange 12,338 Log 1,09124 

Paris, Fixed Number... 19,582 Log 1,29186 

Paris Price 100,8 Log 2,00346 

London Price.... 78 Ar. Comp... 8,10790 

Course of Exchange 25,30. Log 1,40322 

Cadiz, Fixed Number . . . 1,201 Log 0,083 10 

London Price.... 934,5 Log 2,97058 

Cadiz Price 30 Ar. Comp. . 8,52288 

Course of Exchange 37,72 1,57656 

Lisbon, Fixed Number... 115,23 Log 2,06156 

London Price .... 934,5 Log 2,97058 

Lisbon Price 1700 Ar. Comp. . 6,76955 

Course of Exchange 63,34 Log 1,80169 

Leghorn, Fixed Number.... 5,706 Log 0,75633 

London Price 934,5 Log 2,97058 

Leghorn Price .... 108 Ar. Comp. . 7,96658 

Course of Exchange 49,37 Log 1,69349 

Li Bullion operations, the following proportions will be 
found useful : 

Eng. Oz. Troy. 

60 Marks of Hamburg or Cologne = 451 
80 Marks of Amsterdam = 633 

61 Oz. Paris, Poids de Marc = 60 
1 Kilogramme == 32,154 

81,1 Grammes = 1 

5 Marks of Spain, or 250 Castellanos = 37 

8 Marks of Portugal = 59 

144 Oz. of Leghorn or Florence = 131 

100 Oz. of Naples = 86 

11 Oz. of Kome = 10 

Os. Eng. Stand. flneneiiL 

1000 Span. Dollars = 866 Oz. Troy = 835 

1000 Doubloons = 868 Oz. Troy = 853 

1000 Joannese, or Ports. = 460 

55 English ounces French Gold = 54 

37 Ditto French Silver = 36 

19 Marks fine Silver, Amsterdam = 164 
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Oi. Bng. Stand, fineneak 

84 Marks of Hamburg Ducats = 273 

8 Marks fine Silver of Hamburg = 65 

110z.ofDoUars =107 

48 Oz. of do. = 43 oz. of fine Silver. 

Silver m Bars, 

562. To find the Course of Exchange between London and 
the foregoing places, resulting from the following prices of 
silver : 

Hamburg 27 Marks Bant^o, per Cologne Mark fine. 

Amsterdam .... 26 Florins, per Mark fine. 

Paris 3 p. c. Premium on the Tariff price of 218 f . 

89 c. per Kilogramme fine. 

Cadiz 108 Eeals of Plate, per Mark fine. 

Lisbon 990 Rees, per Ounce fine. 

Leghorn 84 Lire, per Libra of 12 Ounces fine. 

London 58 Pence, per Ounce |J fine. 



Statements and Eesults, 

£Ster. Penoe. Oi. Stan. Oz. fine. Mks. Mks. Bo. b. Fl. Goarae of Ex. 

TT V 1 240 1 87 60 27 8 
Hoinbnrg, j x -gg X ^ X jgj X y X -g X - = 86,66 

. , ^ 1 240 1 87 80 26Flor. ,„ ._ 
Amsterdam, J X 68- X 15 XgggXyX 12.67 

1 240 1 87 218,89 103 „„ „„ 

Piastre. Seals. Wa. Hki. fine. Oi.it. Pence. 

^ .. 1 8 1 87 40 68 

Cadiz, iXj^XgXg-^XyX 34,37 

Pesia. Lire. Oz. Leg. Oz. Tr. Oz. St. Pence. 

1 6i 12 131 40 68 ^^^^ 
Lisbon, ^XglXj^jX-gy-XyX- = 46,85 



Tix'dVxm, 

78,768. 
28,067. 
16,113. 

64,000. 

67.860. 



563. There are three variable numbers in each of the fore- 
going statements; viz. : the price of Foreign Bullion, the Lon- 
don Price, and the Course of Exchange. Now, it is obvious 
that if any two of these prices be given, the third may thence 
be found by the help of the Fixed Number. Suppose, for 
example, in the last statement respecting Paris, that F == the 
Fixed Number, p = the Paris price, I = the London price, 
and c = the Course of Exchange, then c, I, or p, may be 
found, the rest being Igiown. Thus 

^^^^ 15>"3^>< 103 ^ 26,83 Francs per £1 SterUng. 
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, Vp 16,113 X 103 -Q ^ ^ a^ V ^ 

1 = -^ = — —c^s-^ = 58 Pence per Ounce Sterling. 

"^ c 2o,oo 

d 26,83 X 56 -^^ _ ^.. . 

p r= — • = ' .y;^ — = 103 Francs per Ealogramme fine. 

664. The above Situations will answer for all other places 
to which London gives the certain, but where it gives tbe 
uncertain, as to Ca^iz, the following will be the Formulae, 
•apposing $ to represent the Spanish or Cadiz price. 

c = — = — 5^ — = 34,37 Pence per Piastre. 

F; 64 X 58 mo T> 1 TiT 1, 
« = — = o^ o>r = 108 Reals per Mark. 
c 34,37 *^ 

- 8c 108x34,37 .^ ^ ^ 

lz=r=r = ~j — - — = 58 Pence per Ounce. 

F 64 *^ 

These Formulae will apply to operations in gold as well as 
silver; and where the calculations ar^ laborious, Logarithms 
may be introduced with advantage ; but in ordinary cases, com- 
mon numbers seem more convenient and intelligible. 

565. If we ask why the Price, when above par^ is said to 
be favourable to the place which gives the certain for the 
uncertain, and the contrary when below par^ seeing that the 
Drawers and Remitters, whose interests are opposed, are natives 
of the same country, the answer is, that when the Exchange 
is unfavourable to a place, it is the interest of the Remitters 
to pay their foreign debts in specie or Bullion, instead of 
Bills, and the exportation of these is often considered a 
national disadvantage. 

Compound Arbitration 

566. Is a comparison between the exchanges of more than 
three places, in order to find how much a remittance, passing 
through them all, will amount to in the last place, or to find 
the arbitrated price between the first place and the last, in 
order to determine on the most advantageous mode of negotiat- 
ing bills. 

Compound Arbitration may, like Simple Arbitration, of 
which it is merely an extension, be solved by several propor- 
, tions, or by the Chain Rule, as in the following example : 

1. Suppose the exchange between the U. S. and Amster- 
dam to be 40 cents per Florin, and between Amsterdam and 
Hamburg 32| Stivers for 1 Rixdollar of 2 Marks Hamburg 
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Banco, and between Hamburg and Paris 25| ScMlIings Banco 
for 1 Ecu of 3 Francs; what is the arbitrated price between 
the U. S. and Paris ? 

1 Florin : 32| Stivers : : 40 cents : 65J cts. = 2 Marks 
Banco; 2 Marks Bo. : 25| Sch. Bo. : : 65} cts. : 52^f cts. 
= 62^1 Sch. Banco; b2^ cents : 100 cents : : 3 Francs : 5 
Fr. 68 1 cts. Arbitrated Price. 

By the Cham RuU, 

100 Cents, 
40 Gents = 1 Florin, 
1 Florin = 20 Stivers, 
32f Stivers = 2 Marks Banco, 

1 Mark Bo. = 16 Schillings, 
26| Schillings = 3 Francs, 
which gives the arbitrated price 5 Francs 68 1 Centimes, nearly. 

Here, as the U. S. gives the certain price, allowing the 
direct exchange on Paris to be, as in the preceding exam pies, 
5 F. 40 c, it would be more advantageous to draw directly on 
Paris than by the circular exchange. 

2. Suppose London has a sum of money to receive in CadiZ| 
the exchange being at 35 Shillings Flemish per Pound Ster- 
ling; between Amsterdam and Paris, 53 J Grotes Flemish per 
Ecu of 3 Francs; and between Paris and Cadiz, 15 Francs 
50 Centimes per Doubloon of Plate ; what is the arbitrated 
price between London and Cadiz ? 

1 Dollar of Plate, 
4 Dollars of Plate = 1 Doubloon do., 
1 Doubloon = 15^ Francs, 

3 Francs = 53| Grotes Flemish, 

12 Grotes = 1 Shilling Flemish. 

35 s. Flemish = 240 Pence Sterling. 

Beduced, gives 39^ d. Sterling per Dollar of Plate. 

The circular operation would, therefore, be most advanta- 
geous, as London would receive 39^ d., instead of 38 d., for 
each Dollar, due to him in Cadiz. 

3. London having a sum to receive in Lisbon, when the 
exchange is at 64 d. Sterling per Milree, draws on Lisbon, but 
remits his bill to Hamburg to be negotiated, and directs the 
returns to be made in bills on Leghorn — the exchange be- 
tween Hambujg and Lisbon being 45 Grotes Flemish per 
Old Crusade; between Hamburg and Leghorn, 85 Grotes 
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Flemish per Pezza, and between London and Leghorn 52 d. 
Sterling per Pezza; what is the arbitrated price between 
London and Lisbon f 

1000 Bees, 
400 Rees = 1 Old Crusade, 

1 Old Crusade = 45 Grotes Flembh| 
85 Grotes = 1 Pezza, - 

1 Pezza = 52 Pence Sterling. 

Reduced, gives 68 }4 Sterling per Milree. 

This circular operation would, therefore, be more advanta- 
geous than the direct exchange of London on Lisbon, viz. : 
68 j;} d., instead of 64 d. 

4. London has a sum to pay in Petersburg, and another 
to receive in Genoa ; but their being no regular exchange be- 
tween these places^ London draws on Hamburg, and remits 
his bills to Petersburg, directing Hamburg to draw on Genoa; 
the exchange between London and G^noa being 46^ d. Ster- 
ling per Pezza; between Hamburg and G^noa, 81 Grotes 
Flemish per Pezza ; and between Petersburg and Hamburg, 
23 Schillings Lubs per Ruble ; what is the exchange between 
London and Pete)*sburg resulting from the operation ; that is, 
)iow many Pence Sterling does London pay for the Ruble? 

1 Ruble, 
1 Ruble = 23 Schillings Lubs, 

1 Schillings Lubs = 2 Grotes Flemish, 
81 Grotes = 1 Pezza, 

1 Pezza = 46^ Pence Sterling, 

Reduced, gives 26^^d. Sterling per Ruble. 

5. London has a sum to remit to Paris, the exchange being 
"at 24 Livres 5 Sous per Pound Sterling; but instead of taking 
a bill on Paris, London draws on Hamburg, and remits his 
bill to Paris to be negotiated ; Hamburg is directed to draw 
on Venice, and Venice to draw on London ; the exchange be- 
tween Paris and Hamburg being 190 Francs per 100 Marks 
Banco, between Hamburg and Venice 4 Lire 5 Soldi Piccoli 
per Mark Banco, and between Venice and London 55 Lire 
Piccole per Pound Sterling ; what is the arbitrated price 
tween London and Paris ? 

1 Pound Sterling, 
1 Pound Sterling = 55 Lire Piccole, 
4^ Lire Piccole = 1 Mark, 
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100 Marks = 190 Francs, 

80 Francs =81 Livres. 

Reduced, gives 24 Livres 18 Sous per Pound Sterling. 

The circular operation is therefore more advantageous than 
the direct exchange, as London pays, with £1 Sterling, 24 
Livres 18 Sous, instead of 24 Livres 5 Sous. 

567. Hitherto we have only examined one combination of 
the exchanges between several places in order to discover one 
result. In the following example different combinations of the 
same exchanges are examined, to find which is most favourable ; 
and what is here performed with four places only, may be done 
with any greater number in the same manner ; that iS; by trial 
and comparison. 

Suppose the following to be the quotations of exchange : 

London on Amsterdam 35 s. Flemish per Pound Sterling. 

" Madrid 38 d. Sterling per Dollar of Plate. 

" Paris 24 Livres per Pound Sterling. 

Amsterdam on London .... 34 s. Flemish per Pound Sterling. 

** Paris 53 Grotes per Ecu of 3 Francs. 

" Madrid 92 Grotes per Ducat of Plate. 

Paris on London 23 1 Livres per Pound Sterling. 

" Madrid 16 Francs per Doubloon of Plate. 

" Amsterdam. 54 Grotes Fl. per Ecu of 3 Francs. 

Madrid on London .... 39 d. Sterling per Dollar of Plate. 

" Amsterdam. 94 Grotes per Ducat of Plate. 

" Paris 16| Francs per Doubloon of Plate. 

Now if London has a sum to receive in Madrid, what mode 
of operation will be most advantageous ? 

By drawing directly on Madrid, London will receive 38 d. 
Sterling per Dollar. 

1. Let London draw on Amsterdam, directing Amsterdam 
to draw on Paris, aikd Madrid to remit to Paris ; then 

1 Dollar of Plate, 
4 Dollars of Plate = 1 Doubloon of Plate, 
1 Doubloon = 16^ Francs, 

3 Francs = 54 Grotes Flemish, 

12 Grotes = 1 s. Flemish, 

35 s. Flemish =240 d. Sterling. 

'S.educed, gives the Dollar equal to 42f d. Sterling. 

2. Let London draw on Pbris, directing Paris to draw on . 
Amsterdam, and Madrid to remit to Amsterdam ; then 

36 
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1 Dollar of Pkte^ 
1 Dollar of Plate = 272 Marave^s, 



875 MarayediB 

1 Ducat 

58Grote8 

80 Francs 

24 Liyres 



1 Ducat of Plate, 
94 Grotes Flemkhi 

3 Pranos^ 
81 Livresi 



= 240 d. Sterling, 
fteduoed, gives 89y^ d. per Dollar. 

8. Let London draw on Madrid, and remit the bill to Pkris 
to be negotiated^ and let the returns be made in a bill on Am- 
sterdam; then 



4 Dollars 
1 Doubloon 
8 Francs 
12Grotes 



1 DoUar of Plate, 
1 Doubloon of Plate, 

16 Francs, 

54 Grotes Flemish, 
1 s. Flemish, 



85 s. Flemish = 240 d. Sterling. 
Reduced, gives 41^ d. Sterling per Dollar. 

4. Let London draw on Madrid, and remit to be negotiated 
(n Amsterdam, and ordor the returns to be made in a bill on 
Paris: Uien 



1 Dollar = 
375 Marayedis = 

1 Ducat = 
53 Grotes = 
80 Francs = 
24 Livres = 



1 Dolhr of Plate, 
272 Marayedis, 

1 Ducat of Plate, 
92 Grotes Flemish, 

3 Francs, 
81 Liyres, 
240 d. Sterling. 



Reduced, gives 88| d. Sterling per Dollar, nearly. 

5. Let London draw on Amsterdam, Amsterdam on Paris, 
and Paris on Madrid ; then 



4 Dollars 
1 Doubloon 
3 Francs 

12 Grotes 

35 s. Flemish 



1 Dollar of Plate, 
1 Doubloon of Plate, 

16 Francs, 

53 Grotes Flemish, 
1 s. Flemish, 



= 240 d. Sterling. 

deduced, gives 40^^^ d. per Dollar. 

6. Let Madrid remit to Paris, Paris to Amsterdam, and 
Amsterdam to LpndcMi ; then 
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1 Dollar of Plate, 
4 Dollars = 1 Doubloon of Plate, ' 

1 Doubloon = 16| Francs, 
3 Francs = 54 Grotes Flemish, 

12 Grotes = Is. Flemish, 

34 s. Flemish =^ 240 d. Sterling. 
Keduced, gives 43| d. per Dollar, nearly. 

Several other combinations might be made, but the foregoing 
are sufficient for the present illustration. 

In recapitulating the different combinations here proposed, 
we find that 

The First gives 42 1 Pence Sterling per Dollar of Plate. 

The Second « 89^^ " per Ditto. 

The Third " 414 " per Ditto. 

The Fourth " 88 J " per Ditto. 

The Fifth « 405^ " per Ditto. 

The Sixth « 43| « per Ditto. 

While the direct 

. . course '* 38 " per Ditto. 

Hence, it is evident, according to the rules laid down, (555,) 
that the 6^th operation would be the most advantageous for the 
London drawer, as he would receive more Pence for the Dollar 
than by any other combination ; but it must .be observed that 
in this case, he would have to wait about six months for the 
remittance fbom Madrid through Pans and Amsterdam ; where- 
as, by drawing directly on Madrid, he would receive the mon^ 
immediately ; oonsequentlv, interest should be deducted from 
the profit, besides ' commission, postage, ^. The Profit is, 
however, so great in this case, as far to exceed the additional 
expenses ; thus : 

38 : 43| : : 100 : 115/g. Profit. 15^\ per cent. 

It is also evident, that if London was the debtor, and had to 
remit to Madrid, the lowest course of exchange, which is here 
the direct one, should be adopted. 

Compound Interest. 

568. When the interest of a sum of money> at the time 
it is due, is, instead of being paid, added to the principal, and 
the sum considered a new pnncipal on which interest is com- 
puted as before, and again when due, added to form a new 
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principal, and so on, tlie aconmolaiion of interest thence 
arising, is called Gomponnd Interest. 

This accumulation is so much the greater as the increment 
of time for which it is calculated is shorter. 

Let P be the principal and r the rate p. c. per annam ; then 

100 : 100 -f r : : P : — Tgg-- X Pj the amount for one year. 

Hence we saj: Multiply the principal by the fraction 

100 + the rate ^ :. . .. i _. . , . , 
-r^ , reduced to its lowest tenn% or to a decimal, 

or otherwise, as may be most convenient 

The product or amount, which b the new principal, multi- 
100 + r 
plied by — iTjS^i ^^ evidently give the amount for the 

100 4- r 
second year; and continuing thus, it is plain that P X — TM^ 

= amount for 1 year ; P X T ^ jT ^ V = amount for 2 

(100 -i- rx 
-^j^- V = amount for 3 years, &c. Hence 

the (General Rule : Multiply the principal by — 7J^ raised 

to a power signified by the number of years, half years, or 
other portions of time, for which the interest is calculated. 

1. What is the compound interest of 1340 for 5 years at 
6 p. c. ? 
105 _ 21 /21\» _ 4084101 , 4084101 X 340 

100 "~ 20' \20/ — 3200000 ' 3200000 

^408,4101X17^ _ 

Id 
Lastly, 433,94 — 340 = J93,94, the interest required. 

Proof. 5 p. c. = j§|y = 2*0 5 then 
340 + W = 340 + 17 = $367 Amount for 1 year. 
857 + Vc? = 357 + 17,85 = 374,85 " 2 years. 

374,85+^^^ =$393,592 « 3 yeara. 

393,592 + ^^'^,^^^ =$413,272 " 4 years. 



413,272+ ^'f^^ =$433,94 " 5 years. 



2 
2 

Or, Multiply successively hy the decimal amount of 1 unit 
Thus : 340 X 1,05 = $357 Amount for one year ; then 



\ 
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3 57 

1,05 

374,85 AmouDt for 2 yean. 
1,05 



393,59 25 << 8 years. 

1,05 



413,2721 25 " 4 years. 

1,05 



1483,935731 25 '' 5 years. 

Or, multiply the logarithm of the amount of 1 unit hy the 
numher of years or times specified, and to the product add 
the log. of the principal, which will give the log. of the amount. 
Thus: 

1 1,05 0,021189 X 5 = 0,105945 

/. 340 = 2,531479 

log. of the amount 2,637424 

This log. giyes the amount $433,934, which is very nearly 
the true result. 

The student will see, that to multiply the log. of 1,05 hy 5, 
is (474) the same as to raise |J to the 5th power. Also (472), 
that to add die log. of 340| b the same as to multiply (|^)^ hy 
that numher. 

2. What is the compound interest of 9340 for 5 years at 5 
p. c, the interest payable half-yearly. Ans. $95,23. 

The student may verify his results as in Ex. 1. 

8. What is the amount of £587 16 s. Sterling at compound 
interest for 6-yrs. 9 mos. at 6 p. c. ? 

Ans. £871 6 s. ^ d. — . 

Use of OeomeHeal Progreaiion m the Calculation of Con^»ound Tntere$t,* 

569. From the preceding article, where P is assumed as the 
principal, and r the rate p. c, it is evident that -H- P t P X 

(^') ■■ r X m^y ■■ r X C^)'M, u 

a geometrical progression. Hence we infer, that taking the 
principal for the first term, every series in the calculation of 
compound interest^ is a geometrical progression. 

•See Table, art 465. 
S6* 
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Let the capital be 81200; and the rate 10 p. c, or -X per 
Dollar. Then, as |J J == |^, the series becomes -H- 1200 : 
1200 X iJ :^1200 X (I J)* : 1200 X (jj)', &c., of which the 
first term a = 1200, tne quotient q = {J, and any term a 

equals 1200 X (ji)'^- 

Therefore, calling a the first term, and r the interest of a 
dollar, the quotient will be 1 + r, and we shall have -t4- a : a 

X (1 + ^) •• « X (1 + r)« : a X a + & oi = 1200 X 

(1 + r)"-i. 

Increase of Population, 

570. What is here said of compound interest, applies, word 
for word, to the increase of population. - 

To make use of the Table (465) for resolving all problems 
relative to Compound Interest and the Increase of Population, 
we shall substitute 1 -|- r for q. Thus, instead of the formulaa 

3^ = -^— , »=1-| J we shall, for the first, have 

1 + ^ =^-; tliafc w to say, r= — 1 + ^- = — 1 

Lai — La J 1. ., 1 . - , L<w — La 

' +i;(;ri::i). and forthe last, n = l+ ^j-j-^^. 

Problem 1. 

We have placed at interest 81000000, at the rate of ten per 
cent, compound interest. What sum shall we touch at the end 
of five years and a half? 

The sum that we shall touch at the end of the fifth year, 
will equal aq^. The interest for the six remaining months 
will equal the half of the interest of o^ during a year; that 
is to say, aq^ X tV X ^ ; therefore, the sum that we shall touch 
at the end of five years and a half will equal og* -f" ^2^ X r5 
Xi = 1000000(14)*+ 1000000(|i)*XT\yX^ = $1691035^. 

Problem 2. 

We have touched 81610510 for a capital, placed five years 
since, the compound interest being one-tenth per dollar ; what 
was this capital ? 

Since we know the last term 1610510(af,) the number of 

terms 6(n), the quotient j^(q), and that a = ■ ^ , we shall 



have a .= 
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1610510 1610510 1610510 X 10* 



. 10* 

1610510X100000 1AAAAAA J II *U 'A 

= ,^,^--, = 1000000 dollarB, the required 

loiOol 

capital. 

Problem 8. 

We have touched $1691035^ for a capital, at interest for 
five years and a half, the compound interest being at ten per 
cent. What was this capital f 

Let a be the capital, the sum touched at the end of the fifth 
year will be a X (ii)*> ^^^~ interest for the six remaining 
months will equal the half of the interest of a(| J)* during a 
year ; that is to say, a(i J)» X t^J X ^, or a(i J)* X ,V- Wo 
shall then have a(lj)* + a({J)* X 2^j = "'^ **^** ^ ^ ^If 
« X [ (i J)* + (i J? X uS ] = «* ) therefore, 

w 1691035 + \ _ 

161051 161051 J^ "~ 3221020 + 161051 "" 

100000 "^ 100000 ^ 20 2000000 
(1691035 + ^)2000000 3382071 X 1000000 - aaaaaa 

3382071" = 3382071 = ^^^^^^ 

dollars, the required'capital. 

Problem 4. 

We have put to interest 91000000, and have touched 
$1610510 at the end of five years. What was the compound 
interest ? 

Since we know the first term 1000000(a), the last term 

1610510(ai), the number of terms 6(ii), and that j = ^ — , wo 

shall have q = t/ jJiJ J JJ = | J 5 therefore, the interest was 
one-tenth per dollar, or ten per 100. 

Problem 5. 

Having placed at interest $1000000 at 10 per cent., we have 
touched $1691035^. We demand what time the sum was at 
interest ? 

Since we know the first term 1000000(a), the last term 
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1691035^(a»), and the rate, which is one-tenth per dollar, the 

quotient ^ wiU then be |). But the number of terms n = 1 

La>_La ,^ ^ - , L(1691035+J— LIOOOOOO 

+ -T^^*^^'^^^'^^ = ^+ ^ Lll-LlO 

But the sum tonched at the end of the fiflh year is equal to 
1000000QJ)», that is to say, 1610510 ; therefore, 1691035+i 
— 1610510; that is to say, 805251 ig the interest of 1610510 
during a time /> of the sixth year. But this interest is equal 
to 1610510 X 1^ X 1> ; that is to say, 161051 Xi> ; therefore, 

161051 Xl> = 80525 + i;therefore,i>=.?5|?^^ = J. 

The sum was therefore at interest 5^ years. 

ProhUm 6. 

Suppose that there are 30000000 of inhabitants in France, 
and that the population augments by one hundredth per year: 
how many inhabitants will there be in France at the end of a 
hundred and one years f 

Agreeably to the formula w = af^ ; we shall have 

m = 30000000 X (\uy^^' 

Operating by logarithms, we shall find for the logarithm of 
(18 J,) 2,00432 — 2,00000; that is to say, 0,00432; and for 
the logarithm of (lJJ,)*o«, 0,43200, which corresponds to 
the number f Jg*. Therefore w = 30000000 X HU = 
80000 X 2704 = 81120000. 

Therefore, at the end of a hundred and one years, France 
will contain 81120000 inhabitants. 

Problem 7. 

Suppose that in France there are 30000000 of inhabitants, 
and that the population augments by one hundreth per year: 
in how many years will the population amount to 81120000 
inhabitants ? 

According to the formula » = 1 -f- t /-i i_ v 

^„^ , . L81120000 — L30000000; 
we shall have n = 1 + liqi ^ LlOO 

then, as L81 120000 — L30000000 = 0,43200, and LlOl — 
LlOO == 0,00432, we shall have n = 1+ JJJf M = 1+ ^^^ 
= 101. 

Therefore, in one hundred and one years the population of 
Prnnee will be 81120000. 
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Problem 8. 

There are 30000000 of inhabitant in France: in what 
proportion mnst the population increase so that there may be 
81120000 at the end of a hundred and one years ? 

According to the formula, 

"-i/oi La» — La 
r = — 1-f -^— = — IH ^_i = 

L81120000 — L30000000 0,43200 _ 

10 "~ + 100 "" 

1-j- 0,00432; now the logarithm 0,00482 answers to the 
number Jg J j therefore r = — 1 + jJJ =Tiu« The popu- 
lation must therefore increase by -^^-q yearly. 

Annuities. 

571. According to the proper import of the word, an An- 
DTUty is a yearly income. Revenues arising from Public 
Funds or Stocks, Donations, Pensions, Salaries, Bents, &c., 
the payments of some of which are usually made at shorter 
periods, are also called Annuities. 

The claim which any one holds, in expectancy, to a revenue 
dependent on a future event, as the demise of one or more 
individuals, &c., is called an Annuity in Reversion. 

572. Public Funds or Stocks are loans advanced to Govern- 
ment, for which interest is regularly paid, from revenues set 
apart for the purpose. This mode of levying taxes for the 
payment of interest is called the Funding System, and the 
loans constitute the National Debt, 

- The debts of Government differ from other contracts in 
this, that the public creditor can claim only his interest ; he 
may, however, sell his stock; that is, he may transfer his 
claim, and thus obtain his capital, more or less, according to 
the price of stock, which fluctuates from a variety of causes. 

573. In raising loans a Douceur is sometiihes given by Gt>- 
vernment of an annuity for a limited time; this is called 
a Terminable Annuity ; but the returns of the regular stocks 
on which the common interest is paid, are called Perpetual 
Annuities, 

574. Peyrard, a talented French writer, to whom we are 
indebted for a great part of this section, says, '^ We call annui- 
ties equal sums, paid yearly, to extinguish in a given time a 
capital and its compound interest.'' 
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A person haTiDg borrowed $12000 for fiye yean, at ten per 
cent, would acquit bimaelf in five equal jearlj payments : what 
•am must he pay at the end of each year t 

It is evident that, if there were no reimbnrsements, he 

would be indebted 12000 X (H)' ^^ ^^ ^^^ o^ ^^ ^^ 
year. 

But the borrower remits a sum, by at the end of the first 
year, without which h would have become h X CH)^ > ^® 
remits b at the end of the second year, withovt which b would 
have become ^ X ({i)' ; he remits b at the end of the third 
year, without whieli b would have become b X (H)^ > he 
lemits b at the end of the fourth year, without which b would 
have become & X |i ; &nd; lastly, at the end of the fifth year, 
he remits b: therefore b X (14)^ + b X(iJ)*+ ^ X (H)* 
H- h X (14) + b = 12000 (ij)«. 

But the numbers b X (f *)* + ^ X ( J4)* + * X (i*)* + 
b X (t4) ~^ ^ ^^"° ^ geometrical progression, the sum of 

which is equal to ^XCW^ XH — ^ , tJiat is to say, 
^X(H)^-^ . ii-l 

therefore ^ ^^^^ — 5= 12000 X (14)' ; 
but ^X(H)^-& _ 6X [(14)^-13 . 

therefore ^ *^ ^^^ li = 12000 X (14)* ; 

therefore 6 = ^^^^^J/^' ^^ ''^ = »3165}Hf f Answer. 

It will be the same whatever be the sum lent, ^e interest, 
and the number of years. 

Calling a the sum lent, n the number of years, r the inte- 
rest, and b the sum which must be remitted at the end of 

' each year, we shall have b = — ^ — /^ ., . 
•^ ' (l-j-r)"— 1 ' 

from which we deduce a = ^ .7" . 7" ■ ; 

r X (1 + r)» ' 

Lp-L(&-aXr)] 

L(l-f.r) 
With these three formulas we can resolve all oases that 
Annuities present. 
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Let it be ptopofled, for example, to find what snm we mxmt 
give yearly, to extinguish, in three years, a debt of $500, the 
interest being at ten per cent. 

Substituting these numbers in the first formula, we shall 
find b = 9201 + ^\. Therefore, <201,VV> <>' (201,057 + 
is the yearly payment. 

If the interest were at 7 per cent, we should find b=^ 
$190,526 — . 

575. To facilitate the calculation of Annuities, the student 
may construct the following Tables : 

1. Find the amount of 1 unit, at eyery probable rate of 
interest; from 1 year to such a number of years as may be 
considered sufficient. 

Thus, (568,) P being a unit, if we put r successiyely equal 
to the numbers 4, 4^, 5, 6, we shall, by the general formula 
,, p.pw lOOXr / 100 + r y / lOOXr V 

&c., for the respectiye amounts at the end of each successive 
year have the numbers found in Table 1. 

2. Find the amount of a deferred annuity of 1 unit from 
1 year to the same number of years, and at the same rates. 

We ' have seen (574) that the amount of an annuity 6, ■ 
deferred a certain number of years, is equal to the geometrical 

progresaion 6 + b x^^ +b X Q^^Y + bX 
( — ^ J , &0., the index of the highest power of » 

\ — =^~ — J being one unit less than the number of years 

during which the annuity has been deferred. 

100 + r 
Now, if we suppose h a unit, the expressions h X — tkk — } 
/lOO _i- y\3 100 

b X \ — i^T ) , &c., are the same as the compound interest 

of a unit for 1, 2, &c. years. Wherefore the unit b is the 
annuity for 1 year : 1 + 1,04 (the first number in Table 1) 
= 2,04 is the amount of the annuity deferred 2 years ; this 
amount, together with the second number in Table 1, is the 
amount for 3 years. Continuing thus to add to each result 
the number opposite to the same year and under the same 
rate in Table 1, we easily obtain the results found in Table 2. 
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8. Find the pmeDi worih of a Tenniiiable Annnity of 1 
unit for the nme number of jeaiBy and at the Bame rates as 
those of Tables 1 and 2. 

This is eyidentlj the sum thai at oomponnd interest will 
eqnal the retnms of the annuity, each, exoept the last, which 
is the annoitj itself, or one unit, being plaoed at compound 
interest fiom the time it is due to the end of the Term. Now 
the amount of any capital at compound interest for any time, 
divided by the amount of 1 unit for the same time, will give 
the capital or present worth. Therefore, to form the numbers 
of Table 8, we divide those of Table 2, term for term, by the 
corresponding ones of Table 1. 

Suppose, for example, that we would construct Tabl& 1, 2, 
and 3 for 10 years at the rates 4, 4|, 5, and 6 per cent. 
Then for Table 1. As the amount of a unit at these rates is 
evidently 1,04, 1,045, 1,05, and 1,06; having placed these 
numbers at the head of Uieir respective columns, opposite to 
1 in the column marked year, the respective amounts for 2, 3, 
4, Ac years are found by raising each number successively to 
the 2d, 8d, 4th, &c. power, as fiir as the tenth inclusive. 

Table I, 
8k9fem^th§Aw^omHi^9mwfkmtOpm^omuiJnia-witJnmaneTe^ 



T«ftr. 
1. 


4ptr eoBt. 


4iptremt. 


k ptr emt. 


6 per oent 


1,040000 


1,045000 


1,050000 


1,060000 


2. 


1,081600 


1,092025 


1,102500 


1,123600 


8. 


1,124864 


1,141166 


1,157625 


1,191016 


4. 


1,169859 


1,192519 


1,215506 


1,262477 


5. 


1,216653 


1,246182 


1,276282 


1,338226 


6. 


1,265319 


1,302260 


1,340096 


1,418519 


7. 


1,315932 


1,860862 


1,407100 


1,503630 


8. 


1,368569 


1,422101 


1,477455 


1,593848 


9. 


1,423312 


1,486095 


1,551328 


1,689479 


10. 


1,480244 


1,552968 


1,628895 


1,790848 
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Tahh 2. 
The Amount of an Annuity of 1 unit from 1 year to 10. 



Tear. 
1. 


4 per cent. 


4^ per cent. 


6 per cent 


6 per cent 


1,000000 


1,000000 


1,000000 


1,000000 


2. 


2,040000 


2,045000 


2,050000 


2,060000 


3. 


3,121600 


3,137025 


3,152500 


3,183600 


4. 


4,246464 


4,278191 


4,310125 


4,374616 


5. 


5,416323 


5,470710 


5,525631 


5,637093 


6. 


6,632976 


6,716892 


6,801913 


6,975319 


7. 


7,898294 


8,019152 


8,142008 


8,393838 


8. 


9,214226 


9,380014 


9,549109 


9,897468 


9. 


10,582795 


10,802114 


11,026564 


11,491316 


10. 


12,006107 


12,288210 


12,577893 


13,180795 



TahU 3. 
The Pretint Worth of an Annuity of\ unit from 1 yeaf to 10. 



Tear. 
1. 


4 per cent 


4i per cent 


6 per eextt 


6 per cent 


0,961538 


0,956938 


0,952381 


0,943396 


2. 


1,886094 


1,872668 


1,859410 


1,833393 


3. 


2,775091 


2,748964 


2,723248 


2,673012 


4. 


3,629894 


3,587526 


3,545951 


3,465105 


5. 


4,451822 


4,389977 


4,329477 


4,212364 


6. 


6,242187 


5,167872 


5,075692 


4,917324 


7. 


6,002056 


5,892701 


5,786373 


5,582381 


8.^ 


6,732745 


6,595886 


6,463213 


6,209793 


9. 


7,435332 


7,268790 


7,107821 


6,801692 


10. 


8,110896 


7,912718 


7,721735 


7,360087 



576. Having construoted Tables likefthe preceding, as &r 
and at such rates as we require, it is plain that if, from one of 
the Tables, we take the amount or present worth of a unit, for 
any time and at any rate, and multiply this amount or present 
worth by any number, we shall, for the result, obtain the amount 
or present worth of the number by which we n^ultiply. 

1. Suppose we would find the amount of $500 for 6 years, 
at 5 per cent, compound interest. 

2) 1340,096 amount of 1 unit multiplied by 1000. 

1670,048 Answer. 

36 
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5 p. 0. = y Ju = ^ ; then by oontiiiaally adding J\j, we 
have for the sncoeasive annual amounts^ 626^ 551;25| oJSfilf 
607,75,688,14,670,048. Or, 

105 
5 

5 25 Ist year. 
1,05 



551,25 2d " 
1,05 



578,8125 3d " 
.1,05 



607,753125 4ih " 
1,05 



638,14 07 8125 5th " 
1,05 



670,0478 20 3125 6Ui <' 

Or^ log. 1,05 0,021189 

6 

0,127134 
kg. 600 2,698970 

2,826104 

This gives the answer $670,045, very nearly the same as 
before. 

2. Required the amount of an annuity of $500, deferred 6 
years, at 5 per cent, f 

2) 6801,913 amH of 1 unit, multipUed by 1000. 

8400,9565. Answer. 

Or, by the formula (574), as 4J§ = |J, we have 500 

+ 500 X 11 + 500 X (IJ)* + 50d X (|i>+500x (!*)• 
- - 500 X (14)* = 500 + 525 + 551,25 + 578,81 + 607,75 
--638,14 =$3400,95. 

8. What is the present worth of an annuity of $500, de- 
ferred 6 years, at 5 per cent ? 

2) 5075,692 amount of 1 X 1000. 
2537,846. Answer. 

Or, Divide the amount of the annuity by the amount of 1 
unit at oompound interest, thus : 
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1840096) 3400956500 (2587,845. Answer. 
7207645 
5071650 
10518620 
1182948 
60876 
7272 
572 

From these examples the student will perceive the yery great 
convenience of the Tables. 

577. To find the present worth of an annuity in reversion— 
that is, of a Terminable Annuity — to commence in a given num- 
ber of years. 

Rule : Find its present worth from the present time till the 
end of its continuance ; also till the time at which it begins ; 
the difference between these two results is the required present 
worth. 

What is the present worth of a reversion of 9500 for 6 
years, to commence in 8 years from the present time, at 6 p. c? 

Observe that in taking out the Tabular Number, if, instead 
of the amount or present worth of 1 unit, we would have that 
of 10, 100, 1000, &c., we have only to remove the comma 1, 
2, 8, &c. places towards the right. 

6801,692 present worth of 1000 for 9 years. 
2678,012 " " for 8 years. 

2 ) 4128,680 

92064,84 required present worth. 

578. To find the present worth of a perpetual annuity. 

This is evidently the sum, the intei^st of which is equiva- 
lent to the annuity. Now as the interest of any sum is the 
product of the principal and the rate, considered as hundredths, 
(507,) we easily deduce the Rule : Divide the annuity by the 
rate considered as hundredths. 

1. Suppose a house rents for 9865 ; for how much should 
it be sold, where money is loaned at 6 per cent. ? 

6) 86500 
96088,88| Answer. 

2. The machinery in a manufactory is repaired a| ihe end 
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of eyenr 7 yean ftt a cost of $10000; what sam will maintain 
the disborsementat 6 per cent ? (674.) Ans. $29855^83|. 

Money 9 of Differewt OoutUri^. 

BolUmd. 
16 Pennings = 1 Stiver, 

20 Stivera = 1 Florin or Guilder, 

20 Shillings, or 6 Florms = 1 Pound 

21 Florins, or 60 Stivers = 1 RixdoUari 
I Florin =40 Gents. 

France, 

10 Centimes (c.) = 1 D6oime(c^.)y 

10 D6oimes = 1 Frano (/. ) = 18| oents. 

Spain, 

84 Maravedis = 1 Beal of Plate, 

8 Reals = 1 Dollar of Plate, 

875 Maravedis = 1 Ducat of Plate or exchange, 

10| Reals, Plate = 1 Hard Dollar {peso duro) = 

91 United States, 
1 Real of Plate = 2 Reals Yellon. 

Portugal. 

1000 Rees = 1 Milree = about $1,36 in gold, 

400 Rees == 1 OldCrusado, orCrusadoofexch., 

480 Rees = 1 New Crosado. 

Vienna, — Trieste, 

4 Pfenings = 1 Creutzer, 

60 Creutzers = 1 Florin or Grulden, 

1^ Florins, or 90 Creutzers = 1 Rixdollar of account, 

2 Florins, or 120 Creutzers = 1 Rixdollar, specie. 

Venice, 

12 Denari = 1 Soldo ; 20 Soldi = 1 Lira ; 6 Lire 4 Soldi 
piccoli = 1 Dacat current, or of account ; 8 Lire piccolo = 
1 Ducat effective ; 100 Centimes = 1 Lira Italiana ; 40000 
Lire piccole = 30467 lire Italiane. 

Sweden, 

12 Rundstycken, or ore = l Skilling; 48 Skilling8 = 
1 Riksdaler. 
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20Granii=:l Tari, or Tarin; 30 Tari = l Onoia; 12 
Tari = 1 Scudo, or Sicilian Crown. 5 Scudi = 2 Onoie. 

Genoet. 

12,Denari = l Soldo; 20 Soldi = 1 Lira fuori Banco; 
5 Lire 15 Soldi fuori Banco = 1 Pezza. The Pezza is also 
divided into 20 Soldi, or 240 Denari di Pezza : thus 4 Pezze 
= 23 lire ; 4 Soldi di Pezza = 23 Soldi di Lira; 4 Denari 
di Pezza = 23 Denari di Lira. 

Also, 4 Lire 12 Soldi fuori Banco = 1 Soudo di CambiO| 
or Crown of exchange; 10 Lire 16| Soldi fuori Banco = 
1 Scudo d'oro, or gold Crown ; 10 Lire 14 Soldi fuori Banco 
= 1 Scudo d'oro marche. 

Geneva, 

12 Deniers = 1 Son or Sol ; 20 Sous = 1 Livre current ; 
3 Liyres = 1 Ecu, or Patagon. 

Naples. 
10 Grani = 1 Carlino ; 10 Carlini = 1 Ducato di regno. 

Augehurg. 

-60 Creutzers == 1 Florin or Gulden; 90 Creutzers, or IJ 
Florin = 1 Rixdollar of account ; 100 Rixdollars giro, or 
money of exchange = 127 Kixdollars current^ or 190^ Flo- 
rins current'; 2 Florins = 1 Eixdollar specie. 

Berlin and Brealau ; aho Leqfsie. 

12 Pfenings == 1 Good Grosche ; 24 Good Groschen ==: 
1 BixdoUar currency; or of account. 

Bremen, 

5 Swares = 1 Grote ; 32 Grotes = 1 Bremen Mark ; 72 
G rotes, or 24 Marks = 1 Eixdollar of account; 96 Grotes, 
or 1 J RixdoUars of account = 1 BixdoUar specie. 

Conetantmople — Smyrna, 

3 Aspers = 1 Para ; 40 Paras, or 120 Aspers = 1 Piastre, 
or Turkish Dollar; 80 Half-Paras, or 100 Minas, also called 
Aspers = 1 Piastre. 

Copenhagen. 

12 Pfenings = 1 SkiUing; 16 SkiUings^l Mark; 6 
Marks Danish, or 3 Marks Lul>s = l Ryksdaler, or Bix- 
doUar 

36* 
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Thus, 2 Pfenings, SkillingSy or Marks Danish = 1 Pfening, 
Skillingy or Mark Labs. (^Lubs, money^of Lubeok and Ham- 
burg.) 

Dantgie, 

8 Pfenings = 1 Groschen ; 80 Grosohen = 1 Florin or 
Gulden ; 8 Florins = 1 Bixdollar. 

4 Pfenings = 1 Creutser; 4 CreutxerB = l Batse; 60 
Greutzers, or 15 Batzen = 1 Florin ; 90 Creutzers, or 1^ Flo- 
rins = 1 Rixdollar of aeoount 

ffamhurg, 

Banco bears an agio on currency, which is generally from 
20 to 25 per cent. 

12 Pfenings = 1 Schilling, or Sol Lubs; 16 Schillings 
Lubs = 1 Mark ; 3 Marks = 1 Rixdollar; 6 Pfenings = 1 
Grote Flemish ; 12 Grotes Flemish, or 6 Schillings Lubs = 
1 ShiUing Flemish ; 20 Shillings Flemish^ or 7| Marks = 
1 Pound Flemish. 

Lfgkom, 

' 12 Denari di Pezza = 1 Soldo di Pezza ; 20 Soldi di Pezza 
s= 1 Pezza ; commonly called Pezza of 8 Beab. 12 Denari 
di Lira = 1 Soldo di Lira ; 20 Soldi di Lira = 1 Lira; 24 
Lire moneta lunga = 23 Lire moneta buona ; 6 Lire moneta 
lunga, or 5| Lire moneta buona = 1 Pezza of 8 Beals. 

Milan, 

12 Denari = 1 Soldo; 20 Soldi = 1 Lira; 106 Soldi or 
Lire imperiali = 150 Soldi or Lire correnti ; 106 Soldi impe- 
riali, or 150 Soldi correnti=l Filippo; 117 Soldi imperiali 
= 1 Scudo or Crown. 

Petersburg. 

10 Copecks = 1 Grieve or Grievener; 10 Grieves, or 100 
Copecks = 1 Buble. 

Borne. 

2 Mezzi Quattrini = 1 Quattrino ; 5 Quattrini = 1 Ba- 
jocco; 10 Bajocchi = 1 Paolo; 10 Paoli, or 100 Bajocchi =r 
I Scudo moneta, or Boman Crown; 12 Denari d'oro = 
1 Soldo d'oro; 20 Soldi d'oro =: 1 Scudo di stampa d'oio. 

Turin. 
12 Denari = 1 Soldo ; 20 Soldi = 1 Lira. 
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Malta, 

20 Grani = l Taro; 12 Tari = l Sondo, The Taro is 
likewise divided into 2 Carlini, or 120 Piocioli. 2^ Seudi = 
1 Pezza, or Dollar of exchange; 30 Tari 10 Orani = 
1 Spanish Dollar ] 88 Scudi 9 Tari = 1 Spanish DoaUoon ; 
80 Tan = 1 SiciUan Dollar ; 6 Scudi 8 Tari =? 1 Sicilian 
Ounce. 

Bengal^ Calcutta, ^e. 

12 Pice = 1 Anna; 16 Annas = 1 Bnpee =41 Cents; 1 
Sicca Bupee^ E. I. Company = 47^ Cents. 

Bombay. 

100 Bees = 1 Quarter; 4 Quarters = 1 Bupee. 

Madrat. 

80 Ca8h = l Fanam; 45 Fanams==:l Star Pagoda = 
9 1,80. 

China. 

10 Cash=l Candarine; 10 Candarines = l Mace; 10 
Mace = 1 Tale = 91;48| more or less. 

Memuratum, 

579. A triangle having one right angle is right^ngled; 
when one angle is greater than a richt angle, it is dUtue- 
angled; and when each angle is less tnan a right angle, it is 
acute-angled, 

580. When the three sides are equal, the triangle is equi- 
lateral; when two sides are equal, isosceles; and when the 
sides are unequal, scalene, 

581. As the area of any parallelogram is. found in multi- 
plying the base by it^ perpendicular height or altitude, (108,) 
It is evident that the areas of any two parallelograms have to 
one another the ratio which is compounded of the ratios of 
their bases and altitudes. Hence we deduce the following 
properties : 

1. Parallelograms of equal base and altitude are equal to 
one another. 

2. Parallelograms of equal base are to one another as their 
altitudes. 

8. Parallelograms of equal altitude are to one another as 
their bases. 
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582. Beoaiise every triangle is the half of a parallelogram 
of equal base and altitude, it is plain (165) that the above 
properties also m)ly to trian^es : 

1. Triangles of equal base and altitude are equal. 

2. Triangles of equal base are to one another as their 
altitudes. 

8. !hiangle8 of equal altitude are to one another as their 
bases. 

583. Also to find the area of a triangle : Multiply any 
side by half the perpendicular drawn to it from the oppo- 
site angle. Or, multiply the perpendicular by half the side. 
Hence, if the triangle be right-angled, we multiply either of 
the two sides containing the right angle by half the other. 

584. In a right-angled triangle, the square of the side sub- 
tending the right angle (which side is called the hypothenuse) 
is equid to the sum of the squares of the sides containing that 
angle. (^Euc, 47, 1.) 

Therefore, if we assume t^o numbers as representing two 
sides of a right-angled triangle, the number which represents 
the third side will be arbitrary ; thus, if the assumed numbers 
are to contain the right angle, the third side or hypothenuse 
wilTbe the square root of the sum of their squares ;- but if one 
of the assumed numbers is to be the hypothenuse, the third 
number will be the square root of the difference of the squares 
of the assumed numbers. 

Let X = hypothenuse, and a and h the other sides ; then if 
we assume x = 5 and 6 == 3, we shall have 



a =|/aJ« — fe» = |/25 -- 9 = y/16 = 4 
If a == 6, and 6 === 8, we shall have 



a;=ya»+ 6« = y/36 + 64 = |/100 = 10. 

585. From the above it is plain that to construct a Carpen- 
ter's square, we have only to join by a pin the ends of two 
straight rulers, the one being placed in a horizontal and the 
other in a vertical position, so that they may be moved like the 
legs of a pair of compasses. Then if we measure 8 inches on 
one and 4 on the other from the angle, and moye the vertical 
ruler so that the hypothenuse may measure exactly 5 inches, the 

'ers being secured in this position form the square or right 
le required. Or we may take 6 inches on one ruler and 8 
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on the other, ftnd move the yertical one till the hjpothenose 
measures exactly 10 inches. Also, we may use any other equi- 
miiMples or equiparU of the nnmbers 3, 4, and 5. Or, finally, 
find the hypothenuse corresponding to any two -numbers at 
pleasure. The above numbers, however, being integral and 
easily remembered, are considered most convenient, and are, as 
feet, those generally employed by carpenters in framing build- 
ings, &c. 

In laying out rectangular plots of ground for gardens, fields, 
&o., instead of inches or feet, yards or rods may be employed. 
Also, the distances may be measured by a chain or other line, 
which can be kept uniformly tense. 

586. If the circumference of a circle be divided into 6 equal 
arcs, the extremities of which are joined by straight lines, 
called chords, the figure thus inscribed in the circle is called a 
hexagon; and if from the angular points in the circumference 
radii be drawn, as these are all equal, as well as the chords of 
the arcs, the triangles so formed are equal. Now the three 
interior angles of every triangle (Euc. 32, 1) are equal to two 
right an^es or 180 degrees, and each of the angles at the cen- 
tre (302) is 60** ; therefore, calling the chord the base of each 
triangle, the two angles at the base are equal to 120^. But 
the angles at the bCise of an isosceles triangle are equal, (^Ehic. 
5, 1;) therefore, each of the angles is 60^, and the triangles 
are equiangular. But equiangular triangles are also equilateral, 
(^Ev/c, cor. 6, 1;) therefore, tbe side of the hexagon is equal to 
the radius of the circle in which it is inscribed. Hence we see 
that the radius of a circle is the chord of an arc of 60^ mea- 
sured on its circumference. 

587. An instrument, commonly of brass, for measuring or 
constructing angles, is made in the form of a quadrant or 
semicircle, with its perimeter or circular edg^ marked into the 
appropriate number of equal parts or degrees. This being 
placed with its central point at the point of the angle, and its 
diameter on one of the lines forming the angle, the number 
of degrees which is the measure of the angle is found on the 
perimeter, and marked or noted at the point where it is inter- 
sected by the other line, or through which the other line is to 
be drawn. Or, (586,) extend the compasses on the perimeter 
from 1^ to 60^, and, having drawn a hue with one foot of the 
compasses resting on the angular point or end of the line at 
which the angle is to be made, and the other beginning on the 



4S0 MBNSUEATION. 

line, describe an are of snfficieiit length. Then extend the 
compasses on the perimeter of the sector, from 1^ to the re- 
quired number of degreeSy and set off this distance from the 
line on the described arc, and through the point of section and 
the angular pointy bj a ruler; draw a line which will form the 
required angle. 

588. To measure any angle of a rectilinear field : Set a 
stake within the angle, equidistant from either fence, and a 
straight pole with a small white flag at the same distance within 
the other extremity of each fence, or as far as it can be con- 
yeniently seen. Then from the stake, in the direction oi each 
pole, measure 60 links of Gunter^s Chain, setting a small stick 
or brass rod at the farther extremity. Lastly, measure the 
distance in links across the angle, from one stick or rod to the 
other, which will give the number of degrees contained in the 
angle. Feet may oe used instead of links. 

589. From the above we can easily describe a triangle equi- 
angular to a given triangle, namely, by constructing at the ex- 
tremities of any straight line two angles equal to the two at 
the base of the given triangle ; then because the three angles 
in each triangle are equal to two right angles, and if equals be 
taken from equals, the remainders are equal ; the third angle 
of the one is equal to the third angle of the other. In like 
manner also we may construct a rectilineal figure equiangular, 
and consequently similar, to a given rectilineal figure ; and thus 
the form of any piece of ground enclosed by straight lines 
may be plotted on paper, and its content found according to 
the measurement taken in the field by G-unter's Chain or 
otherwise. (286 ) 

590. The divisions of Oun tor's Chain are sometimes marked 
upon a piece of strong tape, which is painted white on both 
sides, well stretched, dried, and attached to a small roller. Al- 
lowing a foot or two, next the roller, which is not marked, 22 
yards are measured on the tape and neatly divided into 100 
equal parts by black lines. On the other side the divisions 
are feet and inches. This, which is called a tape-liney is a 
neat and exceedingly useful pocket instrument. 

591. To measure a four-sided field which is not rectangular : 
Let a, hy Cy dy represent the field. Measure the distance 
from a to c, suppose 32 chains ] then to find the perpendicu- 
lars hg and dgy place in a line with oc and as nearly as 

le opposite to a flagstaff at 6, a straight pole, say 
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10 ft. long, haying a centre-piece 3 
ft. long fixed at right angles, like a 
carpenter's square, (586,) which 
centre-piece may, with a plnmb- 
line, be held vertically. Move 
the pole towards a or c till the 
centre-piece is brought in a line 
with 6 ; mark the point g by set- 
ting a stick or rod, from which to h the perpendicular hg may 
be measured. In like manner find and mark the point q and 
measure dq. 

Suppose hg = \^ chains and dq = 11 chains ; then (583) 

Sq. Links. 

we have 3200 X 700 = 2240000 area of abc. 

3200 X 550 = 1760000 area of triangle adc. 

40,00000 area of field, (286.) 

Hence we find that the field contains 40 acres. 

Or, measure the boundary lines and angles, plot the field on 
paper, and measure the other distances, taken &om the paper, 
on a scale of equal parts, from which the content may be found 
as before. 

592. To construct a scale of equal parts : Draw 11 equi- 
distant horizontal lines. Crossing these at right angles, draw 
any number of equidistant lines, at pleasure, according to the 
length of the scale, at sufficient distance from each other to allow 
the space between the two right-hand lines to be divided into 
ten equal parts. Let these be marked by 9 equidistant points 
on the upper and also on the lower line. Then draw ten 
oblique lines, the first from the top of the last but one of the 
perpendicular lines to the first or nearest point on the lower 
line ; the second from the first point on the upper line to the 
second on the lower line, and so on to the tenth, which is 
drawn from the last of the 9 points on the upper line to the 
bottom of the last line of the scale. Then, beginning on the 
space next to that containing the oblique lines, number the 
spaces, by writing above them 1, 2, 3, ao., in succession, and 
the scale is complete. 

The student will see that in descending on any oblique line 
the space from the last but one of the perpendicular lines is 
increased by one hundredth ; therefore, to measure 5,36, we 
extend the compasses on the upper line, with one foot on the 
nearest point on the left of the figure 5 to the third of the 
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9 points which we marked between the two right-hand lines ; 
this gives 5,3. Then^ counting the npper line 1, we descend 
with Doth feet of the compasses to the seventh Une, and find 
that we must extend a little farther for the 6 hundredths. 

593. The three sides of a triangle being given to find the 
area : Find the difference between each side and hidf the sum 
of the sides ; multiply the three remainders together, and this 
product by the half sum : the square root of me last product 
18 the area. 

What is the area of a triangle, the three sides of which mea- 
sure 35 ft., 27 ft., and 19 ft. 7 Ans. 254,27 ft. nearly. 

d 594. Let the straight line hc^ 
be bisected — that is, equally di- 
vided, in 6 — and on ec let there be 
a right-angled parallelogram aecd, 
and join ah and ac. 

Then it is plain (106) that any 
one of the triangles, aehy aec, and 
adc, will coincide with each of the two others ; therefore, the 
parallelogram is double of the triangle upon the same base ec, 
and equal to the whole triangle ahc. 

But the area of the parallelogram is equal to the product 
ae y^ ee; hence the area of the triangle is found in multiply- 
ing its perpendicular height by half its base. 

595. If we suppose the circumference of a circle to be cut 
into equal parts, and radii to be drawn to the points of section, 
then if we join the points of section by straight lines, we shall 
form triangles having their common vertex* in the centre of 
the circle, and so much the more numerous as there shall be 
a greater number of parts in the circumference. Also the 
bases of these triangles will approach the circumference as 
they increase in number, and consequently the perpendicular 
height of each will approach the radius. The ultimatum or 
limit, therefore, with regard to the sum of the bases, suppos- 
ing the number infinite, is evidently the circumference itself, 
and hence the perpendicular height of each, the radius itself. 
Wherefore, the area of all the triangles — ^that is, the area of 
the circles — ^is (594) the product of the radius and half the cir- 
cumference. 

596. The exact ratio of the circumference of a circle to its 

* Angular point oppoiite tbe bam. 
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diameter cannot, by any method hitherto discovered, be ex- 
actly expressed by numbers in the natural scale. 

The approximate value of this ratio given by Archimedes 

was \2, or as 3,142857 to 1, which is too great by rather more 
tban ^^jf of the diameter. 

Adrian Metius gave the ratio |f |, or as 3,141692 + to 1, 
which is extremely near the truth, being too great by less than 
half a millionth of the diameter. 

Others, in modern times, have, with surprising assiduity, 
carried the approximation to 30, 100, and even upwards of 150 
places of clecimals, the importance of which the student will 
easily discover thus : the 'ratio carried to 12 places is as 
3,141592653589 to 1, which is within a trillionth of the dia- 
meter. This, supposing the diameter of the globe we inhabit 
to be 7920 miles, gives the error in the circumference about 
• the two-thousandth part of an inch. 

The diameter of a circle being given, to find the area : 

597. As the area (595) is equal to the radius multiplied by 
half the circumference, it is also equal to the diameter multi- 
plied by one-fourth of the circumference, which, supposing the 
diameter 1, is equal to ,785398 -)- or nearly ,7854. 

Now circles are to one another as the squares of their dia- 
meters, {Playfair^% Eac, 6, 1, sup. \) therefore, 

As the square of 1 

To the square of the given diameter, 

So is ,7854 . 

To the required area. Hence the following Rule : Multiply 
the square of the given diameter by ,7854, or, if great accu- 
racy is required, by ,785398. 

What is the area of the equatorial circle, supposing its dia- 
meter 7925 miles? Ans. 49327537g square miles. 

598. To find the circumference of a circle from its diameter : 
Multiply by 3,141592. 

To find the diameter from the circumference : Divide by 
3,141592, or rather multiply by its reciprocal*, which is 
,31831 very nearly. 

599. If in a circle we draw two diameters at right angles to 
each other, and join their extremities, as there are four right- 
angles at the centre, the subtending arcs are equal and their 

chords equal. 

I ^ ^ 

• 1-r 3,141592. 
37 
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Again, as the four triangles, the sides of which arc radii and 
the base of each the. ehord of 90^, are right-angled and isos- 
celes, each angle at the base is half a right angle ; therefore, 
the angles of the inscribed figure are right angles, and, as its 
sides are equal, it is a square. Also the side of this square, 
which in each triangle is opposite to a right angle, is the square 
root of twice the square of the radius. 

Now, the diameter being 1, the radius is ,5, and twice its 
square is also ,5 ; and extracting the root, we have i/,5 = 
,707160678, the side of tbe square the diameter or diagonal 
of which is 1. 

Hence it is evident that if we draw the diagonals of a square, 
and take the point of intersection as a centre and the distance 
from this point to one of the angular points of the square as 
a radius, the circle will pass through the other angles of the 
square and be described about the square. 

To find the side of the square inscribed in a given circle : 

600. Seeing that, when the diameter is 1, the side of the 
inscribed square is ,707160678 +, and (^Euc, 4, 6) that the 
sides about the equal singles of equiangular triangles are pro^ 
portionals, we have the following proportion — 1 : the given 
diameter : : ,7071607 : the side of tbe inscribed square. 

Thus, if we find how large a square stick of timber can be 
hewn from a round one of 42 inches diameter at the smaller 
end, we have ,7071607 X 42 = 29,7 inches nearly. Hence 
the hewn stick will be 29,7 inches square. 

Or thus : the diameter of the given circle is also the diago- 
nal of the square and subtends the right angle of an isosceles 
triangle : therefore, its square is double of the square in- 
scribed in the circle, and hence the following rule : 

Square the diameter and take the square root of half the re^ 
suit. Or rather : Multiply the diameter by its half and take 
the square root of the result. 

Thus, for the above stick of timber, we have 42 X 21 = 882, 
and |/882 = 29,7 inches very nearly. 

li How large a square stick of timber can be hewn from a 
luund one, the least diameter of which is 51 inches ? 

Ans. 36^^^+ inches. 

2. The side of a square inscribed in a circle is 200 feet ; 
what is the length of the arc which it subtends ? 

Ans. 222,1441 + feet. 

To choose a tree out of which a stick of timber of given di« 
mensions may be hewn : 
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601. Fmme together 3 pieces of lath m the form of a right- 
angled isosceles triaDgle, (585;) having a plumh-line attached 
to one of the sides containing the right angle. Then, holding 
one side vertically, the other is kept pointed towards the tree 
we wish to cut, and withdrawn from or approached to it, as 
nearly as possible on a level with its base, until, by taking sight 
from the lower end along the hypothenuse, some part of the 
tree is seen exactly in range, to which point, and no farther, 
we know that the tree is eligible. Thep, be6ause, in equian- 
gular triangles, sides about equal angles are proportionals, we 
measure from the eye to the base of the tree, which, allowance 
being made for cutting, is the length of the stick it will afford. 
Allow also, at ^ of the height of the tree, about ^ (in very 
tall forest timber ^) diminution in the diameter of the stick, 
from the smaller end of which the calculation is made. 

If we would have a beam 40 feet long and 20 inches square, 
then, supposing that We require a tree 120 ft. high, we pro- 
ceed thus : 20«=400 : then 400 X 2 ^ 800, and |/800 = 
28,284 inches, diameter of stick at the smaller end, to which 
we add 4 of itself, and have 28,284 + 9,426 = 37,71 inches 
for the aiameter, and consequently, 118,47 inches for the cir- 
cumference at the base. In measuring,, this allowance is made 
for the bark. 

To find the side of the inscribed square from the circumfe- 
rence : ^ 

602. Because the circumferences of all circles are equimul- 
tiples of their diameters, 1 : given diameter : : ,707160678 
or 3,141592 : given circumference : : ,707160678 : required 
side. Now ,707160678 ^ 3,141592 = ,225096 +. Hence 
the Bule : Multiply the •circumference (for timber, that of 
smaller end) by ,225096, or, in ordinajy calculation; by ,2251. 

Thus, for the above stick, supposing the tree 118,47 inches 
at the base, subtracting 4 of this, we have 118,47 — 29,62 = 
88,85, and 88,85 X ,2251 = 20,000135 in. for the side of the 
required stick. 

1. A tree 150 feet high, allowance having been made for the 
bark, is 15 feet in circumference at the base : how large a 
stick 50 feet long may be hewn from it ? 

Ans. 32,41 -f- ^^' square. 

2. A tree is 90 feet high and 7 feet in circumference at the 
base : how large a stick 45 feet long can be hewn from it f 

Ans. 11,82 — inches. 
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To find the side of an equilateral triangle inscribed in a 
given circle : 

603. If wo draw Jiie chord of doable the arc subtended by 
the side of a hexagon, we have the side of an equilateral tri- 
angle inscribed in the circle. From one extremity of this 
side draw a diameter, and, by a straight line, join the other 
end with the other end of the diameter. The angle opposite 
the diameter, being in a semicircle, is (JEhic, 31, 3) a right 
angle. Now one of the sides containing this angle, being the 
chord of \ of the circumference, is equal to the radius : we 
therefore subtract the square of the radius from the square of 
the diameter, and extract the square root of the result. Thus, 
the diameter being 1, we have 

12 _ ^52 = 1 _ ^25 == ,75, and |/,75 = ,8660254 +. 

Then, because the sides about the equal angles of equiangu- 
lar triangles are proportionals, 1 : diameter of any circle : : 
,8660254 : the side of an equilateral triangle inscribed in that 
circle. Hence the rule : Multiply the diameter by ,8660254. 

Required the side of an equilateral triangle inscribed in a 
circle of 3 feet diameter. Ans. 2,598 -\- feet. 

To find the side of a square equal to a given circle : 

604. When the diameter is 1, the area (597) is 
,785398163397. The square root of this, which is, 886227, 
is therefore the side of an equal square. 

Now, to find the square equal to any other circle, because 
the circles are to each other as the squares of their diameters, 
and also as their equal squares, the squares of the diameters 
(411) are to each other as the equal squares. But (414) 
when four squares are proportionals, their roots are propor- 
tional : therefore, 1 : diam. of any circle : : ,886227 : side of 
equal square. Hence the Bale : Multiply the given diameter 
.by ,886227. 

Suppose the diameter of a circle to be 7920 miles : what is 
the side of an equal square ? Ans. 7018,92 — miles, 

605. The cylinder is a solid figure generated by the revolu- 
tion of a parallelogram about one of its sides, which remains 
fixed. Hence its bases or ends are equal circles. 

To find the convex surface of a cylinder : 
Multiply the circumference of one end by the length of the 
cylinder. 

1. How many square yards of paper will cover the wall of 
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a circular room, the cuameter of tbe room befng 18 ft. 10 in. 
and its height 12 ft. 8 in. ? Ans. 249| +. 

To find the solidity of a cylinder : 
, Multiply the area of one of the ends by the length. 

2. What is the content of the above room in cubic yards ? 

Ans. 130,69 +. 

606. The sphere is a solid figure generated by the revolu- 
tion of a semicircle about its diameter, which remains fixed. 

To find the surface of a sphere : 

Multiply the circumference of the circle, of which the re- 
volving semicircle is one-half, which circle is called a great 
circle of the sphere, by its diameter, called also the diameter 
or axis of the sphere. Or multiply the square of the dia- 
meter by 3,141692. 

This surface is equal to the convex surface of a cylinder, 
the base of which is a great circle of th^ sphere, and its height 
the diameter of the sphere. 

1. What is the number of square miles of land on the sur- 
face of the globe, allowing 4 of the whole surface to be water, 
the mean diameter being 7920 miles ? 

Ans. 78824802,5715 +. 

To find the solidity of a sphere : 

Cube the diameter and multiply by ,5236. 

2. What is the content of the earth in cubic miles ? 

Ans. 260120860876,8. 

607. Spheres are to one another as the cubes of their 
diameters. 

1. How many balls of pure gold, one inch in diameter, can 
be made from one ball of the same metal, the diameter of 
which is 80 inches ? Ans. .512000. , 

2. What is the comparative size of two oranges, the mean 
diameter of one of which is 3^ inches, and that of the other 
b^ inches? 

Ans. The larger orange is 3| times the size of the smaller. 

608. The cone is a solid figure generated by the revolution 
of a right-angled triangle about one of the sides containing 
the right angle. 

To find the slant surface of a cone : 

Multiply the circumference of the base by half the slant 
height. 

S7* 
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\, Wkai U tfce idmt fiir€u9e of a eoM, die fisiwster 1? Ik 
\mm ui vlikb b 2^0 ft 6 io., mod tlie pefpeodiciikEr ^e^ 

Vp ft Z 10 ? Am, 3057,15 — a^ fee. 



^X^ The pjraniid if & iolid, having for its base azrr 
tilin^'ftj iigare, tod If toeh that if it be csnt br a 
parallel to ihn baite, tbe feetioo presenta a figure siiniiarir 
' tb« hiUKHf tli/^ugh f oialLer aa it recedes fixnn it^ lilL. Ii&b ife 
eoii«y tb« pynanid eoda io a point; called the Tenex. « 
fuuiuiit 

To find the foli/litj of a pyramid or cone : 
Multiply tbe area of the baae by one third of ihe peipenffl- 
euhir bcagbt 

2. What if the aoliditj of the cone in the preeeding 
pb) r Ana. 12810,22 — cable fBm. 

8. IW(uired the folidity of a pyramid 100 ft. bigfa, 
for its bftao a hexagon^ ^e side of which is 10 feet. 

Ads. 8660} + cubic feel. 

010. When a pyramid or cone is out by a plane paraDd te 
the bttsa, the upper part is still a pyramid or cone, and tbe 
lower part is called a frustrum. 

To find the area of tbe frustrum of a cone : 

To tbti product of tho diamoters of the ends add one-third 
of the H(|uaro of tbe difforence of those diameters. Multiply 
the Hum bv ,7854, and this product by the height. This 
mav bu applied to tbo moasuroment of round timber. 

wlum tho fruHtrum is a tub or other vessel, the Content of 
whidb is ro(|uirod iu wine gallons, of 231 cubic inches^ with 
all thti dimeuHions taken in inches, we proceed as above, ex- 
cept that, inHtead of multiplying by ,7854 and dividing by 
2B1, wo perform both those operations in simply multiplying 
by .OOJU. 

Wlmt is tho content of a tub, in wine gallons, the inside 
diameter at tho bottom being 8 feet, at the top 14 feet, and 
the height 10 feet If Ans. 7285,248. 

To find the content of stone masonry : 

tn I , Find the content of tho wall in cubic feet and divide 
by 22^ for the content in perches. Or, when the wall is IJ 
ft>et thiolc, multiply the length in feet by the height in feet, 
and divide the product by 15 for the content in perches of 
^4o.ft 
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Examples. 

1. What is the cost of enclosing, with^a stone wall, 10 ft. 
high, and 1^ ft. thick, an acre of ground, in the form of a 
square, at $2^ per perch of 22| cubic feet ? 

Side of square, 208 ft. 8^ in. ] thickness of wall, 1 ft. 6 in. ; 
then 210 ft 2^ in. X 4 = 840 ft. 10 in. = 840| ft. -= ^^^^ 
whole length. 

Then, by the Rule, -^-%^^- X 10 X 1| -f- 22| :— Or 

6 0^4 5. X J/- X J X i\ = -^-V- == 560,6 perches. , 

Or thus, ^-^^^- X JS == -^ V-^- = 560,6 P., content : then 

560,6 X 2| = 140,138 X 10 =$1401,38 = $1401,39, the 
required cost. 

2. Bequired the cost, at the same rate, of enclosing with a 
wall, similar to the above, a square lot containing 100 acres. 

Ans. $13914,02+. 

612. Bricks are generally sold and laid by the thousand. 
The thickness of a brick, allowance being made for cement, is 
about 2^ inches, and its width half its length, the latter being 
usually considered about 9 inches. This length, or rather its 
half, is the unit for measuring the thickness of brick walls : 
thus a wall is said to be 4^ in., 9 in., 13 in., 18 in., 22 in., &c., 
according to the number of half-lengths of brick which it con- 
tains : hence we say that a 9-inch wall is one brick thick ; a 
13-inch wall, 1^ bricks ] an 18-inch wall, 2 bricks thick, &c. 

To find the content of brick-work. 

The number of bricks used in building a wall is found by 
counting the number of courses and the number of bricks in 
each course. Builders and jobbers, however, in making esti- 
mates, as well as in finding the content of their work, fre- 
quently use the following Bule : — Find the superficies of the 
wall in square feet and multiply it by 14 for every length of 
brick in the thickness. 

Uocamples. 

1. How many bricks will be required to build an 18-inch 
wall, 16 ft. high, round a garden, containing 2^ acres, in the 
form of a square, and what will it cost at the rate of $4^ per 
thousand ? Ans. 694048 bricks, and the cost $2672,216. 

2. The other conditions being as above, how many bricks 
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will be required and what will be the cost, suppoeing the leDgth 
of the garden equal to twice its breadth ? 

Ans. 629920 bricks, and tne cost (2834;64. , 

For cv'cular work. 

613. Take the diameter of the outer circle in feet, multiply 
by 81416, and that product by the depth or height, taken sdso 
in feet, which will give the surface of the curb or wall in square 
feet. Then multiply this area by 7 for every half-length of 
brick in the thickness. 

Examples, 

1. How many bricks are required to build the wall of a- 
oircular cistern 10 ft. in diameter and 12 feet deep, the wall 
being 13 in. ? 

8,1416 X 10 X 12 = 876,992, outer surface of wall ; then, 
876,992 X 21 = 7916,832 or 7917, Answer. 

2. How many bricks are there in a4^-in. curb, the diameter 
of which is 5 ft. and the depth 80 ft. ? 

Ans. 8298,68 or 3299. 
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